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Chapter 1

Introduction

This report gives the result of running the computer algebra independent integration
problems. The listing of the problems are maintained by and can be downloaded from

lhttps://rulebasedintegration.org]

The number of integrals in this report is [ 31 ]. This is test number [ 149 ].

1.1 Listing of CAS systems tested

The following systems were tested at this time.

1.
2.

3
4.
5
6

7.

Mathematica 12.1 (64 bit) on windows 10.
Rubi 4.16.1 in Mathematica 12 on windows 10.

. Maple 2020 (64 bit) on windows 10.

Maxima 5.43 on Linux. (via sagemath 8.9)

. Fricas 1.3.6 on Linux (via sagemath 9.0)

. Sympy 1.5 under Python 3.7.3 using Anaconda distribution.

Giac/Xcas 1.5 on Linux. (via sagemath 8.9)

Maxima, Fricas and Giac/Xcas were called from inside SageMath. This was done using
SageMath integrate command by changing the name of the algorithm to use the different
CAS systems.

Sympy was called directly using Python.


https://rulebasedintegration.org

1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed

form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and Root0Of are
not allowed.

If a CAS returns the above integral unevaluated within the time limit, then the result is
counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not integrable,
as this implies CAS could not determine that the integral is not integrable in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automatically
and this special result is listed in the introduction section of each individual test report to
make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System solved Failed

Rubi % 93.55 (29) | %6.45(2)
Mathematica | % 83.87 (26) | % 16.13 (5)

Maple % 96.77 (30 ) | %3.23(1)
Maxima % 45.16 (14 ) | % 54.84 (17)
Fricas % 35.48 (11) | % 64.52 (20)
Sympy % 29.03 (9) | %70.97 (22)
Giac % 4516 (14 ) | % 54.84 (17)

The table below gives additional break down of the grading of quality of the antiderivatives
generated by each CAS. The grading is given using the letters A,B,C and F with A being
the best quality. The grading is accomplished by comparing the antiderivative generated
with the optimal antiderivatives included in the test suite. The following table describes the
meaning of these grades.



grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 93.55 0. 0. 6.45
Mathematica 77.42 0. 6.45 16.13
Maple 48.39 19.35 29.03 3.23
Maxima 41.94 3.23 0. 54.84
Fricas 22.58 12.9 0. 64.52
Sympy 29.03 0. 0. 70.97
Giac 38.71 6.45 0 54.84




The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS
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The figure below compares the CAS systems for each grade level.
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1.3 Performance

The table below summarizes the performance of each CAS system in terms of CPU time

and leaf size of results.

System Mean time (sec) | Mean size | Normalized mean | Median size | Normalized median
Rubi 0.52 341.34 0.94 264. 1.

Mathematica 14.53 490.35 1.15 276. 1.01
Maple 0.63 2349.07 4.5 370.5 1.48
Maxima 1.39 390.57 1.68 361.5 1.7
Fricas 2.83 1337.73 6.35 410. 2.85
Sympy 34.45 726.22 3.96 262. 1.82
Giac 3.09 350.86 1.89 335.5 1.82




1.4 list of integrals that has no closed form an-
tiderivative

(264127

1.5 list of integrals solved by CAS but has no
known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

1.6 list of integrals solved by CAS but failed ver-
ification

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not mean necessarily that the anti-derivative
is wrong, as additional methods of verification might be needed, or more time is needed (3
minutes time limit was used). These integrals are listed here to make it easier to do further
investigation to determine why it was not possible to verify the result produced.

Rubi {25]

Mathematica {5}[9}[10}[11}[13}[14}[15}[16} 17,25}
Maple Verification phase not implemented yet.
Maxima Verification phase not implemented yet.
Fricas Verification phase not implemented yet.
Sympy Verification phase not implemented yet.

Giac Verification phase not implemented yet.



1.7 Timing

The command AboluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign ('result_of _int',int(expr,x)),output='realtime'

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call has completed from the time before the call
was made. This was done using Python’s time.time () call.

All elapsed times shown are in seconds. A time limit of 3 minutes was used for each integral.
If the integrate command did not complete within this time limit, the integral was aborted
and considered to have failed and assigned an F grade. The time used by failed integrals
due to time out is not counted in the final statistics.

1.8 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.
Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that the
antiderivative produced was correct.

Verification phase has 3 minutes time out. An integral whose result was not verified could
still be correct. Further investigation is needed on those integrals which failed verifications.
Such integrals are marked in the summary table below and also in each integral separate
section so they are easy to identify and locate.

1.9 Important notes about some of the results

1.9.1 Important note about Maxima results

Since these integrals are run in a batch mode, using an automated script, and by using
sagemath (SageMath uses Maxima), then any integral where Maxima needs an interactive
response from the user to answer a question during evaluation of the integral in order to
complete the integration, will fail and is counted as failed.

The exception raised is ValueError. Therefore Maxima result below is lower than what
could result if Maxima was run directly and each question Maxima asks was answered
correctly.

The percentage of such failures were not counted for each test file, but for an example, for
the Timofeev test file, there were about 30 such integrals out of total 705, or about 4 percent.
This pecrentage can be higher or lower depending on the specific input test file.
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Such integrals can be indentified by looking at the output of the integration in each section
for Maxima. If the output was an exception ValueError then this is most likely due to this
reason.

Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'
'load(abs_integrate)' 'load(diag)'

SageMath loading of Maxima abs_integrate was found to cause some problem. So the
following code was added to disable this effect.

from sage.interfaces.maxima_lib import maxima_lib
maxima_lib.set('extra_definite_integration_methods', '[]')
maxima_lib.set('extra_integration_methods', '[]')

Seelhttps://ask.sagemath.org/question/43088/integrate-results-that-are-diffgrent-
[from-using-maxima/|for reference.

1.9.2 Important note about FriCAS and Giac/X-
CAS results

There are Few integrals which failed due to SageMath not able to translate the result back
to SageMath syntax and not because these CAS system were not able to do the integrations.

These will fail With error Exception raised: NotImplementedError
The number of such cases seems to be very small. About 1 or 2 percent of all integrals.

Hopefully the next version of SageMath will have complete translation of FriCAS and XCAS
syntax and I will re-run all the tests again when this happens.

1.9.3 Important note about finding leaf size of
antiderivative

For Mathematica, Rubi and Maple, the buildin system function LeafSize is used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special buildin function for this
purpose at this time. Therefore the leaf size is determined as follows.

For Fricas, Giac and Maxima (all called via sagemath) the following code is used


https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
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#see https://stackoverflow.com/questions/25202346/how-to-obtain-leaf-count-expression-size-in

def tree(expr):
if expr.operator() is None:
return expr
else:
return [expr.operator()]+map(tree, expr.operands())

try:
# 1.35 is a fudge factor since this estimate of leaf count is bit lower than
#what it should be compared to Mathematica's
leafCount = round(1l.35*len(flatten(tree(anti))))
except Exception as ee:
leafCount =1

For Sympy, called directly from Python, the following code is used

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1l.7*xcount_ops(anti))

except Exception as ee:
leafCount =1

When these cas systems have a buildin function to find the leaf size of expressions, it will
be used instead, and these tests run again.

1.10 Design of the test system

The following diagram gives a high level view of the current test build system.
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One record (line) per one integral result. The line is CSV comma separated. It contains 13 fields. This is
description of each record (line)

integer, the problem number.

integer. 0 or 1 for failed or passed. (this is not the grade field) High level overview of the CAS
integer. Leafsize of result. independent integration test
integer. Leaf size of the optimal antiderivative.

number. CPU time used to solve this integral. 0 if failed. build System

string. The integral in Latex format

string. The input used in CAS own syntx.

string. The result (antiderivative) produced by CAS in Latex format

string. The optimal antiderivative in Latex format.

10. integer. 0 or 1. Indicates if problem has known antiderivative or not

11. String. The result (antiderivative) in CAS own syntax. g
12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”

13. String. The optimal antiderivative in CAS own syntax.
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Chapter 2

detailed summary tables of results

2.1 List of integrals sorted by grade for each
CAS

21.1 Rubi

go;e: {12} B4 45 5} 6} 74 B 9% (L0 [LT} 12} 13, [L4} 15} [T} [17} [18} [T} [20} 21} 22} [24} 25} 26} 27} 28
99,31

B grade: { }
C grade: { }

F grade: { 2330}

2.1.2 Mathematica

A g (JEBAEEOBE00E OGO OINBHBIBH)
B grade: { }

C grade: {2325}

F grade: (1380060

2.1.3 Maple

A grade: (88507 821 22 232027 29,81
B grade: {010} T3, 1425
C grade: {[T2,I7) (67,18} 19} 20,23} 80

13
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F grade: {}

2.1.4 Maxima

A grade: (DBBABIB IR E9E]
B grade: {}
C grade: { }

F grade: { [0y 0} 1) 2 3} 7 5, 6 7 6 19 20,23, 25 250

21.5 FriCAS

A grade: {2 B} (6, 26,27}

B grade: {[7,[8}[21}[22] }
C grade: { }

F grade: {5, 10} 1) 12 3[4 55 17 8 19 20,23} 24 25} 2529, B0} )

21.6 Sympy

A grade: {[T}[2} B} [4}[6}[21} [22} 28} [29] }
B grade: { }
C grade: { }

F grade: {5,780 10} T 12 3, 4 5 ) 7 8 10 20,25 24, 25 2027, B )

21.7 Giac

A grade: ([BBBBEIEBEEENEBE)
B grade: {}
C grade: { }

F grade: { [5}[0} 10}[11}[12}[13} 14} [15|[16} 17} 8} [} [20} (28} 25} 30} 31|}

2.2 Detailed conclusion table per each integral
for all CAS systems

Detailed conclusion table per each integral is given by table below. The elapsed time is in
seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is given as
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F(-2) if the failure was due to an exception being raised, which could indicate a bug in the
system. If the failure was due to integral not being evaluated within the time limit, then it is

given just an F.

In this table,the column normalized size is defined as

antiderivative leaf size

optimal antiderivative leaf size

Problem 1 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 184 184 255 283 340 564 345 425
normalized size | 1 1. 1.39 1.54 1.85 3.07 1.88 231
time (sec) N/A 0.143 0.476 0.027  1.505 2.633 3.329 1.249
Problem 2 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 144 144 218 207 251 410 262 316
normalized size | 1 1. 1.51 1.44 1.74 2.85 1.82 219
time (sec) N/A 0.123 0.452 0.028  1.465 233 2219 1.203
Problem 3 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 103 103 163 137 170 281 160 217
normalized size | 1 1. 1.58 1.33 1.65 2.73 1.5 211
time (sec) N/A 0.09 0.329 0.027 1466 2301 131 1.139
Problem 4 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 76 76 77 68 96 162 87 122
normalized size | 1 1. 1.01 0.89 1.26 213 1.14 1.61
time (sec) N/A 0.061 0.005 0.024 1486 2116 0.731 1.222
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Problem 5 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 138 138 138 168 0 0 0 0
normalized size | 1 1. 1. 1.22 0. 0. 0. 0.
time (sec) N/A 0.083 0.06 0.054 0. 0. 0. 0.
Problem 6 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 98 98 111 118 144 259 777 217
normalized size | 1 1. 1.13 1.2 1.47 2.64 793 221
time (sec) N/A 0.053 0.195 0.031 1.481  2.505 46.256 1.146
Problem 7 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A B F(-1) B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 146 146 192 184 289 637 0 489
normalized size | 1 1. 1.32 1.26 1.98 4.36 0. 3.35
time (sec) N/A 0.123 0.327 0.034 1.47 3.64 0. 1.634
Problem 8 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A B F(-1) B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 206 206 254 282 505 1280 0 1042
normalized size | 1 1. 1.23 1.37 2.45 6.21 0. 5.06
time (sec) N/A 0.182 0.641 0.036 1.556  8.105 0. 10.9
Problem 9 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 376 376 472 948 0 0 0 0
normalized size | 1 1. 1.26 2.52 0. 0. 0. 0.
time (sec) N/A 0.573 0.946 0.075 0. 0. 0. 0.
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Problem 10 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 270 270 312 750 0 0 0 0
normalized size | 1 1. 1.16 2.78 0. 0. 0. 0.
time (sec) N/A 0.399 0.573 0.069 0. 0. 0. 0.
Problem 11 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 171 171 172 360 0 0 0 0
normalized size | 1 1. 1.01 211 0. 0. 0. 0.
time (sec) N/A 0.298 0.269 0.091 0. 0. 0. 0.
Problem 12 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F C F F F F
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 223 223 0 1297 0 0 0 0
normalized size | 1 1. 0. 5.82 0 0 0. 0.
time (sec) N/A 0.049 114.81 0.911 0 0 0. 0.
Problem 13 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 341 341 300 698 0 0 0 0
normalized size | 1 1. 0.88 2.05 0. 0. 0. 0.
time (sec) N/A 0.37 2.881 0.102 0. 0. 0. 0.
Problem 14 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-1) F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 496 496 479 961 0 0 0 0
normalized size | 1 1. 0.97 1.94 0. 0. 0. 0.
time (sec) N/A 0.539 6.038 0.102 0. 0. 0. 0.
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Problem 15 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A C F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 652 652 855 3577 0 0 0 0
normalized size | 1 1. 1.31 5.49 0. 0. 0. 0.
time (sec) N/A 1.202 1.842 3.813 0. 0. 0. 0.
Problem 16 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A C F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 411 411 621 3022 0 0 0 0
normalized size | 1 1. 1.51 7.35 0 0 0. 0.
time (sec) N/A 0.774 1.117 2.606 0 0 0. 0.
Problem 17, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A C F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 264 264 342 7462 0 0 0 0
normalized size | 1 1. 1.3 28.27 0 0 0. 0.
time (sec) N/A 0.58 0.594 0.813 0 0 0. 0.
Problem 18 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F C F F F F
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 320 320 0 2616 0 0 0 0
normalized size | 1 1. 0. 8.18 0. 0. 0. 0.
time (sec) N/A 0.057 180.004 0.573 0. 0. 0. 0.
Problem 19 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F C F F F F
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 499 499 0 2960 0 0 0 0
normalized size | 1 1. 0. 5.93 0. 0. 0. 0.
time (sec) N/A 0.53 123.733 0.774 0. 0. 0. 0.




19

Problem 20 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F C F(-1) F F(-1) F
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 936 936 0 41013 0 0 0 0
normalized size | 1 1. 0. 43.82 0. 0. 0. 0.
time (sec) N/A 1.09 67.124 6.972 0. 0. 0. 0.
Problem 21 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A B B A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 250 250 252 381 771 9956 3135 510
normalized size | 1 1. 1.01 1.52 3.08 39.82 1254  2.04
time (sec) N/A 0.303 3.241 0.033 1.54 4.646 49.978 1.881
Problem 22 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A B A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 192 191 153 167 404 1166 1515 271
normalized size | 1 0.99 0.8 0.87 2.1 6.07 7.89 1.41
time (sec) N/A 0.209 0.095 0.028 1.501  2.811 31.707 1.263
Problem 23 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A F C C F F F(-1) F
verified N/A N/A Yes TBD TBD TBD TBD TBD
size 501 0 326 138 0 0 0 0
normalized size | 1 0. 0.65 0.28 0. 0. 0. 0.
time (sec) N/A 0.064 32.123 0.125 0. 0. 0. 0.
Problem 24 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A F(-1) F(1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 328 328 321 433 649 0 0 512
normalized size | 1 1. 0.98 1.32 1.98 0. 0. 1.56
time (sec) N/A 0.522 0.745 0.036 1.485 0. 0. 14.297
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Problem 25 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C F F(-2) F F F
verified N/A NO NO TBD TBD TBD TBD TBD
size 1325 1554 5593 0 0 0 0 0
normalized size | 1 1.17 4.22 0. 0. 0. 0. 0.
time (sec) N/A 3.099 32.199 0.277 0. 0. 0. 0.
Problem 26 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A A F(-1) A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 22 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.123 70.59 0.543 0. 0. 0. 0.
Problem 27, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A F(-2) A F(-1) A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 22 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.656 63.716 0.49 0. 0. 0. 0.
Problem 28 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B A F(-1) A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 315 331 297 536 448 0 151 436
normalized size | 1 1.05 0.94 1.7 1.42 0. 0.48 1.38
time (sec) N/A 0.709 143.84 0.095 1.459 0. 113.241 4.898
Problem 29 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A F(-1) A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 285 285 310 314 383 0 104 355
normalized size | 1 1. 1.09 1.1 1.34 0. 0.36  1.25
time (sec) N/A 0.603 0.089 0.069 1.473 0. 61.318 2.48




21

Problem 30 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A F F C F F F(-1) F
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 739 0 0 172 0 0 0 0
normalized size | 1 0. 0. 0.23 0. 0. 0. 0.
time (sec) N/A 0.063 180.003 0.128 0. 0. 0. 0.
Problem 31 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A F(-1) F(1) F(-1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 906 906 536 1220 1018 0 0 0
normalized size | 1 1. 0.59 1.35 1.12 0. 0. 0.
time (sec) N/A 1.484 14.463 0.139 1.57 0. 0. 0.

2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi. It gives additional statistics for each integral. the
column steps is the number of steps used by Rubi to obtain the antiderivative. The rules
column is the number of unique rules used. The integrand size column is the leaf size of

number of rules

the integrand. Finally the ratio —

integrand size

integral was to solve. In this test, problem number [25] had the largest ratio of [ 2.556 ]

Table 2.1: Rubi specific breakdown of results for each integral

number of num?er of no.rmatlize.d integrand ——
# grade steps unique antlderl\./atlve leaf size integrand leal size
used rules leaf size

1 A 6 5 1. 16 0.312

2 A 6 5 1. 16 0.312

3 A 6 5 1. 16 0.312

4 A 6 5 1. 14 0.357

5 A 4 + 1. 16 0.25

6 A 6 6 1. 16 0.375

7 A 7 6 1. 16 0.375

8 A 7 6 1. 16 0.375
Continued on next page

is given. The larger this ratio is, the harder the




Table 2.1 — continued from previous page

number of number of normalized .
# | grade steps unique antiderivative 1?;:?2?;; %
used rules leaf size

9 A 19 14 1. 18 0.778
10 A 15 12 1. 18 0.667
11 A 12 9 1. 16 0.562
12 A 1 1 1. 18 0.056
13 A 13 9 1. 18 0.5
14 A 19 15 1. 18 0.833
15 A 29 15 1. 18 0.833
16 A 20 13 1. 18 0.722
17 A 14 10 1. 16 0.625
18 A 1 1 1. 18 0.056
19 A 10 8 1. 18 0.444
20 A 23 12 1. 18 0.667
21 A 18 14 1. 18 0.778
22 A 16 10 0.9 16 0.625
23 F 0 0 N/A 0 N/A
24 A 19 14 1. 18 0.778
25 A 110 46 117 18 2.556
26 A 0 0 0. 0 0.
27 A 0 0 0. 0 0.
28 A 25 14 1.05 18 0.778
29 A 23 13 1. 16 0.812
30 F 0 0 N/A 0 N/A
31 A 35 16 1. 18 0.889
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Chapter 3

Listing of integrals

31  [(d+ex)*(a+Dbtan™(cx)) dx
Optimal. Leaf size=184

(d + ex)® (a +b tan_l(cx)) be®x? (1002d2 -~ 62) b (—1002d232 + 5ctd* + 64) log (c2x2 + 1) bdex (202012 -~ ez) bd
5e - 103 - 10 - c3 S

[Out] -((b*d*xex(2%c™2%d"2 - e"2)*x)/c”3) - (b*xe™2x(10*%c™2*%d"2 - e72)*x72)/(10*c"3
) - (b*d*e”3*x73)/(3*c) - (b*e~4*x~4)/(20*%c) - (b*d*x(c™4*d"4 - 10*c”2*d"2*e

2 + b*xe"4)*ArcTan[c*x])/(5xc”4*e) + ((d + e*xx) 5*x(a + bxArcTan[c*x]))/(5*e

) = (bx(5xc™4*xd~4 - 10%xc™2xd"2*e"2 + e~4)*Log[l + c~2*x~2])/(10%c”5)

Rubi [A] time = 0.142807, antiderivative size = 184, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 5, integrand size = 16, e o e

0.312, Rules used = {4862, 702, 635, 203, 260}

integrand size

(d + ex)® (a +b tan_l(cx)) be®x? (1Oc2d2 -~ ez) b (—10czdze2 + 5ctd* + 64) log (c2x2 + 1) bdex (2c2d2 -~ ez) bd
5e - 10 - 10 - c3 o

Antiderivative was successfully verified.

[In] Int[(d + ex*xx) 4x(a + bxArcTanl[c*x]),x]

[Out] -((b*d*xe*x(2%c™2%d"2 - e"2)%*x)/c”3) - (b*xe”™2x(10%c™2*%d"2 - e"2)*x"2)/(10%c"3
) - (bxd*e”3%x73)/(3%c) - (b*e " 4*xx~4)/(20%c) - (b*d*x(c~4*d"4 - 10%c~2*d " 2xe
~2 + Bxe"4)xArcTan[c*x])/(bxc"4xe) + ((d + e*xx) b*x(a + b*ArcTan[c*x]))/(5*e

23
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) — (bx(5xc™4*xd"4 - 10%xc™2xd"2*e”2 + e"4)*Log[l + c™2*x"2])/(10%c”5)

Rule 4862

Int[((a_.) + ArcTan[(c_.)*(x_)]*(b_.))*((d_) + (e_.)*x(x_))"(q_.), x_Symbol]

:> Simp[((d + exx)"(q + 1)*(a + b*ArcTan[c*x]))/(ex(q + 1)), x] - Dist[(b*
c)/(ex(q + 1)), Int[(d + exx)"(q + 1)/(1 + c™2%x72), x], x] /; FreeQ[{a, b,
c, d, e, qf, x] && NeQlq, -1]

Rule 702

Int[((d)) + (e_)*x(x_))"(m_)/((a_) + (c_.)*(x_)"2), x_Symbol] :> Int[Polyno
mialDivide[(d + e*x)"m, a + c*x~2, x], x] /; FreeQ[{a, c, d, e}, x] && NeQ[
cxd”™2 + a*e”2, 0] && IGtQ[m, 1] && (NeQ[d, 0] || GtQ[m, 2])

Rule 635

Int[((d_) + (e_.)*x(x_))/((a_) + (c_.)*(x_)"2), x_Symbol] :> Dist[d, Int[1/(
a + c*xx~2), x], x] + Distle, Int[x/(a + c*x~2), x], x] /; FreeQ[{a, c, d, e
}, x] && !'NiceSqrtQ[-(axc)]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
[a, 2]11)/(Rtla, 2]*Rt[b, 2]1), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 Il GtQlb, 01)

Rule 260
Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten

tla + b*x"n, x]]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rubi steps
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d +ex) (a + btan™ (cx (bc) (d+ex)
f (d + ex)* (a + btan_l(cx)) dx = ( ) ( = ( )) / ézczxz
5de 2c2d2—ez) 33(1Oc2d2—ez)x 5de4x2 23 c
(d+ )P (a+ btan"(ev) (be) | ( ettt a e
B 5e 5e
bde <2C2d2 - ez) x  be? (10c2d2 - ez) X2 pdedx®  betrt  (d+ex) (a +btan
= - - - +
c3 10c3 3¢ 20c 5e
bde (2c2d2 - ez) x  be? (10c2d2 - ez) X2 pdedx®  betrt  (d+ex) (a +btan
- c3 - 103 T T3 200 ¢ 5e
bde (2c2d2 - ez) x  be? (10c2d2 - ez) x*  bdedx®  betxt bd (c4d4 —10c?d?e? -
B c3 - 10c3 3¢ 20c 5cte

Mathematica [A] time = 0.475795, size = 255, normalized size = 1.39

b(c e x( (6Od2ex+120d3+20de +3e3x3)—622(1Od+ex))+6(—1062d2e2(V—c2d+e)+c4d4(\/—czd+56)+e4(5\/—czd+e))
12¢5

(d + ex)® (a + btan_l(cx)) -

5e
Antiderivative was successfully verified.

[In] Integratel[(d + e*x) 4x(a + b¥ArcTan[c*x]),x]

[Out] ((d + e*x)"6x(a + b*ArcTan[c*x]) - (b*(c™2%e ™ 2*x*(-6%e”~2%(10*d + e*x) + c~2
*(120%d"3 + 60*d"2%e*xx + 20%d*e”2%x72 + 3%e”3%x73)) + 6x(-10%c”2*d"2%e” 2% (S
grt[-c”2]*d + e) + e"4*x(5xSqrt[-c”2]*d + e) + c74*d"4*(Sqrt[-c”2]*d + 5x*e))
xLog[1 - Sqrt[-c™2]*x] - 6%(c”4*d~4*(Sqrt[-c"2]*d - 5*xe) - 10*c™2*d~2x(Sqrt
[-c™2]*d - e)*e”2 + (bxSqrt[-c”2]*d - e)*e~4)*Logll + Sqrt[-c~2]x*x]))/(12*c

~5))/ (bxe)

Maple [A] time = 0.027, size = 283, normalized size = 1.5

4.5 5 4 5
ae*x ad be* arctan (cx) x
+ ae3x*d + 2 ae®x3d?% + 2 aex?d® + axd* + 5— 5 (cx)

e

+ be® arctan (cx) x*d + 2 be? arctan (cx) x3d

Verification of antiderivative is not currently implemented for this CAS.

[In] int((e*x+d) 4*(a+b*arctan(c*x)),x)
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[Out] 1/5*axe”4*xx~b+axe”3*x~4*d+2*a*e”2*xx™3*d”~2+2*xaxexx~2*%d " 3+a*x*d~4+1/5*%a/e*xd”5
+1/5*b*e 4d*xarctan (cxx)*x~5+b*e 3*arctan (c*xx) *x~4xd+2xb*e”2*arctan (c*x) *x~ 3%
d"2+2xb*exarctan (c*x) *x~2*d"3+b*arctan (c*x) *x*d~4-1/20%bxe”4*xx~4/c-1/3*b*d*
e”3*%x73/c-1/c*xb*e”2xx"2*xd"2-2%b/c*xe*d"3*x+1/10/c " 3*xb*e~4*xx"2+b/c " 3*e " 3*kd*x—
1/2/cxb*1n(c™2%x"2+1) *d"4+1/c " 3*b*e”2*x1n(c"2*x"2+1) *d"2-1/10/c"5*b*e”~4*x1n(c
“2%xx72+1)+2/c " 2*bxexarctan (c*x) *d"3-1/c 4*xb*e~3*arctan (c*x) *d

Maxima [A] time = 1.50502, size = 340, normalized size = 1.85

1 x arctan (cx x2 lo
— ae*x® + ade®x* + 2 ad?e®x3 + 2 ad%ex? + 2 (x2 arctan (cx) — C(C_Z - %))bd‘%e + [2 x3 arctan (cx) — c{c—z - —

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d) ~4*(atb*arctan(c*x)),x, algorithm="maxima"

[Out] 1/5*a*e”4xx”5 + a*xd*e”3*x"4 + 2xaxd™2*e”2%x~3 + 2*a*d 3xexx”"2 + 2% (x"2*arct
an(c*x) - c*(x/c”2 - arctan(c*x)/c”3))*b*d"3*e + (2*xx"3*arctan(c*x) - c*(x~
2/c”2 - log(c™2*x72 + 1)/c”4))*b*xd"2xe"2 + 1/3%(3*xx"4*arctan(cxx) - cx((c”2

*x73 - 3*x)/c”4 + 3*xarctan(c*x)/c”5))*b*d*e”3 + 1/20*(4*x"5*arctan(c*x) - c
*((c72*%x74 - 2%x72)/c”4 + 2x1log(c™2*%x™2 + 1)/c”6))*b*e”4 + a*xd™4*xx + 1/2%(2
xckx*arctan(ckxx) - log(c™2*x™2 + 1))*b*d™4/c

Fricas [A] time = 2.63284, size = 564, normalized size = 3.07

12 ac%e*x® + 3 (20 ac’de’ — bc4e4)x4 +20 (6 ac’d?e? — bc4de3)x3 +6 (20 ac’d3e — 10 bc*d?e? + bcze4)x2 + 60 (ac5d4 -2b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d) “4*(atb*arctan(c*x)),x, algorithm="fricas")

[Out] 1/60*(12*a*xc”5%e”4*xx"5 + 3% (20*a*c”5xd*xe”3 — b*c 4*xe"4)*x~4 + 20%(6*axc~5*d
“2%e72 - b*cT4xd*e”"3)*x"3 + 6% (20*a*c”5*d"3*e — 10*bxcT4*d"2xe”2 + b*xc 2%e”
4)*x72 + 60x(a*xc”5*%d"4 - 2*b*c”4*d"3*e + bxcT2xd*e”3)*x + 12*(b*c 5*e”"4*x”5

+ bxb*c b*xd*e"3%x74 + 10%bxc”5*xd"2%e”2%x"3 + 10%b*xc”5*d"3%e*x"2 + bxb*c~b*
d"4*x + 10*b*c~3*d"3%e - 5¥b*ckd*e”3)*arctan(c*x) - 6% (5x¥b*xc”4*d"4 - 10*b*c
"2%d"2%e”2 + b¥e”4)*log(cT2*xx"2 + 1))/c”5
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Sympy [A] time = 3.3293, size = 345, normalized size = 1.88

4.5
ad*x + 2ad3ex? + 2ad?e?x3 + ade3x* + == + bd*x atan (cx) + 2bd3ex? atan (cx) + 2bd2e?x3 atan (cx) + bde3x* atar

e4x5
a (d4x + 2d%ex? + 2d2%e%x3 + delx* + —

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d)**4*(at+b*atan(c*x)),x)

[Out] Piecewise((axdxx4xx + 2%a*xd**3*e*x*k*2 + 2kaxdx*xQxexx2xx**3 + axdker*k3kxk*d
+ akxexxdxxx*x5/5 + bxd**4*x*atan(c*x) + 2xbxdx*x3xexx**2*atan(c*x) + 2xbxd*x*x2
*exx2*xx*k*k3*katan(c*x) + bxdrxexx3xx**4*xatan(c*x) + brexkxdxxxx5xatan(c*x)/5 -
bxd**x4xlog(x**2 + c*x*(-2))/(2%c) - 2*¥bxd**3xexx/c — bxdx*2kex*2xx**2/c - bx
dxex*x3*xx**x3/(3*c) - brex*xdxx*x*x4/(20*%c) + 2xb*xd**3xe*xatan(c*x)/c*x*2 + b*xd**2
xexx2%x1log (x**2 + c*k*(-2))/c*x*3 + bkdxe**3*x/c**3 + b¥ex*dkxx*x2/(10*c**3) -
bxd*ex*3xatan(c*xx) /c*xx4 - bxex*xdxlog(x**2 + c*x*(-2))/(10*c**5), Ne(c, 0)),

(ax (dx*x4*x + 2%d*k3ke*xk*k2 + kd**xkex*x2¥xx*k*3 + dkex*x3*xxk*kd + exkxdxx**x5/5),
True))

Giac [A] time = 1.24916, size = 425, normalized size = 2.31

12 be>x® arctan (cx) e + 60 bePdx* arctan (cx) €3 + 120 be®d?x3 arctan (cx) e? + 120 be*d®x? arctan (cx) e + 60 bePd*x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d) “4*(a+b*arctan(c*x)),x, algorithm="giac")

[Out] 1/60*(12*bxc~5*x b*arctan(c*x)*e”4 + 60*bxc”5xd*x"4*arctan(c*x)*e”™3 + 120*b
*c"5*d " 2*x"3*arctan(cxx)*e”2 + 120%b*c”5*d"3*x"2*arctan(c*x)*e + 60*b*c”5*d
“4xx*xarctan(cxx) + 12%a*c”b*x"b*e”4 + 60*axc”b*xdxx"4*e”3 + 120*axc”5*d"2xx”

3%xe”2 + 120*%a*c”5xd"3*%x"2%e + 60*axc”bkd"4*x - 120*pixb*c”3*d”"3*e*xsgn(c)*sg

n(x) - 3xb*xc”4*xx"4*e”4 - 20*%b*c”4*xd*x"3*e”3 - 60%b*c”4*xd"2*xx"2%e”2 — 120%bx*
c"4xd"3*xxe - 30*b*c”4xd"4*xlog(c™2*x"2 + 1) + 120%b*c”3*d"3*arctan(cxx)*e +
60*bxc”2xd"2*%e"2%1log(c™2*x"2 + 1) + 6xb*c”™2xx"2%e”4 + 60*b*c”2*d*x*e”3 - 6
Oxbxckd*arctan(ckx)*e”3 - 6%b*xe”4*xlog(c™2*x™2 + 1))/c”5
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32  [(d+ex)?(a+Dbtan™(cx)) dx
Optimal. Leaf size=144

(d + ex)* (a +b tan_l(cx)) bex (6czd2 -~ ez) b (—6C2d262 +ctdt + 64) tan"l(cx)  bd(cd —e)(cd + e) log (czx2 + 1)

4e 4¢3 4cte 203

[Out] -(bkex(6*%c™2%d"2 - e72)*x)/(4%c~3) - (b*d*xe~2%x"2)/(2%c) - (b*xe~3%x~3)/(12x
c) - (bx(c™4*d~4 - 6*%c™2xd"2*e"2 + e~ 4)xArcTan[c*x])/(4*c™4*xe) + ((d + exx)

“4x(a + b¥ArcTan[c*x]))/(4xe) - (b*dx(cxd - e)*(cxd + e)*Logl[l + c™2%x72])/
(2%c~3)

Rubi [A] time = 0.122858, antiderivative size = 144, normalized size of antiderivative =
1., number of steps used = 6, number of rules used = 5, integrand size = 16, number of rules _

integrand size
0.312, Rules used = {4862, 702, 635, 203, 260}

(d + ex)* (a +b tan_l(cx)) bex (6czd2 -~ ez) b (—6C2d262 +ctdt + 64) tan"(cx)  bd(cd — e)(cd + e) log (c2x2 + 1)
4e - 4¢3 - 4cte - 2¢3

Antiderivative was successfully verified.

[In] Int[(d + e*x)~3x(a + bxArcTan[c*x]),x]

[Out] -(b*xex(6xc™2%xd"2 - e72)*x)/(4*c™3) - (b*d*e™2xx72)/(2%c) - (b*e~3*x~3)/(12x
c) — (bx(c™4%d"4 - 6*c™2xd"2*xe"2 + e~ 4)xArcTan[c*x])/(4*xc"4xe) + ((d + exx)

“4x(a + bxArcTan[c*x]))/(4xe) - (b*dx(cxd - e)*(cxd + e)*Logl[l + c™2xx72])/
(2%c~3)

Rule 4862

Int[((a_.) + ArcTan[(c_.)*(x_)]*(b_.))*((d_) + (e_.)*x(x_))"(q_.), x_Symbol]

:> Simp[((d + exx)~(q + 1)*(a + b*ArcTan[c*x]))/(ex(q + 1)), x] - Dist[(b*
c)/(ex(q + 1)), Int[(d + exx)"(q + 1)/(1 + c™2*x"2), x], x] /; FreeQ[{a, b,
c, d, e, qf, x] && NeQlq, -1]

Rule 702

Int[((d) + (e_)*(x ))"(m_)/((a_) + (c_.)*(x_)"2), x_Symbol] :> Int[Polyno
mialDivide[(d + e*x)"m, a + c*x~2, x], x] /; FreeQ[{a, c, 4, e}, x] && NeQ[
cxd”2 + a*e”2, 0] && IGtQ[m, 1] && (NeQ[d, 0] || GtQ[m, 2])
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Rule 635

Int[((d_) + (e_.)*(x_))/((a_) + (c_.)*(x_)"2), x_Symbol] :> Dist([d, Int[1/(
a + c*xx~2), x], x] + Distle, Int[x/(a + c*x~2), x], x] /; FreeQ[{a, c, d, e
}, x] && !'NiceSqrtQ[-(axc)]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTan[(Rt[b, 2]*x)/Rt
[a, 2]11)/(Rtla, 2]*Rt[b, 2]1), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 |l GtQ[b, 01)

Rule 260

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
tla + b*x"n, x]]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rubi steps
f (d + ex)? (a +b tan_l(cx)) dx = @+ e* (a Z d tan—l(cx)) (be) | (1d++:2322
e 4e
6c2d2 P)  addx M2 Adt-62d2e+et+acd(c
(d+ e (a + ban(cx)) (be) | ( t—=tzt e
4e 4e
be (6c2d2 - ez) X bde?x?  bedxd  (d+ex)t (a +b tan_l(cx)) b f ddi-6cde
4¢3 2c 12¢ de
_be (6c2d2 - ez) X bde2x?  bedxd N (d +ex)* (a +b tan_l(cx)) (bd(cd - e)(cd
4¢3 2c 12¢ 4e
_be (6(:2512 - ez) X bde2x2 bedxd b (c4d4 — 6c%d%e? + 64) tan™t(cx) . (d + ex)
4¢3 2c 12¢ 4cte

Mathematica [A] time = 0.452377, size = 218, normalized size = 1.51

be (2 —c2¢ x( (18d2+6dex+e )—382)—3(—262d2€(2V—C2d+3€)+C4d4+E3(4\/—C2d+6))10g(l— —czx)+3(2c2d2e(2\/

6(-c2)"

(d + ex)* (a +b tan_l(cx))

4e

Antiderivative was successfully verified.

[In] Integrate[(d + e*x)~3*(a + b*ArcTan[c*x]),x]
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[Out] ((d + exx)”4*x(a + bxArcTan[c*x]) - (b*cx(2*xSqrt[-c 2]*e 2*x*(-3%e”2 + c72%(
18%d"2 + 6*dxexx + e72*%x72)) - 3%(c74*xd"4 + e73x(4xSqrt[-c”2]*d + e) - 2%c”
2xd"2*ex (2xSqrt [-c"2]*d + 3%e))*Log[l - Sqrt[-c™2]*x] + 3*%(c™4*xd™4 + 2%c~2x
d72%(2%Sqrt [-c"2]*d - 3*e)*e + e 3x(-4*Sqrt[-c~2]*d + e))*Logl[l + Sqrt[-c~2
1%x1))/(6%(-c~2)~(5/2)) )/ (4*e)

Maple [A] time = 0.028, size = 207, normalized size = 1.4

3.4 2 12 4 3 4 2 12
ae°x 3 aex-d ad*  be’ arctan (cx) x 3 be arctan (cx) x“d
+ ae®x3d + +axd® + — + + be? arctan (cx) x°d +

+
P 1 > barctan

Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx+d) "3*(atb*arctan(c*x)),x)

[Out] 1/4*axe”3*x"4+axe”2%x"3*d+3/2*a*e*xx”2*xd"2+a*xx*d~3+1/4*a/e*xd"4+1/4*b*e”3*arc
tan (c*x) *x"4+b*e”2*xarctan (c*x) *x~3*d+3/2*b*exarctan(c*x) *x~2*d~2+b*arctan(c

*x) *x*d"3-1/12*b*e " 3*x"3/c-1/2%b*d*e”2*x"2/c-3/2*b/cxexd~2xx+1/4%b/c”3*e " 3*
x-1/2/cxb*x1n(c™2%x"2+1) *d"3+1/2/c” 3*bxe"2x1n (c™2%x~2+1) *d+3/2/c” 2*b*e*arcta
n(c*x)*d~2-1/4/c"4*bxe~3*arctan(c*x)

Maxima [A] time = 1.46532, size = 251, normalized size = 1.74

1 3 3 x tan (cx 1 22 log(c?x? 4
— aelx* + ade®x® + = ad?ex? + = [x? arctan (cx) — c| = — arctan (cx) bd%e + = [2x% arctan (cx) — ¢| = — (—
4 2 2 c? c3 2 2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d) ~3*(atb*arctan(c*x)),x, algorithm="maxima")

[Out] 1/4*a*xe”3*x"4 + axd*e”2%x"3 + 3/2*a*xd"2xexx"2 + 3/2*(x"2*arctan(c*x) - c*x(x
/c”2 - arctan(c*x)/c”3))*bxd"2%xe + 1/2%(2*x"3*arctan(c*x) - c*(x"2/¢c"2 - lo
g(c™2%x72 + 1)/c”4))*b*xd*e”™2 + 1/12x(3*x"4*arctan(c*x) - c*x((c™2%x"3 - 3*x)

/c”™4 + 3*arctan(c*x)/c”5))*b*e”3 + axd”~3*x + 1/2%(2*cxx*arctan(c*x) - log(c
“2xx72 + 1)) *bxd”~3/c
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Fricas [A] time = 2.32974, size = 410, normalized size = 2.85

3actedx* + (12 actde® - bc333)x3 +6 (3 actd?e — bc3dez)x2 +3 (4 ac*d® — 6 bc3d?e + bce3)x +3 (bc463x4 + 4 bctdex 4
124

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d) ~3*(atb*arctan(c*x)),x, algorithm="fricas")

[Out] 1/12*(3*axc”4*e~3*x~4 + (12*a*xc™4*xd*e”™2 — b*c~3*e”3)*x~3 + 6*(3*ka*xc ™ 4*xd ™ 2*e
- b*c " 3*kd*e"2)*x"2 + 3*x(4xa*xc”4*d"3 - 6*bkc”3*d"2*%e + bxcxe”3)*x + 3k (b*c”

4xe”3*x"4 + 4xb¥xc"4*d*e”2%x"3 + 6*xbkcT4*xd"2xexx"2 + 4xb*c”4*d"3*x + 6*xbxc”2
*d"2*e - b*e”"3)*arctan(c*x) - 6%(b*c”3*d"3 - b*c*d*e2)*xlog(c™2*x"2 + 1))/c

4

Sympy [A] time = 2.21886, size = 262, normalized size = 1.82

3 2,1
bd log(x +C—2) 3

3bd2ex? atan (cx)
2

be3x4 atan (cx)
4 2c

3ad%ex? a3y
ad3x + Z—— + ade*x® + —— + bd®x atan (cx) + + bde?x® atan (cx) +

3d2ex? 3yt
a (d3x e+ de?x® + -

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d)**3*(atb*atan(c*x)),x)

[Out] Piecewise((axd**x3xx + 3ka*xd**2ke*xx**2/2 + axdrxexx2xx**3 + akxe*x*3*x**4/4 + b

*d**x3*x*katan(c*x) + 3xbxdx*x2¥exx* *x2*xatan(c*x)/2 + bxdrex*x2*x**3*xatan(c*x) +
bxexx3xxk*kdxatan(c*x) /4 - bkdk*3*xlog(x*x*2 + c**x(-2))/(2%c) - 3*bkd**2*ex*xx/

(2%c) - bxd*e*x*2xx**2/(2*c) — bxex*3*x**3/(12*c) + 3*bxd*x*x2xexatan(c*x)/(2*

c*%2) + bxdkxex*2xlog(x*x*2 + cx*(-2))/(2xc**3) + bxex*x3*x/(4*c**3) - bkex*x3x
atan(c*x)/(4xc*x*x4), Ne(c, 0)), (a*x(d*x*3*x + 3*dkx2kexx**2/2 + drxe*x*2kx**3 +
e*x*3*xx**4/4) , True))

Giac [A] time = 1.2029, size = 316, normalized size = 2.19

3 bc*x* arctan (cx) €3 + 12 be*dx® arctan (cx) e? + 18 be*d?x? arctan (cx) e + 12 be*d®x arctan (cx) + 3 ac*x*e® + 12 ac

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((exx+d) ~3*(atb*arctan(c*x)),x, algorithm="giac")

[Out] 1/12*(3*bxc~4*x~4*arctan(c*x)*e”3 + 12*xbxc~4*xd*x"3*arctan(c*x)*e”2 + 18*bx*c
~4+d"2*x"2*%arctan(c*xx)*e + 12xb*xc”4*d"3*x*arctan(c*xx) + 3*axc”4xx"4%e”3 + 1
2%axcT4*xd*x"3*e”2 + 18*axcT4xd"2*x"2%e + 12%axcT4*xd"3*x - 18*pixbkxcT2*d"2*e
*xsgn(c)*sgn(x) - b*c™3*xx"3%e”3 - 6xb*c”3*kd*x"2%e”2 - 18%bkc”3*d"2*x*e - 6%b
*xc"3%d"3*%log(c™2%x”2 + 1) + 18*%b*c”™2xd"2*arctan(c*x)*e + 6*bxcxd*e”2*log(c”
2%x72 + 1) + 3*b*xckx*e”3 - 3xbxarctan(c*x)*e”3)/c”4
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33  [(d+ex?(a+Dbtan™(cx)) dx
Optimal. Leaf size=103

3¢ -
(d + ex)? (u + btan_l(cx)) b (3c2d2 - ez) log (czx2 + 1) bd (dz - Ciz) tan™ (cx) bdex  be?x?

3e 6c3 3e c 6¢

[Out] -((bxd*e*xx)/c) - (b*xe"2*xx72)/(6xc) - (b*d*(d"2 - (3*%e”2)/c”2)*ArcTan[c*x])/
(3%e) + ((d + exx)"3*(a + b*ArcTan[cx*x]))/(3xe) - (b*(3*c™2xd"2 - e”2)*Logl
1 + ¢c™2%x72])/(6%c”3)

Rubi [A] time = 0.0896576, antiderivative size = 103, normalized size of antiderivative =
1., number of steps used = 6, number of rules used = 5, integrand size = 16, number of rules _

integrand size
0.312, Rules used = {4862, 702, 635, 203, 260}

3e? _
(d + ex)? (a +b tan_l(cx)) b (3czd2 - ez) log (czx2 + 1) bd (dz - Ciz) tan™ (cx) bdex  be*x2
3e 6c3 3e c 6¢c

Antiderivative was successfully verified.

[In] Int[(d + ex*xx) 2x(a + bxArcTan[c*x]) ,x]

[Out] -((b*d*xex*xx)/c) - (b*e™2%x"2)/(6%c) - (bxd*(d"2 - (3*%e”2)/c"2)*ArcTan[c*x])/
(3%e) + ((d + e*xx)"3*(a + bk*ArcTan[c*x]))/(3%e) - (b*(3*c™2%d"2 - e72)*Logl
1 + ¢c™2xx72])/(6%c~3)

Rule 4862

Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.))*((d_) + (e_.)*x(x_))"(q_.), x_Symbol]

:> Simp[((d + e*x)~(q + 1)*(a + b*ArcTan[cx*x]))/(ex(q + 1)), x] - Dist[(b*
c)/(ex(q + 1)), Int[(d + exx)"(q + 1)/(1 + c”2*x"2), x], x] /; FreeQ[{a, b,
c, d, e, qf, x] && NeQlq, -1]

Rule 702

Int[((d_) + (e_.)*x(x_))"(m_)/((a_) + (c_.)*(x_)"2), x_Symbol] :> Int[Polyno
mialDivide[(d + e*x)"m, a + c*x~2, x], x] /; FreeQ[{a, c, d, e}, x] && NeQ[
c*xd™2 + axe”2, 0] && IGtQ[m, 1] && (NeQ[d, 0] || GtQ[m, 2])

Rule 635
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Int[((d_) + (e_.)*x(x_))/((a_) + (c_.)*(x_)"2), x_Symbol] :> Dist[d, Int[1/(
a + cxx~2), x], x] + Dist[e, Int[x/(a + c*x~2), x], x] /; FreeQ[{a, c, d, e
}, x] && !'NiceSqrtQ[-(axc)]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
[a, 2]11)/(Rt[a, 2]*Rt[b, 2]1), x] /; FreeQ[{a, b}, x] &% PosQ[a/b] && (GtQ[a
, 01 Il GtQ[b, 01)

Rule 260

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
tla + b*xx"n, x]]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rubi steps

- d+ex)®
(d + ex)? (a + btan 1(CX)) ~ (b) (1::;22

3e 3e
3de? eSx 02d3—3dez+e(3czd2—ez)x
(d + ex)® (a + btan_l(cx)) (be) f (c_z tat 2(1+c22) X

dx

f (d + ex)? (a +b tan_l(cx)) dx =

3e 3e
c2d3-3de?+e(3c2d%—e? )x
_ bdex  be2a? N (d + ex)? (a +b tan'l(cx)) b f 1+c2(x2 ) dx
B c 6c 3e 3ce
bdex  be’x? N d+ex)(a+b tan_l(cx)) (o cd?>  3e f v (
= — — - — - — dx--
c 6¢ 3e 3 e c 1+ c2x2

32 _
bdex be2x? b4 (dz - iz) tan () (d+ ex)? (a+ btanT(cx) b (3 -
¢ 60 3e * 3e B

Mathematica [A] time = 0.329405, size = 163, normalized size = 1.58

b((czdz(\/—_czd+33)—ez(3\/—_c2d+e)) log(l— —czx)—(czdz(\/jd—Be)wz(e—B\/—_czd)) 1og(\/—_c2x+1)+czezx(6d+ex))

203

(d + ex)? (a + btan_l(cx)) -

3e
Antiderivative was successfully verified.

[In] Integrate[(d + e*x) 2x(a + b¥ArcTan[c*x]),x]
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[Out] ((d + exx)”"3*(a + bxArcTan[c*x]) - (b*x(c™2%e™2xx*(6%d + e*xx) + (-(e72%(3*3q
rt[-c72]*d + e)) + c”2*%d"2*(Sqrt[-c"2]*d + 3%e))*Logl[l - Sqrt[-c™2]*x] - (c
~2%d72%(Sqrt[-c”2]*d - 3%e) + e”2x(-3*%Sqrt[-c”2]*d + e))*Logl[l + Sqrt[-c~2]
*x]))/(2%c”™3) )/ (3*e)

Maple [A] time = 0.027, size = 137, normalized size = 1.3

2,3 B be?arct 3 be2x?  bedx bln(c*x?
Y | aex?d + axd® + 613— ¢ are 211 () x + bearctan (cx) x2d + barctan (cx) xd? — i ( >
e

Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx+d) 2*x(atb*arctan(c*x)),x)

[Out] 1/3*a*e”2*xx"3+a*exx”2*xd+axx*xd~2+1/3*%a/exd”3+1/3*bxe”2*xarctan(c*x)*x~3+b*e*a
rctan(c*xx) *x"2*%d+b*xarctan (c*xx) *x*xd~2-1/6xbxe”2%xx"2/c-b*xd*e*x/c-1/2/c*xb*x1n(c
“2%x72+1)*d"2+1/6/c”3*%bxe"2x1n(c"2*xx"2+1) +1/c " 2*%bxe*xarctan (c*xx) *xd

Maxima [A] time = 1.46562, size = 170, normalized size = 1.65

1 t 1 2 log(c?x?+1 ,
= 0?33 + adex? + (2 arctan (cx) - of % — e () bde + — | 223 arctan (cx) - ¢| = - —( ) be? + ad-
3 c? 3 6 c? ct

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d) "2x(a+b*arctan(c*x)),x, algorithm="maxima")

[Out] 1/3%a*xe”2*x"3 + axd*exx™2 + (x"2*arctan(c*x) - c*x(x/c”2 - arctan(c*x)/c”~3))
*xbxd*xe + 1/6%(2xx"3*arctan(c*x) - c*(x72/c”2 - log(c™2*x"2 + 1)/c™4))*bxe”2
+ a*xd"2*x + 1/2%(2xc*x*arctan(cxx) - log(c™2*xx"2 + 1))*b*d~2/c

Fricas [A] time = 2.30074, size = 281, normalized size = 2.73

2acde®x® + (6 ac3de — bczez)x2 +6 (ac3d2 - bczde)x +2 (bc3ezx3 +3bc3dex? +3bc3d?x + 3 bcde) arctan (cx) — (3 bc?
6¢3

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((e*x+d) ~2*(atb*arctan(c*x)),x, algorithm="fricas")

[Out] 1/6%(2*%a*c”3*%e”2*x"3 + (6xaxc™3xd*e — bxc 2xe”2)*x"2 + 6*x(a*xc™3*xd™2 - b*xc™2
*dxe) *x + 2% (b*c™3%e”2%x"3 + 3*b*c~3kdxe*xx"2 + 3xb*c”3*%d"2%x + 3*bkckdxe)*a
rctan(c*x) - (3xb*c”2*%d"2 - b*e”2)*log(c™2*x"2 + 1))/c”3

Sympy [A] time = 1.31008, size = 160, normalized size = 1.55

2 2,1 2
2y3 be?x3 atan (cx) bd*log (x + CZ) bdex  be?x? " bde atan (cx) " be“1

2 2, e 2 2 _
ad“x + adex= + o bd“x atan (cx) + bdex* atan (cx) + 3 " ; ” =

32x3
a (de + dex? + -

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d)**2*(atb*atan(c*x)),x)

[Out] Piecewise((a*xd**2%x + a*xdkexx**2 + a*xex*2xx*x3/3 + bkdx*2xx*atan(c*x) + bxd
xexxx*k2katan (cxx) + bkexk2xx**3*atan(c*x)/3 - bxdx*2xlog(x**2 + c*x*x(-2))/(2
*C) — bxdke*xx/c - bxex*2xx**x2/(6%c) + bxdxexatan(c*x)/c**2 + bkex*2*log(x**
2 + cx*x(-2))/(6%cx*x3), Ne(c, 0)), (ax(d**2*xx + dke*xx**2 + ex*2*x**3/3), Tru

e))

Giac [A] time = 1.13929, size = 217, normalized size = 2.11

2 bc3x3 arctan (cx) €2 + 6 bcldx? arctan (cx) e + 6 bed?x arctan (cx) + 2 ac®x3e? + 6 ac3dx?e + 6 ac®d?x — 6 whedesgn (c
6¢3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d) 2 (at+b*arctan(c*x)),x, algorithm="giac")

[Out] 1/6%(2xbkxc™3*x"3*arctan(c*x)*e”2 + 6%b*c™3xd*x”~2*arctan(cxx)*e + 6%b*c™3*d”
2xx*xarctan(c*x) + 2%a*xc”3*x73%e”2 + Bkxaxc”3xd*x"2%e + 6*axc”3*kd"2%x - 6*pixk
bxckdxe*xsgn(c)*sgn(x) - b*c™2*x"2%e”2 - 6xb*c”2xd*xxe - 3xb*c”2*d"2xlog(c”2

*x"2 + 1) + 6*bxcxd*arctan(c*x)*e + bxe 2xlog(c™2*x"2 + 1))/c”3
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34  [(d+ex)(a+Dbtan™(cx)) dx
Optimal. Leaf size=76

€2 —
(d + ex)? (a + btan_l(cx)) b (dz - C_z) tan™(cx) g log (czx2 + 1) bex

2e 2e 2c B %

[Out] -(bxexx)/(2xc) - (b*x(d"2 - e”2/c”2)*ArcTan[c*x])/(2xe) + ((d + exx) " 2*x(a +
bxArcTan[c*x]))/(2xe) - (b*d*Logl[l + c~2%x72])/(2%*c)

Rubi [A] time = 0.061302, antiderivative size = 76, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 5, integrand size = 14, e o e

0.357, Rules used = {4862, 702, 635, 203, 260}

integrand size

2
(d + ex)? (a +b tan_l(cx)) b (dz - i_z) tan™(cx)  pg log (czx2 + 1) bex
2e - 2e - 2c C2c

Antiderivative was successfully verified.

[In] Int[(d + e*x)*(a + b¥ArcTanl[c*x]),x]

[Out] -(bxexx)/(2xc) - (b*x(d"2 - e”2/c”2)*ArcTan[c*x])/(2xe) + ((d + exx) " 2*x(a +
bxArcTan[c*x]))/(2xe) - (b*d*Logl[l + c~2%x72])/(2%*c)

Rule 4862

Int[((a_.) + ArcTan[(c_.)*(x_)]*(b_.))*((d_) + (e_.)*x(x_))"(q_.), x_Symbol]

:> Simp[((d + exx)~(q + 1)*(a + bxArcTan[c*x]))/(ex(q + 1)), x] - Dist[(bx
c)/(ex(qg + 1)), Int[(d + exx)"(q + 1)/(1 + c™2*x72), x], x] /; FreeQ[{a, b,
c, d, e, g}, x] && NeQ[q, -1]

Rule 702

Int[((d) + (e_)*(x ))"(m_)/((a_) + (c_.)*(x_)"2), x_Symbol] :> Int[Polyno
mialDivide[(d + e*x)"m, a + c*x~2, x], x] /; FreeQ[{a, c, d, e}, x] && NeQ[
cxd”2 + a*e”2, 0] && IGtQ[m, 1] && (NeQ[d, 0] || GtQ[m, 2])

Rule 635

Int[((d_) + (e_)*x(x_))/((a_) + (c_.)*x(x_)"2), x_Symbol] :> Dist[d, Int[1/(
a + cxx~2), x], x] + Dist[e, Int[x/(a + c*x~2), x], x] /; FreeQ[{a, c, d, e
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}, x] & 'NiceSqrtQ[-(axc)]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
la, 2]1]1)/(Rt[a, 2]*Rt[b, 2]1), x] /; FreeQ[{a, b}, x] && PosQla/b] && (GtQ[a
, 01 Il GtQ[b, 01)

Rule 260
Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten

tla + b*x"n, x]]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rubi steps

1+c2x?

2e 2e

(d + ex)? (a +b tan_l(cx)) (bo) [ @ren” o

f(d + ex) (a + btan_l(cx)) dx =

& 2d2—e+2c%dex
(d + ex)? (a + btan_l(cx)) (be) f (c_Z + c2(1+c2x2) ) d

2e 2e
242_,2 2

 bex N (d + ex)? (a +b tan_l(cx)) b Cd li;ﬁ; dex
2 2e 2ce

bex (@ref(atbian’e)) 0w (Oed-ecd+o) [ —
T T 2e _(C)f1+czx2 T 2ce

2

bex U (dz - i_z) tan™ (cx) (d + ex)? (a + btan_l(cx)) bd log (1 + szz)

20 2e " 2e - 2c

Mathematica [A] time = 0.0054695, size = 77, normalized size = 1.01

1 b
+ bdx tan™!(cx) + Ebex2 tan™ (cx) — %

1 2

bdlog (c?x% +1 -1
adx + —aex* — g( ) + betan™"(cx)

2c 2c2

Antiderivative was successfully verified.

[In] Integrate[(d + e*x)*(a + b*ArcTan[c*x]),x]

[Out] a*d*x - (bxexx)/(2xc) + (a*xexx”2)/2 + (b*exArcTan[c*x])/(2%c”2) + bxd*x*Arc
Tan[c*x] + (b*exx"2*xArcTan[c*x])/2 - (b*dxLogl[l + c~2%x72])/(2%c)
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Maple [A] time = 0.024, size = 68, normalized size = 0.9

ax?e b arctan (cx) x%e ebx bdln (CZXZ + 1) arctan (cx) be

— +adx + > + barctan (cx) xd — e r + 2

Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx+d)*(a+b*arctan(c*x)) ,x)

[Out] 1/2*a*x~2%e+axd*x+1/2*xb*arctan(c*x)*x"2*e+b*xarctan(c*x)*x*xd-1/2*%xb*exx/c-1/2
*bxd*1n(c™2%x"2+1)/c+1/2/c” 2*b*e*arctan (c*x)

Maxima [A] time = 1.48609, size = 96, normalized size = 1.26

1 x  arctan (cx) (2 cx arctan (cx) — log (c2x2 + 1))bd

1
5 aex? + 5 (x2 arctan (cx) — c(c—2 - T))be + adx + r

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d)*(atb*arctan(c*x)),x, algorithm="maxima")

[Out] 1/2*%a*exx”2 + 1/2%(x"2*arctan(c*x) - c*x(x/c”2 - arctan(c*x)/c”3))*b*xe + ax*d
*xx + 1/2%(2*cxx*arctan(c*x) - log(c™2*x~2 + 1))*bxd/c

Fricas [A] time = 2.11601, size = 162, normalized size = 2.13

ac?ex? — bed log (02x2 + 1) + (2 ac’d — bce)x + (bczex2 + 2 bc?dx + be) arctan (cx)

2¢c2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d)*(atb*arctan(c*x)),x, algorithm="fricas")

[Out] 1/2*(a*c™2%e*xx"2 - b*ckdxlog(c™2*x"2 + 1) + (2%axc™2*d - bkxcxe)*x + (b*xc™2x%
exx”2 + 2¥bxc”2*d*x + b*e)xarctan(c*x))/c”2
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Sympy [A] time = 0.730579, size = 87, normalized size = 1.14

2,1
bex? atan (cx) _ bdlog (x +C_2) bex n be atan (cx) forc# 0

2
aex
adx + -+ bdx atan (cx) + > o = >

ze .
a (dx + 7) otherwise

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*xx+d)* (atb*atan(c*x)),x)

[Out] Piecewise((a*d*x + akxexx**x2/2 + b*dxx*atan(c*x) + b*xexx**x2*atan(c*x)/2 - bx*
dxlog(xx*2 + cx*(-2))/(2xc) - bxexx/(2*c) + b*exatan(c*x)/(2xc*x2), Ne(c, O
)), (ax(d*x + exx**x2/2), True))

Giac [A] time = 1.22245, size = 122, normalized size = 1.61

bc?x? arctan (cx) e + 2 bc2dx arctan (cx) + ac®x?e + 2 ac*dx — mthesgn (c) sgn (x) — bexe — bed log (czx2 + 1) + barctan
2¢2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d)*(atb*arctan(c*x)),x, algorithm="giac")

[Out] 1/2*%(bxc”2*xx"2*arctan(c*x)*e + 2xbkxc 2*xd*x*arctan(c*x) + a*c™2*xx"2%e + 2%ax
c"2xd*x - pixb*exsgn(c)*sgn(x) - b*ckx*e - b*ckxdxlog(c™2*x"2 + 1) + b*arcta

n(c*xx)*e)/c”2
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-1
35 fa+btan (cx) dx

d+ex

Optimal. Leaf size=138

. 2c(d+ex) . 2 -1 2c(d+ex) 2
_szolyLog (2,1 - W) . ibPolyLog (2,1 - @) . (a + btan (cx)) log (m) log (ch) (a +b

2e 2e e e

[Out] -(((a + b*ArcTan[c*x])*Log[2/(1 - Ixc*x)])/e) + ((a + bxArcTan[c*x])*Log[(2
xc*x(d + exx))/((cxd + Ixe)*x(1 - Ixc*x))])/e + ((I/2)*b*PolyLog[2, 1 - 2/(1

- Ixc*x)])/e - ((I/2)*bxPolyLogl[2, 1 - (2%cx(d + e*xx))/((c*d + I*xe)*(1 - Ix
c*xx))])/e

Rubi [A] time = 0.0832176, antiderivative size = 138, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 4, integrand size = 16, e e -

0.25, Rules used = {4856, 2402, 2315, 2447}

integrand size

. 2c(d+ex) . 2 -1 2c(d+ex) 2
_szolyLog (2,1 - W) . ibPolyLog (2,1 - m) . (a + btan (cx)) log (W) log (m) (a +b

2e 2e e e

Antiderivative was successfully verified.

[In] Int[(a + b*ArcTanl[c*x])/(d + ex*xx),x]

[Out] -(((a + bxArcTan[c*x])*Log[2/(1 - I*c*x)])/e) + ((a + b*ArcTan[c*x])*Logl[(2
xcx(d + exx))/((cxd + Ixe)*(1 - Ixc*xx))])/e + ((I/2)*b*PolyLogl2, 1 - 2/(1

- Ixc*x)])/e - ((I/2)*bxPolyLogl[2, 1 - (2%cx(d + exx))/((c*d + I*xe)*(1 - Ix
c*x))])/e

Rule 4856

Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.))/((d_) + (e_.)*(x_)), x_Symbol] :> -S
imp[((a + b*ArcTan[c*x])*Log[2/(1 - I*c*x)])/e, x] + (Dist[(b*c)/e, Int[Log
[2/(1 - I*xcxx)]/(1 + c™2%xx72), x], x] - Dist[(bxc)/e, Int[Log[(2*c*(d + exx
))/((cxd + Ixe)*(1 - Ixc*x))]/(1 + c™2%x72), x], x] + Simp[((a + b*ArcTanlc
*x])*Log[(2*%c*(d + exx))/((c*d + Ixe)*(1 - Ixcx*x))])/e, x]) /; FreeQ[{a, D,
c, d, e}, x] && NeQ[c™2xd"2 + 72, 0]

Rule 2402

Int[Logl(c_.)/((d_) + (e_.)*x(x_))1/((f_ ) + (g_.)*(x_)"2), x_Symbol] :> -Dis
tle/g, Subst[Int[Logl[2*xd*x]/(1 - 2xd*x), x], x, 1/(d + e*xx)], x] /; FreeQ[{
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c, d, e, £, gF, x] && EqQlc, 2xd] && EqQle™2+f + d~2*g, 0]

Rule 2315

Int[Log[(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> -Simp[PolyLog[2, 1 -
cxx]/e, x] /; FreeQ[{c, d, e}, x] && EqQle + c*xd, 0]

Rule 2447

Int[Loglu_]*(Pq_)~(m_.), x_Symbol] :> With[{C = FullSimplify[(Pq"m*(1 - u))

/Dlu, x]13}, Simp[C*PolylLogl[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &&

PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents [u,
x] [[2]], Expon[Pq, x]]

Rubi steps
(a + btan” 1(cx)) lo (a +btan™! (cx)) log [ —2<*e) (1 2“") ~
f a + btan ™ (cx) i e\ .\ &\ (carieyizion) (bC) f 2 dx (bc
_—  dx = — -
d+ex e e e
(a +b tan_l(cx)) log (1_2icx) (a +btan™ (cx)) log (%) ibLi, (1 - %)
e e 2e
-1 2 -1 2c(d+ex) T s 2 aT s
(a + btan (cx)) log (1_l_cx) (a + btan (cx)) log (m) ibLi, (1 - m) ibLi,
e e 2e

Mathematica [A] time = 0.0599263, size = 138, normalized size = 1.

e(l icx) e(cx— z) c(d+¢

) + 2alog(d + ex) + iblog(1 — icx) log (ﬂ) iblog(l + icx) log(
2e

szolyLog( ) ibPolyLog (2 -

Warning: Unable to verify antiderivative.

[In] Integratel[(a + bxArcTan[cx*x])/(d + e*x),x]

[Out] (2xaxLogld + exx] + I*b*Logl[l - Ixc*x]*Logl[(c*(d + e*x))/(cxd - Ixe)] - Ixb
*Log[1 + Ixcxx]*Logl[(cx(d + exx))/(c*d + Ixe)] + I*b*PolyLog[2, (ex(1 - Ixc
*x))/(Ixc*xd + e)] - Ixb*PolyLogl[2, -((ex(-I + c*x))/(cxd + Ixe))])/(2%e)
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Maple [A] time = 0.054, size = 168, normalized size = 1.2

aln (ecx + dc) N bln (ecx + dc) arctan (cx) L2 : + 2 dilog
e e e ie —dc e

dc + ie e

Ibln(ecx +de)  [ip—ecx)\ sbln(ecx+dc)  [ip+ecx\ b
In ( ) -2 In ( ) 2
Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctan(c*x))/(exx+d),x)

[Out] a*1ln(ckxexx+c*d)/e+b*1n(cxe*x+c*d)/exarctan(c*x)+1/2*%I*xb*1n(cxe*xx+c*d)/ex1ln(
(Ixe—-exc*x)/(d*c+I*xe))-1/2xIxbx1n(c*xexx+c*d) /exln((Ixe+exckxx)/(Ixe—-d*c))+1/
2xIxb/exdilog ((Ixe-e*xc*x)/(d*c+I*e))-1/2xIxb/exdilog((I*xe+exc*x)/(I*e-d*c))

Maxima [F] time = 0., size = 0, normalized size = 0.

arctan (cx) alog (ex + d)
2b f X +
2 (ex + d) e

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctan(c*x))/(e*x+d),x, algorithm="maxima"

[Out] 2*b*xintegrate(l/2*arctan(cxx)/(exx + d), x) + axlog(exx + d)/e

Fricas [F] time = 0., size = 0, normalized size = 0.

barctan (cx) + a )

int 1
integra p——

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctan(c*x))/(e*xx+d),x, algorithm="fricas")

[Out] integral((b*arctan(cxx) + a)/(e*x + d), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

a + batan (cx)
f—dx
d+ex



Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*atan(c*x))/(e*xx+d),x)

[Out] Integral((a + b*atan(c*x))/(d + e*x), x)
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Giac [F] time = 0., size = 0, normalized size = 0.

barctan (cx) + a
f dx
ex+d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctan(c*x))/(e*xx+d),x, algorithm="giac")

[Out] integrate((bxarctan(c*x) + a)/(exx + d), x)
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-1
36 fa+btan (cx) dx

(d+ex)?

Optimal. Leaf size=98

a+btan~(cx) belog (CZXZ + 1) belog(d +ex)  be2d tan™(cx)
e(d + ex) 2 (c2d2 + ez) c2d? + ¢? e (czd2 + ez)

[Out] (bxc~2%d*ArcTan[c*x])/(ex(c™2%d"2 + e72)) - (a + b*ArcTan[c*x])/(ex(d + e*x
)) + (bxcxLogld + exx])/(c™2%d"2 + e72) - (bxcxLogl[l + c™2%x72])/(2*(c™2*d"~
2 +e72))

Rubi [A] time = 0.05334, antiderivative size = 98, normalized size of antiderivative =
. . ber of rul
1., number of steps used = 6, number of rules used = 6, integrand size = 16, L

integrand size
0.375, Rules used = {4862, 706, 31, 635, 203, 260}

a+btan~'(cx) belog (A +1) | belog(d +ex) bc?d tan™" (cx)
e(d + ex) 2 (c2d2 + eZ) c2d? + e? e (c2d2 4 ez)

Antiderivative was successfully verified.

[In] Int[(a + b*ArcTan[c*x])/(d + ex*xx)~2,x]

[Out] (bxc™2*d*ArcTan[c*x])/(ex(c™2*xd"2 + €72)) - (a + bxArcTan[c*x])/(ex(d + ex*xx
)) + (bxcxLogld + exx])/(c™2%d"2 + e72) - (bxcxLogl[l + c™2%x72])/(2*(c™2*d"~
2 + e72))

Rule 4862

Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.))*((d_) + (e_.)*(x_))"(q_.), x_Symbol]

:> Simp[((d + exx)"(q + 1)*(a + b*ArcTan[c*x]))/(ex(q + 1)), x] - Dist[(b*
c)/(ex(q + 1)), Int[(d + exx)"(q + 1)/(1 + c™2*x"2), x], x] /; FreeQ[{a, b,
c, d, e, qf, x] && NeQlq, -1]

Rule 706

Int[1/(((d_ ) + (e_.)*x(x_))*((a_) + (c_.)*(x_)"2)), x_Symbol] :> Dist[e”2/(c
*d"2 + axe”2), Int[1/(d + exx), x], x] + Dist[1/(c*xd”2 + a*xe”2), Int[(cxd -
cxexx)/(a + cxx72), x], x] /; FreeQ[{a, c, d, e}, x] && NeQ[c*d~2 + axe”2,
0]
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Rule 31

Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x]1 /; FreeQ[{a, b}, x]

Rule 635

Int[((d_) + (e_.)*x(x_))/((a_) + (c_.)*(x_)"2), x_Symbol] :> Dist[d, Int[1/(
a + c*xx~2), x], x] + Distle, Int[x/(a + c*x~2), x], x] /; FreeQ[{a, c, d, e
}, x] && !'NiceSqrtQ[-(a*c)]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
[a, 2]11)/(Rtla, 2]*Rt[b, 2]1), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 |l GtQ[b, 01)

Rule 260

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
tla + b*x"n, x]]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rubi steps
(be) f — L _ix
f a + btan(cx) _a+b tan™!(cx) (d+ex)(1+c2x2)
(d + ex)? B e(d + ex) e
Zd_ 2 1
__a+btan”'(cx) .\ (be) [ Tz dx  (bee) [ —dx
e(d + ex) e (c2d2 + 62) c2d? + e2
1

_oa+t btan~(cx)  belog(d + ex) (bCB) f o202 dx (bCBd) f 11222 dx
- e(d + ex) c2d? + 2 c2d? + 2 e (CZdZ + 62)

_ bc%dtan™ (cx) _a+ btan~}(cx)  belog(d + ex) _ bclog (1 + szz)
e (czdz + ez) e(d + ex) c2d? + e 2 (czd2 + ez)

Mathematica [A] time = 0.195202, size = 111, normalized size = 1.13

bc((\/—_czd—e) log(l— —czx)—(‘/—_62d+e) log(\/—_czx+l)+23 log(d+ex)) a+btan™(cx)

2(02d2+ez) d+ex
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Antiderivative was successfully verified.

[In] Integratel[(a + bxArcTan[cx*x])/(d + e*xx)~2,x]

[Out] (-((a + bxArcTan[c*x])/(d + exx)) + (b*xc*((Sqrt[-c"2]*d - e)*Logl[l - Sqrt[-
c2]*x] - (Sqrt[-c”2]xd + e)*Logl[l + Sqrt[-c~2]*x] + 2xexLogld + exx]))/(2x
(c™2*%d™2 + e72))) /e

Maple [A] time = 0.031, size = 118, normalized size = 1.2

ac bearctan (cx) beln(ecx +dc) beln (szz + 1) bc?d arctan (cx)
(ecx+dc)e  (ecx +dc)e c2d? + 2 2¢2d? +2¢? e (c2d2 + 32)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctan(c*x))/(exx+d)"2,x)

[Out] -c*a/(cxexx+cxd)/e-c*xb/(cxexx+c*xd)/exarctan(c*x)+cxb/(c™2xd"2+e"2)*1n(cxe*x
+c*xd) -1/2%bxc*x1n(c”2*%x"2+1) / (c™2*%d"2+e"2) +b*c~2*xd*arctan(c*x) /e/ (c"2*%d"2+e~
2)

Maxima [A] time = 1.48091, size = 144, normalized size = 1.47

1((2cdarctan(cx) log (szz + 1) 2 log (ex + d) 2 arctan (cx) a
2 c2d?e + €3 c2d? + €2 c2d? + €2 e2x + de e2x + de
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctan(c*x))/(e*x+d)~2,x, algorithm="maxima")

[Out] 1/2*%((2xcxd*arctan(c*x)/(c”2*d"2%e + e73) - log(c™2*x"2 + 1)/(c™2*%d"2 + e72
) + 2xlog(e*x + d)/(c”™2%d"2 + e72))*c - 2%arctan(c*x)/(e"2%x + d*e))*b - a/
(e72%x + d*e)

Fricas [A] time = 2.50458, size = 259, normalized size = 2.64
2ac’d? +2ae* -2 (bczdex - bez) arctan (cx) + (bcezx + bcde) log (c2x2 + 1) -2 (bcezx + bcde) log (ex + d)

2 (c2d3e + ded + (czdze2 + e4)x)
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctan(c*x))/(e*x+d)~2,x, algorithm="fricas")

~

[Out] -1/2*%(2*xa*xc™2%d"2 + 2*xa*xe”2 - 2x(bxc ™ 2*%d*exx - b*e~2)*arctan(c*x) + (b*cxe
2%x + bkcxdxe)*log(c™2*x72 + 1) - 2k (bxcke 2+x + bkcxdxe)*log(exx + d))/(c”
2xd"3*%e + d*e”3 + (c72%d"2*e”2 + e74)x*x)

Sympy [A] time = 46.2556, size = 777, normalized size = 7.93

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*atan(c*x))/(exx+d)**2,x)

[Out] Piecewise((-2*a*d/(4xdx*2%e + 4xdxex*2*x) + 2xaxe*xx/(4*xd*x2xe + 4d*xd*ex*x2*x)
+ 2%Ixbxd*atanh (exx/d)/(4*d*x2xe + 4*xd*exx2*xx) + Ixbxd/(4*d**2xe + 4xd*ex*
2xx) - 2*Ixbxexx*atanh(exx/d)/(4*d*x2xe + 4*xd*ex*x2xx) - Ixbxexx/(4*d**2xe +
4xd*xex*2xx) , Eq(c, -Ixe/d)), (-2*axd/(4*dx*2xe + 4dxdkex*2xx) + 2xaxexx/(4x
d**2%e + 4dxdxex*x2xx) - 2*Ixb*d*atanh(exx/d)/(4dxdx*x2xe + 4*xd*e**2*x) - Ixbxd
/ (4*xdx*2%e + 4dxdxe*x*2xx) + 2*I[xbkxexx*atanh(exx/d)/(4*xd**2xe + 4dxd*e*x*2*x) +
Ixbxexx/ (4xdx*2xe + 4xd*kex*x2xx), Eq(c, I*e/d)), (zoox(a*xx + b*x*atan(c*x)
- bxlog(x**2 + c*x*x(-2))/(2xc)), Eq(d, -exx)), ((a*x + b*x*atan(c*x) - b*log
(x*xx2 + cxx(-2))/(2xc))/d*x2, Eq(e, 0)), (a*xx/(d*x2 + dxe*x), Eq(c, 0)), (-
2kaxckk2kxd*x*x2/ (2kckk2kd**x3ke + kckk2kd*kkDkex*k2kxx + 2kdke*x*3 + kexkdkx) -
2kaxex*x2/ (2kxck*x2kd*xkx3ke + 2kcCk*kkdkkDke* *xQkx + 2kdke*x*k3 + 2kex*x4*xx) + 2*bkxc
*x2xd*e*xx*katan (c*xx) / (2kck*x2kxd**x3ke + 2kckkQkd**kke*x*Qkx + 2kd*ke*x*3 + kexx4
*xx) — bxckdkexlog(x**2 + c*x*x(-2))/(2xc*k*2kd*x*k3xe + 2kCk*2kd**2kxe*x*2xx + 2%d
xe*xx3 + 2kex*4*xx) + 2xbxckdxexlog(d/e + x)/(2%ck*2xd*x3%e + 2kCr*kDxd**2ke**
2%x + 2xd¥xe**3 + 2kex*4*xx) — bkckex*k2xxxlog(x**2 + cx*(-2))/(2kck*2kd**3*e
+ 2kCkAkA*kK2Kkek*k2kX + 2kdke*x*k3 + 2kexk4xx) + 2xbkckex*k2xx*klog(d/e + x)/ (2%
Ckx*2kd*kk3%ke + kCkkDkd*kkQkex*kkx + 2kdkex*k3 + kexkdkxx) — 2xbkexkx2xatan(c*x
)/ (2kcx*2xd*x*x3ke + 2kcHkk2kd*x*2kex*x2*xx + 2kxdkex*x3 + 2kxex*xdxx), True))




Giac [A] time = 1.14614, size = 217, normalized size = 2.21

2 cd arctan

242
xe+d xe+d

)e<—1>
e(_z)
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N =

Verification of antiderivative is not currently implemented for this CAS.

c log [ 2 2c%d ?d? e
_ g xevd  (xerd?  (xe+d)? 2 2 arctan (cx) e B aetD
c2d2e + ¢3 c2d2e? 4+ ¢4 xe +d xe +d

[In] integrate((atb*arctan(c*x))/(e*xx+d)~2,x, algorithm="giac")

[Out] 1/2*x((2xckd*arctan((c™2*%d - c™2xd"2/(xxe + d) - e72/(xxe + d))*e~(-1)/c)*xe”
(-2)/(c72%d"2xe + e73) - log(c™2 - 2xc™2xd/(x*e + d) + c™2*%d"2/(x*e + d)~2

+ e72/(xxe + d)72)/(c™2%d"2%e”2 + e74))*cxe”2 - 2%arctan(cxx)*e”(-1)/(x*e +

d))*b - axe”(-1)/(x*xe + d)
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-1
37 fa+btan (cx) dx

(d+ex)3

Optimal. Leaf size=146

a+btan\(cx) bcdlog (szz + 1) 2 N bcdd log(d + ex) N bc(cd — e)(cd + e) tan ™ (cx)

2e(d + ex)? 5 (c2d2 + ez)z 2 (czdz n ez) (d + ex) (Czdz + 62)2 2 (CZdZ + eZ)z

[Out] -(b*c)/(2x(c™2*d"2 + e"2)*(d + exx)) + (b*c™2x(cxd - e)*(cxd + e)*ArcTan[c*
x])/ (2xex(c™2%d"2 + €72)72) - (a + bxArcTan[c*x])/(2*e*x(d + e*xx)~2) + (bxc~
3xd*Log[d + exx])/(c”2*%d"2 + e72)72 - (bxc~3*d*Logl[l + c™2*x72])/(2x(c™2%d"

2 +e72)72)

Rubi [A] time = 0.123111, antiderivative size = 146, normalized size of antiderivative
number of rules

1., number of steps used = 7, number of rules used = 6, integrand size = 16,
0.375, Rules used = {4862, 710, 801, 635, 203, 260}

integrand size

a+ btan™ (cx) ~ bc*dlog (szz + 1) bc . bcdd log(d + ex) . be(cd — e)(cd + e) tan ™ (cx)

2e(d + ex)? ) (c2d2 + ez)z 2 (c2d2 + ez) (d + ex) (c2d2 n 62)2 2 (c2d2 + 32)2

Antiderivative was successfully verified.

[In] Int[(a + b*ArcTan[c*x])/(d + e*xx)~3,x]

[Out] -(b*xc)/(2x(c™2*%d"2 + e”2)*(d + e*x)) + (bxc™2*x(c*xd - e)*(c*d + e)*ArcTanl[cx*
x])/ (2%ex(c™2%d"2 + €72)72) - (a + bxArcTan[c*x])/(2*%ex(d + exx)"2) + (b*xc”
3xd*Log[d + exx])/(c”2*d"2 + e72)72 - (bxc~3*d*Logl[l + c™2*x72])/(2x(c™2%d"

2 + e"2)72)

Rule 4862

Int[((a_.) + ArcTan[(c_.)*(x_)]*(b_.))*((d_) + (e_.)*x(x_))"(q_.), x_Symbol]

:> Simp[((d + exx)~(q + 1)*(a + b*ArcTan[c*x]))/(ex(q + 1)), x] - Dist[(b*
c)/(ex(qg + 1)), Int[(d + exx)"(q + 1)/(1 + c™2*x72), x], x] /; FreeQ[{a, b,
c, d, e, g}, x] && NeQ[q, -1]

Rule 710

Int[((d_) + (e_)*x(x_))"(m_)/((a_) + (c_.)*(x_)"2), x_Symbol] :> Simp[(ex(d
+ exx)"(m + 1))/((m + 1)*(c*d™2 + a*e™2)), x] + Distlc/(c*xd”2 + a*xe”2), In
t[((d + exx)"(m + 1)*x(d - exx))/(a + c*x~2), x], x] /; FreeQ[{a, c, d, e, m
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}, x] && NeQ[c*xd™2 + axe”2, 0] && LtQ[m, -1]

Rule 801

Int[(((d_.) + (e_.)*x(x_))"(m_)*((f_.) + (g_.)*(x_)))/((a ) + (c_.)*(x_)72),
x_Symbol] :> Int[ExpandIntegrand[((d + e*x) mx(f + g*x))/(a + c*x72), x],
x] /; FreeQ[{a, c, d, e, £, g}, x] &% NeQ[cxd~2 + a*e”2, 0] && IntegerQ[m]

Rule 635

Int[((d) + (e_)*(x))/((a_) + (c_.)*(x_)~2), x_Symbol] :> Dist[d, Int[1/(
a + c*xx~2), x], x] + Distle, Int[x/(a + c*x~2), x], x] /; FreeQ[{a, c, d, e
}, x] && !'NiceSqrtQ[-(axc)]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
[a, 2]1)/(Rtla, 2]*Rt[b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 |l GtQ[b, 01)

Rule 260
Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten

tla + b*x"n, x]]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rubi steps
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1
f a + btan (cx) _a+ btan}(cx) N (be) f (d+ex)2(1+c2x2) ax
(d + ex)3 *= 2e(d + ex)? 2e
3 d—ex
~ b a+btan(ex) (be’) (@ren(1rezt)
2 (c2d2 + ez) (d + ex) 2e(d + ex)? 2e (czd2 + ez)
3 2de? 2d2—2-2c2dex
_ be a+ btan‘l(cx) N (bC )f((czd2+ez)(d+ex) * (c2d2+32)(1+c2x2)
7 (c2d2 N ez) d+ex)  2e(d+ex)? 2e (czcl2 + ez)
22— -2c2dex
_ bc a + btan™(cx) . bcddlog(d + ex) . (bCS) ) % dx
2(c2d? + &) (d+ex)  2e(d+ex)? (c22 + ez)z 2e (c2 + ez)z
_ bc a + btan~t(cx) . bcdd log(d + ex) _ (bCSd) ) 1:2,(2 dx . (bCS(Cd —e
2 (czd2 + e2) (d+ex)  2e(d+ex)? (c2d2 " e2)2 (c2d2 " ez)z 2
_ bc . be2(cd — e)(cd + e)tan~*(cx) a+Dbtanl(cx) bcPdlog(d + ex) _ 1
2(c2d? + e2) (d + ex) 2e (242 + 62)2 2e(d + ex)? (c22 + ez)z

Mathematica [A] time = 0.327461, size = 192, normalized size = 1.32

bc(d+ex)(Ze(czdz+ez)—(czd(\/—_czd—2€)— —czez)log(l— —czx)(d+ex)—( —2 —czd(\/—_c2d+26))log(\/—_czx+1)(d+cx)—4czde(
(c2d2+ez)2

de(d + ex)?

2 (a +b tan_l(cx)) +

Antiderivative was successfully verified.

[In] Integrate[(a + b*ArcTan[c*x])/(d + e*x)"3,x]

[Out] -(2*(a + b*ArcTan[c*x]) + (bxc*x(d + exx)*(2%ex(c™2+%d"2 + e72) - (c~2*xd*(Sqr
t[-c”2]*d - 2*e) - Sqrt[-c”2]*e"2)*(d + exx)*Logl[l - Sqrt[-c~2]*x] - (Sqrt[
—c"2]*e72 - c72*d*(Sqrt[-c”2]*d + 2%e))*(d + exx)*Logl[l + Sqrt[-c”2]*x] - 4
*xcT2xd*ex(d + exx)*Logld + e*xx]))/(c™2*%d"™2 + €72)72)/(4*xex(d + e*x)72)

Maple [A] time = 0.034, size = 184, normalized size = 1.3

c%a c?b arctan (cx) c2b s bc3d In (ecx + dc) . bc* arctan (cx)d?  bc’dIn (szz

_2 (ecx + dc)2 e B 2 (ecx + dc)2 e (2 c2d? + 282) (ecx + dc) (CZdZ + 62)2 2e (02d2 + ez)z 2 (C2d2 + ¢
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctan(c*x))/(e*xx+d) 3,x)

[Out] -1/2*c”2*a/(cxexx+c*xd) ~2/e-1/2%c”2*b/ (cke*xx+c*xd) “2/e*arctan(c*x)-1/2*c”2*xb/
(c™2xd"2+e72) / (cxexx+c*xd) +c~3*b*xd/ (c"2*d"2+e~2) "2*1n(c*exx+cxd)+1/2*xc 4*xb/e
/(c™2*xd"2+e"2) "2*xarctan (cxx) *d~2-1/2*bxc”3*d*1n(c"2*xx"2+1) / (c~2*d"2+e"2) "2~
1/2*xc"2xbxe/ (c™2+%d"2+e72) "2*arctan(c*x)

Maxima [A] time = 1.46999, size = 289, normalized size = 1.98

1(( 2dlog (szz + 1) 22dlog (ex + d) (c4d2 - C2€2) arctan (cx) 1 arc
-= - - + +
2 || cAd4 +2c2d%e? + ¢4 ctd* + 22d%e? + ¢ (c4d4e +2c2d2e3 + e5)c c2d3 + de? + (czdze + 63)x N

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctan(c*x))/(exx+d)~3,x, algorithm="maxima"

[Out] -1/2%((c”2*d*log(c™2*x"2 + 1)/(c™4*d™4 + 2%c™2xd"2%e”2 + e74) - 2%c”2*dxlog
(exx + d)/(c™4*d"4 + 2*xc™2xd"2*xe”2 + e74) - (c™4*d"2 - c™2*xe”2)*arctan(c*x)
/((c™4*xd"4*e + 2xc™2+%d"2xe”3 + e75)xc) + 1/(c72xd"3 + d*e”2 + (c72*%d"2xe +
e”3)*x))*c + arctan(c*x)/(e”3*x72 + 2*d*e”2*x + d"2*e))*b - 1/2*a/(e”3*x"2

+ 2xd*xe”2%x + d"2%e)

Fricas [B] time = 3.64017, size = 637, normalized size = 4.36

actd* + b3d3e + 2 ac?d?e® + bede® + ae* + (bc3dze2 + bce4)x + (3 bc2d%e? + be* - (bc‘*alze2 - bcze4)x2 -2 (bc4d3e -b
2 (c4dée + 2c2d%e3 + d?%e5 + (c4d4e3 + 22

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctan(c*x))/(e*x+d)~3,x, algorithm="fricas")

[Out] -1/2*%(a*c”™4*d"4 + b*c~3*%d"3*e + 2*axc™2*xd"2*xe”2 + bxc*xd*e”3 + a*e”4 + (b*xc™
3xd"2%e”2 + b*cxe"4)*x + (3*b*xcT2*d"2%e”2 + b*e”4 - (b*c"4*d"2*e"2 - b*c”2x*
e”4)*x"2 - 2% (b*cT4*xd"3*e - bxc"2*d*e”3)*x)*arctan(c*x) + (bxc~3*d*e”3*x"2
+ 2%b*c"3*%d"2%e”2xx + b*c"3*d"3%e)*log(cT2*x72 + 1) - 2% (b*c"3*d*e”3*x72 +
2%bxc”3%d"2*%e"2*x + b*c~3*d"3xe)*log(e*x + d))/(c"4*d"6%e + 2*c"2+xd"4*e”3 +



54

d"2xe”5 + (c74*d"4*e”3 + 2%c”2*%d"2*%e”5 + e77)*x"2 + 2% (c74*d"5*e"2 + 2%c”2
*d"3%e”4 + dxe”6)*x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*atan(c*x))/(e*xx+d)**3,x)

[Out] Timed out

Giac [B] time = 1.63408, size = 489, normalized size = 3.35

bctd?x? arctan (cx) €2 + 2 be*d3x arctan (cx) e — ac*d* — bcdx?e® log (czx2 + 1) — 2 bc3d?xe? log (czx2 + 1) — bd3elog

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctan(c*x))/(e*xx+d)~3,x, algorithm="giac")

[Out] 1/2*%(b*c”4*xd"2*x"2*arctan(c*x)*e”2 + 2xb*c”4*xd~3*x*arctan(c*x)*e — akxc™4xd”
4 - b*c”3*kd*x"2%e"3%log(cT2%x72 + 1) - 2xb*c”3*%d"2*x*e”2*log(cT2%x"2 + 1) -
b*c~3*d"3*%exlog(c™2*x"2 + 1) + 2%b*xc”3xd*x”"2%e”3xlog(abs(x*e + d)) + 4xbx*c
~3*xd"2xx*e"2*log(abs(x*e + d)) + 2%bxc~3*d"3*exlog(abs(xxe + d)) - b*c~3xd”
2%x*¥e”2 - b*c"3*d"3*e — bxc"2*x"2*arctan(c*x)*e”4 — 2xbxc 2*d*x*arctan(c*x)

*e”3 - 3*b*c”2xd"2*xarctan(cxx)*e”2 - 2*a*xc”2*xd"2*%e”2 — bkxckxxxe~4 - b¥ckxd*e”

3 - bxarctan(c*x)*e”4 - axe”4)/(c”4*d"4xx"2*%e”3 + 2xc"4*d"b*x*xe”2 + c~4*d”6

*e + 2%xCcT2%d72%x72%e”h + 4xcT2xd " 3%x*%e”4 + 2%cT2xd"4*e”3 + x"2%e”7 + 2xd*xx*

e"6 + d"2*xe”5)
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-1
38 fa+btan (cx) dx

(d+ex)?

Optimal. Leaf size=206

a+btanl(cx) b (322 — &) log (22 +1) 2bc3d be be (3c2d? -

3e(d + ex)3 6 (c2d2 + e2)3 3 (c2d2 n ez)z (d + ex) 6 (czd2 + 62) (d + ex)? " 3 (c2d2 s

[Out] -(b*c)/(6*%(c™2%xd"2 + e72)*(d + e*x)”2) - (2%b*c™3*d)/(3*(c™2xd"2 + e72) 7 2x(
d + exx)) + (b*xc™4*xd*(c™2%d"2 - 3*e”2)xArcTan[c*x])/(3*e*x(c™2%d"2 + €72)73)

- (a + bxArcTan[c*x])/(3*ex(d + exx)~3) + (b*c™3*(3*c™2+%d"2 - e"2)*Logld +
exx])/(3*x(c™2xd"2 + €72)73) - (bxc™3*(3*xc™2*%d"2 - e~ 2)xLog[l + c™2xx~2])/(

6% (c™2%d"2 + e72)73)

Rubi [A] time = 0.182223, antiderivative size = 206, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 7, number of rules used = 6, integrand size = 16, T o M -

integrand size
0.375, Rules used = {4862, 710, 801, 635, 203, 260}

a+btanl(cx) b (32 - e?)log (2 +1) 2bc3d be b3 (322 - 2
 dedrer) 6 (czal2 + 6’2)3 ) 3 (czal2 + 62)2 (d + ex) 6 (Czdz + 62) (d +ex)” ' 3 (c2d2 -

Antiderivative was successfully verified.

[In] Int[(a + b*ArcTanl[c*x])/(d + e*xx)~4,x]

[Out] -(bxc)/(6*%(c™2%d"2 + e72)*(d + e*x)”2) - (2xb*c™3*d)/(3*(c™2%d"2 + e72) 2% (
d + exx)) + (bxc 4*xd*(c™2*d"2 - 3*e”2)*ArcTan[c*x])/(3xe*x(c™2*d"2 + e72)"3)

- (a + bxArcTan[c*x])/(3*ex(d + e*x)~3) + (bxc™3*(3*c”2*d"2 - e~2)x*Logld +
exx]) /(3% (c72%d”2 + €72)73) - (b*c7™3*(3*%c”2xd"2 - e”2)*Log[l + c™2xx72])/(
6x(c”2*d"2 + €72)73)

Rule 4862

Int[((a_.) + ArcTan[(c_.)*(x_)]*(b_.))*((d_) + (e_.)*(x_))"(q_.), x_Symbol]

:> Simp[((d + exx)~(q + 1)*(a + b*ArcTan[c*x]))/(ex(q + 1)), x] - Dist[(b*
c)/(ex(q + 1)), Int[(d + exx)"(q + 1)/(1 + c™2*x"2), x], x] /; FreeQ[{a, b,
c, d, e, qf, x] && NeQl[q, -1]

Rule 710
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Int[((d_) + (e_.)*x(x_)) " (m_)/((a_) + (c_.)*(x_)"2), x_Symbol] :> Simp[(ex(d
+ exx)"(m + 1))/((m + 1)*(cxd”2 + a*e”2)), x] + Dist[c/(c*d"2 + a*xe”2), In
t[((d + exx)"(m + 1)*(d - e*x))/(a + c*x~2), x], x] /; FreeQ[{a, c, d, e, m
}, x] && NeQ[cxd™2 + axe”2, 0] && LtQ[m, -1]

Rule 801

Int [(((d_.) + (e_)*(x_))"m )*((£f_.) + (g_.)*(x_)))/((a)) + (c_)*(x_)"2),
x_Symbol] :> Int[ExpandIntegrand[((d + exx) mx(f + g*x))/(a + c*x72), x],
x] /; FreeQ[{a, c, 4, e, f, g}, x] &% NeQ[cxd"2 + a*e”™2, 0] && IntegerQ[m]

Rule 635

Int[((d_) + (e_.)*(x_))/((a_) + (c_.)*(x_)"2), x_Symbol] :> Dist[d, Int[1/(
a + c*x~2), x], x] + Distle, Int[x/(a + c*x~2), x], x] /; FreeQ[{a, c, d, e
}, x] && 'NiceSqrtQ[-(a*c)]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
[a, 2]11)/(Rtl[a, 2]*Rt[b, 21), x] /; FreeQ[{a, b}, x] && PosQ[a/b]l] && (GtQ[a
, 01 Il GtQ[b, 01)

Rule 260
Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten

t[a + b*x"n, x]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rubi steps
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1
f a+btan™!(cx) p a+btan™!(cx) N (be) f (d+ex)3(1+c2x2) ax
_——dx = —

(d + ex)* 3e(d + ex)3 3e

3 d—ex
bc a+ btan(cx) N (bc )f (d+ex)?(1+c2x2) X
6 (c2d2 + ez) (d + ex)? 3e(d + ex)? 3e (czal2 + e2)

2 2(-322 42 24(282
bc a+btan™(cx) (bC3) f (Czdzi‘;;(dﬂx)z - (:211(::2;2(;;);() " d(c(;
6 (c2d2 + ez) d+ex)2  3e(d+ex)? 3e (c2d2 + ez)

_ bc ~ 2bc3d _a+btan™!(cx) be® (3C2d2 - 62) log(d +
6 (c2d2 + ez) (d+ex)?> 3 (c2d2 " ez)Z (d + ex) 3e(d + ex)? 3 (c2d2 n 62)3

_ be ~ 2bc3d _a+btan”!(cx) N be® (3C2d2 - 62) log(d +
6(c2d? +e2) (d +ex)? 3 (c2? + ez)2 d+ex) Oed+exy 3 (e + e2)3

be 2bc3d betd (c%d? - 3¢?) tan”'(cx) g+ btan™

6 (G2 +2)d+e? 3 (c2d2 + ez)z (d + ex) ' 3e (c2d2 + ez)3 3e(d +ex

Mathematica [A] time = 0.640897, size = 254, normalized size = 1.23

be(d+ex) (4C2d6(62d2+62)(d+€x)—(32 (czdz(\/—_czd—?)e)+ez (6—3\/—_0211)) log(l— —czx) (d+ex)2—c? (e2 (3‘/—_c2d+e)—c2d2(‘/—_c2d+
(02d2+ez)3

6e(d + ex)3

2 (11 +b tan_l(cx)) +

Antiderivative was successfully verified.

[In] Integrate[(a + b*ArcTan[c*x])/(d + ex*x)~4,x]

[Out] -(2*%(a + bxArcTan[c*x]) + (bxcx(d + e*x)*(e*x(c™2*d™2 + €72)72 + 4xc™2xd*ex(
cT2*%d”2 + e72)x(d + exx) - c”2*%(c”2*%d"2x(Sqrt[-c”2]*d - 3*e) + e"2x(-3*Sqrt
[-c™2]*d + e))*(d + e*xx) 2*xLogl[l - Sqrt[-c™2]*x] - c™2%(e™2%(3*Sqrt[-c2]*d

+ e) - c¢72x%d"2x(Sqrt[-c”2]*d + 3*e))*(d + exx) 2*Log[l + Sqrt[-c™2]*x] - 2
*xC"2xex (3*%c72xd"2 - e72)*(d + ex*xx) 2xLogld + exx]))/(c™2xd"2 + e72)73)/(6*e

x(d + exx)73)
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Maple [A] time = 0.036, size = 282, normalized size = 1.4

ac3 c3barctan (cx) c3b N cbln (ecx + dc)d?>  c3be? In (ecx + dc) 2

3 (ecx +dc)’ e 3 (ecx +dc)’ e (6 c2d? + 6e2) (ecx + dc)? (Czdz + e2)3 3 (c2d2 + ez)3 3 (c2d2 ny

Verification of antiderivative is not currently implemented for this CAS.

[In] int((atb*arctan(c*x))/(exx+d) "4,x)

[Out] -1/3*%c~3*a/(c*e*xx+c*d) "3/e-1/3*c”3*b/ (cke*x+cxd) "3/exarctan(c*x)—-1/6%c”3*b/
(c™2%d"2+e"2) / (ckexx+c*xd) "2+c 5*b/ (c™2*%d"2+e72) "3*1n(cke*xx+cxd) *d~2-1/3%c”~3
*b*xe”2/(c"2*d"2+e”2) "3*1n (cxexx+c*d) -2/3*%c " 4*xb*xd/ (c"2*xd"2+e"2) "2/ (cke*xx+c*d
)-1/2%c”5%b/ (c™2*%d"2+e72) "3*1n(c~2xx"2+1) *d"2+1/6*c”3*b*e”2/(c"2*xd"2+e"2) "3
*1n(c™2*x72+1)+1/3*%c”6*b/e/(c"2*xd"2+e”2) "3*arctan (c*x) *d~3-c 4x*xbxe/(c"2*xd"2

+e72) "3*arctan(c*xx) *d

Maxima [A] time = 1.55636, size = 505, normalized size = 2.45

1 ( [ (3 ctd? - czez) log (czx2 + 1) 2 (3 ctd? - czez) log (ex + d) 4c2dex + 5 c2d?
6

—= - +
cOd® + 3 ctd4e? + 3c2d%e* + €0 0d® + 3ctd4e? + 3c2d%et +e®  (4d6 + 2 2442 + d2e4 + (c4d4ez + 2024264 + ¢

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*arctan(c*x))/(e*x+d)”4,x, algorithm="maxima")

[Out] -1/6%(c*((3*xc™4*d"2 - c"2*xe"2)*log(c™2*x"2 + 1)/(c”6*d"6 + 3*xc”4xd"4*e”2 +
3kcT2xd"2%e"4 + e76) - 2%(3xcT4*d"2 - c"2*e”2)*log(exx + d)/(c76xd"6 + 3*c”
4xd~4*e”2 + 3*cT2*%d"2*xe"4 + e76) + (4*cT2xd¥e*xx + 5%c”T2*%d"2 + e72)/(c"4*d"6

+ 2%cT2%d74*e”2 + d72xe74 + (cT4*xd74*e”2 + 2%cT2xdT2%e"4 + e76)*x72 + 2% (c
“4xd"5%e + 2%c”2*d"3*%e”3 + d*e"5)*x) - 2*%(c"6%d"3 - 3*c " 4xd*e”2)*arctan(c*x

)/ ((c”6%d"6*xe + 3kc~4*d"4*xe”3 + 3xc”2xd"2%e” 5 + e77)*c)) + 2xarctan(cx*x)/(e
“4xx73 4+ 3kdke"3*x72 + 3xd"2%e"2%x + d73*e))*b - 1/3*%a/(e”4*x"3 + 3*kd*ke " 3*x

"2 + 3%d"2*e"2*x + d"3x*e)

Fricas [B] time = 8.10537, size = 1280, normalized size = 6.21

2ac®d® + 5bc®dPe + 6 actd*e? + 6 bPdPe + 6 ac?d%e* + bede® + 2 ae® + 4 (bc5d3e3 + bc3de5)x2 + (9 bcPd*e? + 10 bedd?e
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctan(c*x))/(e*x+d)~4,x, algorithm="fricas")

[Out] -1/6*%(2*%a*xc”6*xd"6 + 5xb*xc~5+xd"5*e + 6*axc™4*xd"4*e”2 + 6xb*c”3*d"3*e”3 + 6*a
*Cc72%d"2%e”4 + bkxckxd*e”5 + 2xaxe”6 + 4*x(b*c”5*d"3*%e”3 + bxc"3xd*e”5)*x"2 +
(9%b*c~5*d"4*e”2 + 10*b*c™3*d"2*xe”4 + b*c*xe”6)*x + 2% (6xbxc~4*xd"4*xe”2 + 3%*b
*C"2%d"2%e”4 + b*e”6 — (b*c"6x%d"3%e”3 - 3*bkc " 4*xd*e”5)*x"3 - 3*x(b*c"6*d"4*e
"2 - 3*b*cT4*xd"2*e"4)*x"2 - 3% (b*c”6*%d"5*e - 3*bxc~4*d"3*e”3)*x) *arctan(c*x
) + (3*%b*c”5%d"5*e - b*c"3*d"3*e”3 + (3*¥b*c”5*%d"2%e”4 - b*c"3*e”6)*x"3 + 3%
(3*%b*c~5*%d"3*e"3 - b*c”3*d*e”5)*x"2 + 3% (3*b*c"5*%d"4*e"2 - b*xc”"3*d"2%e”4)*x
)*log(c™2xx72 + 1) - 2x(3*b*c”b*d"b%e - b*c~3*d"3*%e”3 + (3xb*c"5*xd"2xe"4 -
b*c"3*e"6)*x"3 + 3% (3*¥b*c”"5*d"3*e”3 - b*c"3xd*e”5)*x72 + 3*(3*bkc”5xd"4*e”2
- b*c”3xd"2*xe"4) *x) *log(e*xx + d))/(c”6*d"9*e + 3*kc~4*d"7*e”3 + 3*kc”2*d"bxe
"5 + d73%e”7 + (c76*%d"6*%xe"4 + 3xc"4*xd"4*e”6 + 3*%cT2xd"2*%e”8 + e710)*x"3 + 3
*(cT6xd"7*e"3 + 3*xc"4*d"5*e”5 + 3*%cT2xd"3*e”7 + d*e”9)*x72 + 3*(c"6*d"8xe”2
+ 3%c74*d"6%e”4 + 3*%cT2xd"4*e”6 + d72%e”8)*x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*atan(c*x))/(exx+d)**4,x)

[Out] Timed out

Giac [B] time = 10.9004, size = 1042, normalized size = 5.06

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctan(c*x))/(e*xx+d)~4,x, algorithm="giac")

[Out] 1/6*(2*bxc~6*d"3*x"3*arctan(c*x)*e”3 + 6xb*c~6*xd"4*x"2*arctan(c*x)*e”2 + 6%
bxc~6*d"bkx*arctan(c*x)*e - 2%axc”6xd"6 - 3kbxc bkd"2%x"3xe"4*log(cT2%x"2 +
1) - 9xbxc™Bb*d"3*x"2%e”3*%log(c™2*x"2 + 1) - 9xb*c”5*xd 4xx*xe”2*xlog(c 2*x"2
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+ 1) - 3xbxc”b*d"bkexlog(c™2*x"2 + 1) + 6%b*c™5xd 2*x"3%e"4xlog(abs(x*e + d
)) + 18*%bxc”b*d"3*x"2%e"3*log(abs(x*e + d)) + 18*b*c”™5xd 4*x*e”2*xlog(abs (x*
e + d)) + 6%bxc”5xd"b*xexlog(abs(xxe + d)) - 4*bxc”5*d"3*x"2%e”3 - 9*b*xc”5*d
“4xx*e”2 — bxb*cTb*d"bk*e - 6*b*xcT4*xdxx"3*arctan(c*x)*e”5 — 18*bxcT4xd"2%x”2
xarctan(c*x)*e”4 - 18xb*c~4*d " 3*x*arctan(c*x)*e”3 - 12¥bxc”4*d 4*arctan(c*x
)*¥e”2 - 6xaxc”4*d"4xe”2 + bkcT3*x"3*%e"6*xlog(cT2*x72 + 1) + 3kbkxcT3kd*xx"2%e”
Bxlog(c™2%x72 + 1) + 3%bkxc™3*d 2*x*e 4*log(c™2*x"2 + 1) + b*c”~3*d"3*%e"3x*log
(c™2*%x72 + 1) - 2%bxc~3*x"3*%e"6*log(abs(x*e + d)) - 6%bxc~3xd*x"2xe”5*xlog(a
bs(x*xe + d)) - 6%bxc~3*xd"2*x*e 4*xlog(abs(x*e + d)) - 2xb*c~3xd”~3*e”3*log(ab
s(x*e + d)) - 4xbxc™3*d*x"2xe”5 - 10%b*c~3*d"2*x*e”4 - 6xb*c”3*%d"3*e”3 - 6%
b*xc"2xd"2*%arctan(cxx)*e”4 - 6kaxc”2xd"2%e"4 - bkckx*e”6 - bkckd*¥e”5 - 2xbxa
rctan(c*x)*e”6 - 2xaxe”6)/(c”6xd"6xx"3*e"4 + 3kcT6xd"T*x"2%e”3 + 3kcT6%*d "8
x*ke"2 + CcT6*d"9%e + 3xcT4*d"4*xx"3%e”6 + OxcT4*dTh*xx"2%e”5 + 9xcT4*xd"6*x*e”4
+ 3%cT4xd"T7*e”3 + 3*cT2*xd"2%x"3%e”8 + 9*kcT2%xd"3%x"2%e”7 + 9*kcT2%d"4*x*e”6
+ 3*%c72xd"5*e”"5 + x73%e”710 + 3*dxx"2%e”9 + 3*d"2*x*e”8 + d"3*e”7)
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2
39  [(d+ex?(a+btan™(cx)) dx
Optimal. Leaf size=376

: 2
ib?d(cd — e)(cd + e)PolyLog (21 I-1 +l~cx) abex (6czd2 - ez) (—6c2512(32 +ctat + 84) (a +b tan_l(cx))2 id(cd — e
+

c3 2c3 4cte

[Out] (b~2*xd*e”2*x)/c”2 - (a*xb*xe*x(6*%c™2*d"2 - e72)*x)/(2%c~3) + (b™2*e"3*x72)/(12
xc72) - (b~2*xd*e”2*ArcTan[c*x])/c”™3 - (b~2*%e*x(6*c™2xd"2 - e”2)*x*ArcTan[c*x
1)/(2*%c™3) - (bxd*xe~2*x"2%(a + b*ArcTan[c*x]))/c - (b*e”3*x"3*(a + b*ArcTan
[c*x]))/(6%c) + (Ixd*(cxd - e)*(c*d + e)*(a + bxArcTan[c*x])"2)/c"3 - ((c"4

*d"4 - 6*%c”2xd"2*e”2 + e"4)*(a + b*ArcTan[c*x])"2)/(4*xc"4xe) + ((d + e*x)"4

*(a + b*ArcTan[c*x])~2)/(4xe) + (2*b*d*(c*d - e)*(c*xd + e)*(a + b*xArcTan[c*
x])*Log[2/(1 + I*c*x)])/c”3 - (b™2xe"3xLogl[l + c™2*x72])/(12*c”4) + (b~ 2*ex
(6%c™2xd"2 - e”2)*xLogl[l + c™2xx72])/(4*%c™4) + (I*b~2xd*(c*d - e)*(c*d + e)*
PolyLog[2, 1 - 2/(1 + I*c*x)])/c”3

Rubi [A] time = 0.573163, antiderivative size = 376, normalized size of antiderivative =

number of rules

1., number of steps used = 19, number of rules used = 14, integrand size = 18, “ntegrand size

0.778, Rules used = {4864, 4846, 260, 4852, 321, 203, 266, 43, 4984, 4884, 4920, 4854, 2402,
2315}

: 2 2
ib*d(cd - e)(cd + e)PolyLog (21 1- 1+icx) abex (602512 - ez) (—6czdze2 +ctdt + 34) (a +btan™! (cx)) id(cd —e
+

3 23 4cte

Antiderivative was successfully verified.

[In] Int[(d + e*xx)"3*(a + b*ArcTan[c*x])~2,x]

[Out] (b72*d*e”2*xx)/c”2 - (axb*xe*x(6%c™2xd"2 - e72)*x)/(2*c”3) + (b™2*e”3%x72)/(12
*c72) - (b72*xd*e”"2xArcTan[c*x])/c”3 - (b 2*ex(6*c™2*xd"2 - e72)*x*ArcTan[c*x
1)/(2*%c”3) - (bxd*e~2%x"2%(a + b*ArcTan[c*x]))/c - (b*e”3*x"3*(a + b*ArcTan
[c*xx]))/(6%c) + (Ixd*x(c*d - e)*(c*d + e)*x(a + b¥ArcTan[c*x])"2)/c”3 - ((c™4

*d"4 - 6*%c”2xd"2*e”2 + e"4)x(a + b*ArcTan[c*x])~2)/(4xc"4xe) + ((d + e*x)"4

*(a + b*ArcTan[c*x])~2)/(4xe) + (2*bxdx(c*d - e)x(cxd + e)*(a + bxArcTan[cx*
x])*Log[2/(1 + I*c*xx)])/c”3 - (b™2xe"3*xLogl[l + c™2%x72])/(12%c™4) + (b~ 2*ex
(6%c™2xd"2 - e 2)*xLogl[l + c™2xx72])/(4%c™4) + (I*b~2xd*(c*d - e)*(c*d + e)*
PolyLogl[2, 1 - 2/(1 + Ixcx*x)])/c~3

Rule 4864
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Int[((a_.) + ArcTan[(c_.)*(x_)]*(b_.)) " (p_)*((d_) + (e_.)*x(x_))"(q_.), x_Sy
mbol] :> Simp[((d + e*x)~(q + 1)*(a + b*ArcTan[c*x])"p)/(ex(q + 1)), x] - D
ist[(bxc*p)/(ex(q + 1)), Int[ExpandIntegrand[(a + b*ArcTan[c*x])~(p - 1), (
d + exx)"(q + 1)/(1 + c”2%x~2), x], x], x] /; FreeQ[{a, b, c, d, e}, x] &&
IGtQ[p, 1] && IntegerQlql && NeQ[q, -1]

Rule 4846

Int[((a_.) + ArcTan[(c_.)*(x_)]*(b_.))"(p_.), x_Symbol] :> Simp[x*(a + b*Ar
cTan[c*x])“"p, x] - Dist[b*c*p, Int[(x*(a + b*ArcTan[c*x])~(p - 1))/(1 + c~2
*x~2), x], x] /; FreeQ[{a, b, c}, x] && IGtQ[p, O]

Rule 260

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
t[la + bxx"n, x]]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 4852

Int[((a_.) + ArcTan[(c_.)*(x_)]*(b_.))"(p_.)*((d_.)*(x_)) " (m_.), x_Symbol]
:> Simp[((d*x)~(m + 1)*(a + b*ArcTan[c*x]) p)/(d*x(m + 1)), x] - Dist[(b*c*p
)/ (dx(m + 1)), Int[((d*x)"(m + 1)*(a + bxArcTan[c*x]) " (p - 1))/(1 + c™2*x"2
), x], x] /; FreeQ[{a, b, c, d, m}, x] && IGtQ[p, 0] && (EqQlp, 1] || Integ
erQ[m]) && NeQ[m, -1]

Rule 321

Int[((c_.)*x(x_)) " (m_)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(c™(
n - D*x(cxx)"(m - n + Dx*(a + bxx™n) " (p + 1))/(bx(m + nxp + 1)), x] - Dist[
(axc™nx(m - n + 1))/(b*x(m + nxp + 1)), Int[(c*x)"(m - n)*(a + b*x"n) p, xJ,
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] && NeQ[m + n*p
+ 1, 0] && IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 203

Int[((a_) + (b_.)*(x_)~"2)"(-1), x_Symbol] :> Simp[(1xArcTan[(Rt[b, 2]*x)/Rt
[a, 2]11)/(Rtl[a, 2]*Rt[b, 2]1), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 Il GtQ[b, 01)

Rule 266

Int[(x )" (m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"nl], x] /; FreeQ[{a, b
, m, n, pt, x] & IntegerQ[Simplify[(m + 1)/n]]
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Rule 43

Int[((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, ¢, d, n},
x] && NeQ[bxc - axd, 0] && IGtQ[m, O] &% ( !IntegerQ[n] || (EqQlc, 0] && Le
QL7#m + 4*n + 4, 0]1) || LtQ[9*m + 5%(n + 1), 0] || GtQ[m + n + 2, 0])

Rule 4984

Int[(((a_.) + ArcTan[(c_.)*(x )]1*x(b_.))"(p_)*x((f_) + (g_.)*x(x_))"(m_.))/((
d_ ) + (e_.)*x(x_)"2), x_Symbol] :> Int[ExpandIntegrand[(a + bxArcTan[c*x]) p
/(d + exx”2), (f + g*x)"m, x], x] /; FreeQ[{a, b, ¢, d, e, £, g}, x] && IGt
Qlp, 0] && EqQle, c™2*d] && IGtQ[m, O]

Rule 4884

Int[((a_.) + ArcTan[(c_.)*x(x_)]1*(b_.))"(p_.)/((d_) + (e_.)*(x_)"2), x_Symbo
1] :> Simp[(a + bxArcTan[c*x])~(p + 1)/(b*cxd*(p + 1)), x] /; FreeQ[{a, b,
c, d, e, pr, x] & EqQ[e, c~2xd] && NeQ[p, -1]

Rule 4920

Int[(((a_.) + ArcTan[(c_.)*(x_)]1*(b_.))"(p_.)*(x_))/((d) + (e_.)*(x_)"2),
x_Symbol] :> -Simp[(Ix(a + bxArcTan[c*x])~(p + 1))/(b*xex(p + 1)), x] - Dist
[1/(c*d), Int[(a + bxArcTan[c*x]) p/(I - c*x), x], x] /; FreeQ[{a, b, c, d,
e}, x] && EqQle, c~2+d] && IGtQ[p, O]

Rule 4854

Int[((a_.) + ArcTan[(c_.)*(x_)]*(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol]
:> -Simp[((a + b*ArcTan[c*x]) “p*Logl[2/(1 + (e*xx)/d)])/e, x] + Dist[(b*c*p)
/e, Int[((a + b*ArcTan[c*x])~(p - 1) xLogl[2/(1 + (exx)/d)])/(1 + c~2*x"2), x

1, x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c~2%d"2 + e~2, 0]

Rule 2402

Int[Logl(c_.)/((d_) + (e_.)*x(x_))]1/((f_) + (g_.)*(x_)"2), x_Symbol] :> -Dis
t[e/g, Subst[Int[Log[2xd*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, gr, x] && EqQlc, 2*xd] && EqQ[e~2*f + d~2xg, 0]

Rule 2315

Int[Log[(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> -Simp[PolyLog[2, 1 -
cxx]/e, x] /; FreeQ[{c, d, e}, x] && EqQle + cxd, 0]
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Rubi steps
62(6C2d2—€2) (a+b tan™! (cx)) 4de3x(a+b tan™ (cx)) t
2 .
1 2 (d + ex)* (a +b tan_l(cx)) (be) f ( ct + 2 +
f (d + ex)® (a +btan~ (cx)) dx = -
4e
2 434624202 + et +4c?d(cd—e)e(cd+e) btan~Y(cx)
(d + ex)4 (a + btan_l(cx)) b f (C C ec+e*+4c 1C+C26x2 cate x)(a+ an cX ) dx (
B 4e - 2c3e o

abe (6c2d2 - ez) x  bde*x? (a +btan™t (cx)) be3x3 (a +b tan_l(cx)) (d + ex)
- - +

2¢3 c 6c
b2de2x  abe (602512 - ez) x b (6c2d2 — 62) xtanl(cx) bde*x? (u +btan " (cx,
c2 2c3 2¢3 c
b2de2x  abe (6c2d2 - ez) X Bde?tanl(cx) bPe (6c2d2 - ez) xtanl(cx)  bde?
c2 2c3 c3 2c3

_ PPde’x abe (6c2d2 - ez) X b2 Pdetan(cx) bPe (6c2d2 - ez) x tan ! (

c? 2c3 * 12¢2 c3 203

_ bPdex  abe (6c2d2 - ez) X 2By pdetanM(cx) bPe (6c2d2 - ez) x tan ™ (c

+
c? 2¢c3 12¢2 c3 2¢c3

_ PPde?x abe (6c2d2 - ez) X b2 bdetanl(cx) bPe (6c2d2 - ez) x tan™}(

+
c2 2c3 12¢2 c3 203

Mathematica [A] time = 0.946089, size = 472, normalized size = 1.26

~12ib?cd (cd? - ez) PolyLog (2, —emanfl(c")) +18a2cd%ex? + 12a2c*d%x + 12a2c*de®x® + 3a2c*ex* + 2b tan™ (cx) (3a

Warning: Unable to verify antiderivative.

[In] Integrate[(d + e*xx)~3*(a + b¥ArcTan[c*x])~2,x]

[Out] (b72*%e”3 + 12*a~2*xc~4*d"3*x - 36*a*bkxc™3*d"2%exx + 12%b~2%c”2*d*e”2*x + 6*a
*bxcke 3xx + 18*%a”2*%cT4*d"2xe*x"2 — 12*%axb*c”3xd*e"2%x"2 + bT2xcT2*%xe”3*x"2
+ 12%a”2*%c”4*d*e”2*xx"3 - 2%axbxc"3*e”3%x"3 + 3*a"2*xc"4*e”3*x"4 + 3*xb”2x((-4
*[)*c”3*%d"3 + 6*xc”2xd"2xe + (4*I)*c*xd*e”2 - e73 + cT4xx*x(4*d"3 + 6*d"2%e*x
+ 4xd*xe”2*x72 + e73%x73))*ArcTan[c*x] "2 + 2xb¥ArcTan[c*x]* (- (bxc*xex(18%c™ 2%
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d72%x + e”2xx* (-3 + c72%x72) + 6*dx(e + cT2%e*x72))) + 3*ax(6kcT2*d"2%e - e
T3 + cT4xxx(4*%d73 + 6%d72%exx + 4*xd*e"2xx"2 + e73*x73)) + 12*bkckdx(cT2xd"2
- e72)*Log[1 + E"((2xI)*ArcTan[c*x])]) - 12xa*bxc~3*d"3*Log[l + c™2*x"2] +
18%b~2*xc~2*xd"2%e*xLog[1 + c™2%x"2] + 12%axbkxcxd*e”2xLog[l + c™2*x"2] - 4%b~
2xe"3*Log[1 + c”2*x72] - (12*I)*b~2*c*d*(c”2*d"2 - e~2)*PolyLog[2, -E~((2*I
)*ArcTan [cxx])])/(12xc™4)

Maple [B] time = 0.075, size = 948, normalized size = 2.5

result too large to display
Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx+d) "3*(at+b*arctan(c*x))”2,x)

[Out] -1/3%b"2%e”3%1n(c™2%x"2+1)/c”4+1/12%b"2%e " 3%x"2/c” 2+2*a*xb*arctan (c*x) *x*d~3
+3/2*b”2*xe*xarctan (cxx) “2*%x"2*%d"2+b"2*e " 2*%arctan (cxx) “2xx~3*d+1/2*a*b*e” 3*ar
ctan(cxx)*x~4-1/4*%I/c*b™2+d"3*1n (c*x+I) "2-1/2%I/cxb~2*d"3*dilog(1/2*I* (cxx-
I))+1/4%I/c*b"2%d"3*x1n(c*x-1) "2+1/2%I/cxb~2xd"3*dilog(-1/2*I* (cxx+I))-1/2/c
“4xaxbxe”3xarctan(c*x)+3/2/c”2xb " 2*%exarctan(c*x) "2*xd~2+3/2/c”2xb " 2*xex1n(c"2
*x72+1)*d"2+1/2/c”3%b " 2*%e"3*arctan(c*xx)*x-1/6/c*b"2xe " 3*xarctan(c*x) *x~3-1/c
*b~2*xarctan(c*x) *1n(c”2*x"2+1) *d~3-1/c*a*b*1n(c”2*x"2+1) *d~3-1/6/c*a*bxe~3*
X"3+1/2*%axb/c”3%e"3*x+1/4%a"2*%e " 3kx"4+a”"2xx*xd " 3+3*axbke*xarctan (ckxx) *x"2xd"2
+2*xaxbkxe”2xarctan (c*x) *x~3*xd+1/4*I1/c”3*%b"2xe " 2*xd*x1n (cxx+I) "2-1/4%I1/c”3%b~ 2%
e”2+xd*1In(c*x-1) "2+1/2*I/c*xb~2+%d"3*1In(c*x-I) *1n(-1/2*I* (cxx+I) ) +b~2*d*e”2*x/
c"2-b"2xd*e"2xarctan(c*x) /c”3+1/2*I/cxb~2%d"3*1n(c"2*xx"2+1) *1n(cxx+I)-1/2%I
/cx¥b™2%d"3x1n (cxx+I)*1n(1/2%I* (c*x-1))-1/2*I/c*b”™2*xd"3*1n(c”2*x"2+1) *1n(c*x
-I1)+1/2%I/c”3*xb"2*%e~2*%d*dilog (1/2*I* (c*x-1))-1/2%I/c”3*b"2*e 2xd*dilog(-1/2
¥k (cxx+1))—-1/cxaxb*xe”2xd*xx~2-3*a*xb/cxe*xd”2*xx-1/c*xb~2*e " 2xarctan (c*x) *d*x "2
-3/cxb " 2%exarctan (c*x) *d~2*x+3/c 2*axbxe*xarctan (cxx)*d"2+1/c " 3*b"2*xe" 2*xarct
an(c*x) *1n(c™2*x"2+1) *d+1/c"3*a*xb*e”2*%1In(c”~2*x"2+1) *d+1/4*a~2/e*d"4+3/2*a"2
*e*xx"2%d"2+a" 2%e”"2xx " 3*xd+b " 2*xarctan (c*x) "2*xx*d"3+1/4*b"2*xe"3*arctan (c*x) "2
x"4-1/4/c”4xb"2xe" 3*xarctan(c*xx) "2+1/2%I/c”3*xb " 2*xe " 2xd*x1n(c"2*x"2+1) *1n (c*xx—
I)-1/2%I/c”3%b " 2*%e " 2xd*1n(cxx-I)*1n(-1/2*%I* (c*x+I))-1/2*I/c"3*b"2*xe~2*d*1n(
c72%x"2+1) *In(c*x+I)+1/2*%I/c " 3*b"2%e " 2xd*1n (cxx+I) *1n(1/2*xI* (c*x-I))

Maxima [F] time = 0., size = 0, normalized size = 0.

result too large to display

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((e*x+d) ~3*(atb*arctan(c*x))~2,x, algorithm="maxima")

[Out] 1/4*a”2%e”3*x"4 + a~2xd*e”2%x"3 + 12%b~2xc”2xe"3*integrate(1/16*x"5*arctan(
c*x)72/(c72*%x72 + 1), x) + b"2*%c"2*e”3xintegrate(1/16*x"5*xlog(c™2xx"2 + 1)~
2/(c”2*%x”2 + 1), x) + 36%b~2*c”"2xd*e"2*integrate(1/16*x 4*arctan(c*x)~2/(c”
2¥x72 + 1), x) + b"2*c"2*e"3*integrate(1/16xx"5xlog(c™2*x"2 + 1)/(c™2*x"2 +
1), x) + 3*%b72xc”2xd*e " 2xintegrate(1/16*x"4*log(c™2*x"2 + 1)72/(c™2%x"2 +
1), x) + 36%b72xc"2*xd"2*exintegrate(1/16*x"3*arctan(c*x)~2/(c™2*%x"2 + 1), x
) + 4xb72xc"2*xd*e"2xintegrate(1/16*x"4xlog(c™2*x"2 + 1)/(c™2*%x"2 + 1), x) +
3%b~2xc"2*d"2*exintegrate (1/16*x"3xlog(c™2*x"2 + 1)72/(c™2*%x"2 + 1), x) +
12xb~2%c"2*d"3*integrate (1/16*x"2*arctan(c*xx)~2/(c”2*x"2 + 1), x) + 6*%b"2%c
~2*d"2%exintegrate (1/16*x"3%log(c™2*%x"2 + 1)/(c™2%x”2 + 1), x) + b~ 2*c”™2*d”
3xintegrate(1/16*x"2xlog(c™2*x"2 + 1)72/(c™2*x"2 + 1), x) + 4*b~2%c™2%d"3*1
ntegrate(1/16*x"2%log(c™2*x"2 + 1)/(c™2*x"2 + 1), x) + 3/2*%a"2*%d"2%e*xx"2 +
1/4%b~2*%d"3*arctan(c*x) “3/c - 2xb~2*c*e”3*integrate(1/16*x"4*arctan(c*x)/(c
T2%x72 + 1), x) - 8%b72*ckdxe"2*integrate(1/16*x"3*arctan(cxx)/(c™2*x"2 + 1
), x) - 12%b~2*cxd"2*exintegrate(1/16*x"2*arctan(c*x)/(c™2%x"2 + 1), x) - 8
*xb~2xc*xd"3*integrate(1/16*x*arctan(c*x)/(c™2*x"2 + 1), x) + 3*(x"2*xarctan(c
*x) — cx(x/c”2 - arctan(c*x)/c”3))*a*xb*d"2xe + (2xx"3*arctan(c*x) - cx(x"2/
c”2 - log(c™2*x72 + 1)/c”4))*a*b*xd*e”2 + 1/6%(3*x"4*xarctan(c*x) - c*((c™2*x
73 - 3%x)/c”4 + 3xarctan(c*x)/c”b))*axbxe”3 + a"2xd"3*x + 12*%b"2*e"3*integr
ate(1/16*x"3*arctan(c*x)~2/(c”2*x"2 + 1), x) + b"2*%e"3*integrate(1/16%x"3*1
og(c™2*x™2 + 1)72/(c™2%x”72 + 1), x) + 36%b~2*xd*e"2*xintegrate(1/16*x " 2*arcta
n(c*x)~"2/(c™2*%x72 + 1), x) + 3*b”"2xd*e”2xintegrate(1/16*x"2*log(c™2*x"2 + 1
)72/(c”2*%x”2 + 1), x) + 36%b"2*d"2*xexintegrate(1/16*x*arctan(c*x) "2/ (c”2*x"
2 + 1), x) + 3%b"2*d"2*xexintegrate(1/16*x*xlog(c™2*x~2 + 1)72/(c™2%x"2 + 1),
X) + b72xd"3*integrate(1/16%log(c™2*x"2 + 1)72/(c™2*x"2 + 1), x) + (2%c*x*
arctan(c*x) - log(c™2*x"2 + 1))*axb*d”3/c + 1/16*(b"2*%e"3*x"4 + 4xb~2xd*e”2
*x73 + 6xb72%d"2%exx”"2 + 4xb72%d"3+*x)*arctan(cxx) "2 - 1/64*%(b"2%e"3%x"4 + 4
*b"2xd*e”2%x"3 + 6*b72+d"2xe*x”"2 + 4xb~2xd"3*x)*log(cT2*x"2 + 1)72

Fricas [F] time = 0., size = 0, normalized size = 0.

integral (aze3x3 + 3 a?de®x? + 3 a’d%ex + a’d® + (bze3x3 + 3b%de*x® + 3 b%d%ex + b2d3) arctan (cx)* + 2 (abe3x3 + 3 ab

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d) ~3*(atb*arctan(c*x))~2,x, algorithm="fricas")

[Out] integral(a™2*e”3*x"3 + 3*a”2xd*e”2%x"2 + 3*%a~2*d"2%e*xx + a~2+%d"3 + (b"2%e”3
*x73 + 3*%b72xd*e”2*x"2 + 3*b"2xd"2%e*xx + b~2xd"3)*arctan(c*x) "2 + 2x(axbxe”



3*xx”3 + 3xaxbkxdxe”2*xx"2 + 3xaxb*xd"2*exx + axbxd”~3)*arctan(c*x), x)
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Sympy [F] time = 0., size = 0, normalized size = 0.

f (a + batan (cx))2 (d+ ex)3 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d)**3*(atb*atan(c*x))**2,x)

[Out] Integral((a + bxatan(c*x))**2*x(d + e*x)**3, x)

Giac [F] time = 0., size = 0, normalized size = 0.

f (ex + d)a(b arctan (cx) + a)2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d) ~3*(atb*arctan(c*x))”~2,x, algorithm="giac")

[Out] integrate((exx + d) 3x(b*arctan(c*x) + a)~2, x)
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310  [(d+e)?(a+btan(cn) dx

Optimal. Leaf size=270

2

ib? (3c2d2 - 62) PolyLog (2,1 - 1+l_cx) i (3c22 - ¢2) (a + btan-! (cx))2 d (d2 - 3%22) (a + btan'l(cx))2 2b (3c2d2
+ - +

3¢3 3¢3 3e

[Out] (-2*axbxd*exx)/c + (b~ 2%e"2*x)/(3*c”2) - (b~ 2*xe"2xArcTan[c*x])/(3*c”3) - (2
xb~2xd*exx*xArcTan[c*x])/c - (bxe 2*%x~2%(a + b*ArcTan[c*x]))/(3*c) + ((I/3)x
(3*%c™2%d"2 - e”2)*(a + bxArcTan[c*x])"2)/c”3 - (d*x(d"2 - (3*e”2)/c"2)*(a +
b*ArcTan[c*x])~2)/(3*e) + ((d + exx) 3x(a + b*ArcTan[c*x])~2)/(3*e) + (2%bx*
(3*%c™2xd"2 - e”2)*(a + b*ArcTan[c*xx])*Log[2/(1 + I*xcxx)])/(3*%c™3) + (b~2xdx
exLogl[l + c™2xx72])/c”2 + ((I/3)*b~2x(3*xc”2%xd"2 - e~2)*PolyLog[2, 1 - 2/(1

+ I*c*x)])/c”3

Rubi [A] time = 0.398677, antiderivative size = 270, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 15, number of rules used = 12, integrand size = 18, e o e
integrand size

= 0.667, Rules used = {4864, 4846, 260, 4852, 321, 203, 4984, 4884, 4920, 4854, 2402, 2315}

ib® (3c2d2 - ez) PolyLog (2,1 - 1+2icx) i(3c2d2 _ ez) (a + btan—! (cx))2 d (d2 - iizz) (u + btan‘l(cx))2 2b (3c2d2
+ _

3¢3 3¢c3 3e *

Antiderivative was successfully verified.

[In] Int[(d + e*x)"2%(a + b*ArcTan[c*x])~2,x]

[Out] (-2*axbxd*exx)/c + (b~ 2%e”2*x)/(3*c”2) - (b~ 2*xe"2xArcTan[c*x])/(3*c”3) - (2
*b " 2*d*e*xxkArcTan[c*x])/c — (b*e™2*x"2*(a + bk*ArcTan[c*x]))/(3*c) + ((I/3)*
(3*%c™2%d"2 - e”2)*(a + bxArcTan[c*x])"2)/c”3 - (d*x(d"2 - (3*e”2)/c"2)*(a +
b*ArcTan[c*x])~2)/(3*e) + ((d + exx) 3x(a + b*ArcTan[c*x])~2)/(3*e) + (2%bx*
(3*%c™2xd"2 - e”2)*(a + bxArcTan[c*x])*Log[2/(1 + I*xcxx)])/(3*%c™3) + (b~2xdx
exLogl[l + c™2xx72])/c”™2 + ((I/3)*b~2x(3*xc”2*d"2 - e~2)*PolyLog[2, 1 - 2/(1

+ I*c*x)])/c”3

Rule 4864

Int[((a_.) + ArcTan[(c_.)*(x_)]*(b_.))"(p_)*((d_) + (e_.)*(x_))"(q_.), x_Sy
mbol] :> Simp[((d + e*x)~(q + 1)*(a + b*ArcTan[c*x])"p)/(ex(q + 1)), x] - D
ist[(bxc*p)/(ex(q + 1)), Int[ExpandIntegrand[(a + b*ArcTan[c*x])~(p - 1), (
d + exx)"(q + 1)/(1 + c™2%x72), x], x], x] /; FreeQ[{a, b, c, d, e}, x] &&
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IGtQ[p, 1] &% IntegerQlql && NeQlq, -1]

Rule 4846

Int[((a_.) + ArcTan[(c_.)*(x_)]*(b_.))"(p_.), x_Symbol] :> Simp[x*(a + b*Ar
cTan[c*x])"p, x] - Dist[b*c*p, Int[(x*(a + b*xArcTan[c*x]) " (p - 1))/(1 + c72
*x72), x], x] /; FreeQ[{a, b, c}, x] && IGtQ[p, 0]

Rule 260

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
tla + b*x"n, x]]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 4852

Int[((a_.) + ArcTan[(c_.)*(x_)]*(b_.))"(p_.)*((d_.)*(x_)) " (m_.), x_Symbol]

:> Simp[((d*x)~(m + 1)*(a + b*ArcTan[c*x])"p)/(d*(m + 1)), x] - Dist[(b*c*p
)/(dx(m + 1)), Int[((d*x)"(m + 1)*(a + b*ArcTan[c*x])"(p - 1))/(1 + c™2%x72
), x1, x] /; FreeQ[{a, b, ¢, d, m}, x] && IGtQ[p, 0] && (EqQlp, 11 || Integ
erQ[m]) && NeQ[m, -1]

Rule 321

Int[((c_.)*x(x_)) " (m_)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(c™(
n - D*x(cxx)"(m - n + D*(a + bxx™n) " (p + 1))/ (bx(m + nxp + 1)), x] - Dist[
(axc™nx(m - n + 1))/(b*x(m + nxp + 1)), Int[(c*x)"(m - n)*(a + b*x"n) p, xJ,
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] &% GtQ[m, n - 1] && NeQ[m + nxp
+ 1, 0] && IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
[a, 2]1]1)/(Rt[a, 2]*Rt[b, 2]1), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 Il GtQ[b, 01)

Rule 4984

Int[(((a_.) + ArcTan[(c_.)*(x_)]1*(b_.))"(p_.)*((f ) + (g_.)*(x_))"(m_.))/((
d_) + (e_.)*(x_)"2), x_Symbol] :> Int[ExpandIntegrand[(a + bxArcTan[c*x]) p
/(d + exx"2), (f + gxx)"m, x], x] /; FreeQ[{a, b, c, d, e, £, g}, x] && IGt
Qlp, 0] && EqQle, c~2+d] && IGtQ[m, O]

Rule 4884
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Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.))"(p_.)/((d_) + (e_.)*(x_)"2), x_Symbo
1] :> Simp[(a + bxArcTan[c*x])~(p + 1)/(b*cxd*(p + 1)), x] /; FreeQ[{a, b,
c, d, e, pr, x] && EqQ[e, c~2xd] && NeQ[p, -1]

Rule 4920

Int[(((a_.) + ArcTan[(c_.)*(x_)1*(b_.)) " (p_.)*(x_))/((d_) + (e_.)*(x_)"2),
x_Symbol] :> -Simp[(Ix(a + bxArcTan[c*x])~(p + 1))/(b*xex(p + 1)), x] - Dist
[1/(c*d), Int[(a + bxArcTan[c*x])"p/(I - c*x), x], x] /; FreeQ[{a, b, c, d,
e}, x] && EqQle, c~2*d] && IGtQ[p, O]

Rule 4854

Int[((a_.) + ArcTan[(c_.)*(x_)]*(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol]

:> -Simp[((a + b*ArcTan[c*x]) “p*Log[2/(1 + (e*xx)/d)])/e, x] + Dist[(b*c*p)
/e, Int[((a + bxArcTan[c*x])~(p - 1)*Logl[2/(1 + (e*xx)/d)])/(1 + c™2*x"2), x
1, x]1 /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c~2xd"2 + e~2, 0]

Rule 2402

Int[Logl(c_.)/((d_) + (e_.)*x(x_))1/((f_) + (g_.)*(x_)"2), x_Symbol] :> -Dis
t[e/g, Subst[Int[Log[2xd*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, gt, x] && EqQlc, 2*xd] && EqQ[e~2*f + d~2xg, 0]

Rule 2315
Int[Logl[(c_.)*x(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> -Simp[PolyLogl[2, 1 -

c¥x]/e, x] /; FreeQ[{c, d, e}, x] && EqQle + cxd, 0]

Rubi steps



f (@ +e? (a+ btan(cx))” dx =

71

3de? (a+b tan_l(cx)) e3x(a+b tan™! (cx)) (c2d3—3
2
(d + ex)? (a +b tan_l(cx)) (2be) [ ( 2 + 2 +
3e - 3e
_ 2 (c2d3—3de2+e(3c2d2—ez)x) (a+b tan~! (cx)) ‘
@+ ex)?® (a + btan™ (cx)) @ [ — dx  (2bde
3e 3ce
czd3(1—
2b) [
2abdex  be*x? (a +btan™ (cx)) (d + ex)? (a +b tan_l(cx))
— - + -
c 3c 3e
2abdex . Pex  20%dextan'(cx) be*x* (ﬂ +btan! (cx)) . (d +ex)® (ﬂ +1b
c 3¢2 c 3¢ 3e
2abdex . Ve2x b tan(cx) 2b2dextan'(cx) be*x® (11 +b tan_l(cx))
c 3¢2 3c3 c 3¢
2abdex .\ e2x  2tan(cx) 20%dextan (cx) be*x? (ﬂ +b tan_l(cx))
c 3¢2 3c3 c 3¢
2abdex . V22x b2 tan(cx) 2b%dextan '(cx) be*x? (ﬂ +b tan‘l(cx))
c 3¢2 3c3 c 3c
2abdex . e2x  b2tan(cx) 20%dextan  (cx) be*x? (ﬂ +b tan_l(cx))
c 3¢? 3c3 c 3¢

Mathematica [A] time = 0.573217, size = 312, normalized size = 1.16

—ib? (3c%d? - ez) PolyLog (2, —ezz‘tanfl(cx)) + 3a23d%x + 3a%cPdex? + a?3e?x® + btan ! (cx) (2ac3x (3d2 + 3dex + e%x

Warning: Unable to verify antiderivative.

[In] Integrate[(d + e*xx)~2%(a + bxArcTan[c*x])~2,x]

[Out] (3*a™2*c”™3*d"2*x - B*axb*c”2*d*e*x + b7 2xcxe”2xx + 3%a~2%c”3*d*e*x”2 - axbx*
CT2%e72%x72 + a”2*c”3*%e”2*x”™3 + bT2x((-3*I)*c”2*%d"2 + 3*kckxd*e + Ixe"2 + ¢73
*3k (3%d72 + 3*dkexx + e72xx"2))*ArcTan[c*x] "2 + bxArcTan[c*x]*(6xa*xckxd*e -
bxex(e + 6xc™2xd*x + cT2%e*x"2) + 2*kaxc 3xx*x(3*%d72 + 3kd*e*x + e72*xx72) + 2
*¥b* (3xc™2%d"2 - e”2)*Log[l + E~((2*I)*ArcTan[c*x])]) - 3*axbkc 2*d~2+Log[1
+ ¢c72*%x72] + 3xb~2kcxdkexLogl[l + c™2%x72] + axbxe”2*Log[l + c™2%xx"2] - Ix*b~
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2% (3%c™2xd"2 - e"2)*PolyLog[2, -E~((2*I)*ArcTan[c*x])])/(3*c~3)

Maple [B] time = 0.069, size = 750, normalized size = 2.8

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx+d) " 2x(at+b*arctan(c*x))~2,x)

[Out] -1/6%I/c”3%b"2xdilog(-1/2*I*(c*x+I))*e”2+1/3%b"2%e"2%x/c™2-1/3%b"2%e " 2*arct
an(c*x)/c”3-1/c*xaxb*x1ln(c™2*%x"2+1)*d"2-1/3/c*xb"2*e " 2xarctan(c*x) *x~2-1/c*b~2
xarctan (cxx)*1n(c™2*%x"2+1)*d"2+1/c " 2*xb"2*e*xarctan (c*xx) "2*d+1/3/c~3*b" 2*xe 2%
arctan(c*x)*1n(c™2*xx"2+1)+1/3/c”3*axbxe ™ 2x1n(c”2*x"2+1) +b~2*e*xarctan (c*xx) "2
*x"2xd+2/3xaxbkxe”2xarctan (c*x) *x~3+2*%axb*arctan (c*xx) *x*d~2-1/4*xI/cxb”~2*x1n(c
*x+1) "2%d"2-1/2%I/c*b"2xdilog (1/2*I* (c*x—1))*d"2+1/4*I/c*xb”2x1n(c*x-1) " 2%d"~
2+1/2%I/c*b”"2xdilog(-1/2*%I* (c*x+I))*d"2+1/6%I/c"3*b"2xdilog(1/2*I* (c*x—-1))*
e 2+1/12%I/c”3*%b"2x1n(cxx+I) "2*xe"2-1/12%I/c”3%b~2*x1n (c*x-I) "2*e~2-1/3/c*ax*b
*X"2%e”24+a 7 2kxkd"2+1/3*%a " 2*xe " 2%x " 3+b " 2*xd*e*x1n(cT2*x"2+1) /c"2+1/2%I/c*¥b"2*1n
(c™2%x72+1) *1In(ckxx+I) *d"2+1/6*I/c”3*%b"2*1n (c*x+I) *1n(1/2*I* (cxx-I) ) *e~2+2/c
“2*%axbxe*arctan(cxx)*d-1/2%I/cxb™2*%1n(c*x+I)*1n(1/2*I* (c*xx-I1))*d~2-1/2*I/c*
b~ 2%In(c™2*x"2+1) *1n(c*x-1) *d"2+1/2*I/cxb~2*1In (c*x-I) *1n(-1/2%I* (c*xx+I) ) *d~
2+2xaxb*e*arctan (c*xx) *x~2xd+1/6%I/c”3*b " 2*x1In(c”2*x"2+1) *1n(c*xx-I)*e~2-1/6%*1I
/c”3%b72%In(cxx-I)*1n(-1/2*xI* (c*x+I)) *e"2-1/6*I/c”3*b"2*x1n(c"2*x~2+1) *In(c*
x+I)*e”"2+1/3*%a"2/e*xd"3+a " 2*xexx " 2xd+b " 2*arctan(c*x) "2*xx*d"2+1/3*%b"2*e"2*arct
an(c*xx) "2*xx"3-2*axb*xd*xexx/c-2xb~2*xd*exx*arctan(c*x)/c

Maxima [F] time = 0., size = 0, normalized size = 0.

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d) "2x(atb*arctan(c*x))~2,x, algorithm="maxima")

[Out] 1/3*a”2%e”2xx"3 + 36%b~2xc”2*e"2*xintegrate(1/48*x"4*arctan(cxx) "2/ (c™2xx"2
+ 1), x) + 3%b72%c"2xe"2xintegrate(1/48*x"4*xlog(c™2%x"2 + 1)72/(c™2*x"2 + 1
), x) + T2¥b~2*c"2*d*exintegrate(1/48*x"3*arctan(c*x)~2/(c™2*x"2 + 1), x) +
4xb~2%c"2%e"2xintegrate(1/48*x"4*log(c™2*x"2 + 1)/(c™2%x"2 + 1), x) + 6%b~
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2%c”"2xdxexintegrate (1/48*x"3%log(c™2%x"2 + 1)72/(c”™2*x™2 + 1), x) + 36%b72x
c"2xd"2*xintegrate (1/48*x"2*arctan(c*x) "2/(c™2%x"2 + 1), x) + 12*%b~2*c™2x*dx*e
xintegrate(1/48*x73%log(c™2*x"2 + 1)/(c™2*%x72 + 1), x) + 3%b7"2xc~2*d"2*inte
grate(1/48*x~2x1log(c™2*x"2 + 1)72/(c™2*x"2 + 1), x) + 12%b72xc”2*d"2*integr
ate(1/48*x"2x1log(c™2*x"2 + 1)/(c™2%x72 + 1), x) + a”2*d*e*xx™2 + 1/4*%b~2xd"2
*xarctan(c*x)"3/c - 8*%b"2xc*e”2*xintegrate(1/48*x " 3*arctan(c*x)/(c™2*x"2 + 1)
, X) — 24xb~2kcxd*exintegrate(1/48*x " 2*arctan(c*x)/(c™2*x"2 + 1), x) - 24%*Db
~2%cxd"2*integrate (1/48*x*arctan(c*x)/(c™2%x"2 + 1), x) + 2x(x"2*arctan(c*x
) - cx(x/c”2 - arctan(c*x)/c”3))*axbxdxe + 1/3%(2*x"3*arctan(c*x) - c*(x"2/
c”2 - log(c™2*x72 + 1)/c”4))*a*b*e”2 + a~2*%d"2xx + 36xb~2*e”2*xintegrate(1/4
8*xx"2%arctan(c*x)"2/(c”2%x"2 + 1), x) + 3%b"2*%e"2xintegrate(1/48*x"2*log(c”
2xx72 + 1)72/(c”2*x"2 + 1), x) + 72%b"2xd*exintegrate(1/48*x*arctan(c*x) "2/
(c™2*%x72 + 1), x) + 6*%b"2*d*exintegrate(1/48*xxlog(c™2*x"2 + 1)72/(c™2*x"2

+ 1), x) + 3*%b72*d"2xintegrate(1/48*log(c™2*x"2 + 1)72/(c™2*%x"2 + 1), x) +

(2%c*xxxarctan(c*x) - log(c™2*x72 + 1))*axbxd~2/c + 1/12x(b~2*e~2%x"3 + 3*b~
2%d*e*xx”2 + 3xb~2%d"2+x)*arctan(cxx) "2 - 1/48%(b"2%e”2%x"3 + 3*b"2kd*e*x"2

+ 3%b72%d"2%x)*log(c™2%x"2 + 1)72

Fricas [F] time = 0., size = 0, normalized size = 0.
integral (azezx2 + 2 a’dex + a?d? + (b262x2 + 2 bPdex + bzdz) arctan (cx)* + 2 (abezx2 + 2 abdex + abdz) arctan (cx),
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d) 2*x(atb*arctan(c*x))~2,x, algorithm="fricas")

[Out] integral(a™2*e”2*x"2 + 2%a”2xd*e*xx + a”2+%d”™2 + (b7™2%e”2*x"2 + 2%b72xd*e*xx +
b~2xd"2)*arctan(c*x) "2 + 2% (axb*xe”2%x"2 + 2*xaxbxdkxe*xx + axb*d~2)*arctan(c*
X), X)

Sympy [F] time = 0., size = 0, normalized size = 0.
f (a + batan (cx))2 (d+ (zx)2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)**2*(atb*atan(c*x))**2,x)

[Out] Integral((a + bxatan(c*x))**2*x(d + e*x)**2, x)
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Giac [F] time = 0., size = 0, normalized size = 0.

f (ex + d)z(b arctan (cx) + a)2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d) "2*(atb*arctan(c*x))”~2,x, algorithm="giac")

[Out] integrate((exx + d) 2x(bxarctan(c*x) + a)~2, x)
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311 [(d+ex)(a+btan(cx) dx

Optimal. Leaf size=171

2
1+icx

ib?dPolyLog (2,1 -

P2_C btan~!(cx)) 10 1,02 b
-5 )(a+btan™@)" (@1 ex?(a+btanl(cr) id(a+btan(cr) 2
c - 2e * 2e * c

[Out] -((axbxe*xx)/c) - (b~ 2xexx*ArcTan[c*x])/c + (I*d*(a + bxArcTan[c*x])~2)/c -
((d72 - e72/c"2)x(a + bxArcTan[c*x])~2)/(2%e) + ((d + exx)~2*(a + b*ArcTan[
c*xx])~2)/(2%e) + (2xb*d*x(a + b*ArcTan[c*x])*Log[2/(1 + I*xc*xx)])/c + (b~2%ex
Logl[l + c™2*x72])/(2%xc™2) + (Ixb~2*xd*PolyLogl[2, 1 - 2/(1 + Ixcx*x)])/c

Rubi [A] time = 0.297722, antiderivative size = 171, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 12, number of rules used = 9, integrand size = 16, e .

0.562, Rules used = {4864, 4846, 260, 4984, 4884, 4920, 4854, 2402, 2315}

integrand size

2
1+icx

ib?>dPolyLog (2,1 -
+ +—

c 2e 2e c

) (dZ _ i_i) (a +b teurl_l(cx))2 (d + ex)? (a + btaun_l(cx))2 id (ﬂ + btan_l(cx))z Zb
B +

Antiderivative was successfully verified.

[In] Int[(d + exx)*(a + bxArcTan[c*x])~2,x]

[Out] -((axb*e*x)/c) - (b~2%exx*ArcTan[c*x])/c + (I*d*(a + b¥ArcTan[cxx])"2)/c -
((d72 - e72/c"2)x(a + bxArcTan[c*x])~2)/(2%e) + ((d + exx) 2*(a + b*ArcTan[
c*xx])~2)/(2%e) + (2xb*d*x(a + bk*ArcTan[c*x])*Log[2/(1 + I*xc*xx)])/c + (b~2%ex
Logl[l + c™2*x72])/(2%c™2) + (Ixb~2*xd*PolyLogl[2, 1 - 2/(1 + Ixcx*x)])/c

Rule 4864

Int[((a_.) + ArcTan[(c_.)*(x_)]*(b_.))"(p_)*((d_) + (e_.)*(x_))"(q_.), x_Sy
mbol] :> Simp[((d + e*x)~(q + 1)*(a + bxArcTan[c*x])"p)/(ex(q + 1)), x] - D
ist[(bxc*p)/(ex(q + 1)), Int[ExpandIntegrand[(a + b*ArcTan[c*x])~(p - 1), (
d + exx)"(q + 1)/ + c™2xx"2), x], x], x] /; FreeQ[{a, b, ¢, d, e}, x] &&
IGtQ[p, 1] && IntegerQ[ql && NeQ[q, -1]

Rule 4846

Int[((a_.) + ArcTan[(c_.)*(x_)]*(b_.))"(p_.), x_Symbol] :> Simp[x*(a + b*Ar
cTan[c*x])“p, x] - Dist[b*c*p, Int[(x*(a + b*xArcTan[c*x]) (p - 1))/(1 + c72
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*x"2), x], x] /; FreeQ[{a, b, c}, x] && IGtQ[p, O]

Rule 260

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
t[a + b*x"n, x]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 4984

Int[(((a_.) + ArcTan[(c_.)*(x )]*x(b_.))"(p_)*x((£f_) + (g_.)*x(x_))"(m_.))/((
d_ ) + (e_.)*(x_)"2), x_Symbol] :> Int[ExpandIntegrand[(a + b*ArcTan[c*x]) p
/(d + exx"2), (f + gxx)"m, x], x] /; FreeQ[{a, b, c, d, e, £, g}, x] && IGt
Qlp, 0] && EqQle, c”2*d] && IGtQ[m, O]

Rule 4884

Int[((a_.) + ArcTan[(c_.)*(x_)]*(b_.))"(p_.)/((d_ ) + (e_.)*(x_)"2), x_Symbo
1] :> Simp[(a + bxArcTan[c*x])~(p + 1)/(b*cxd*(p + 1)), x] /; FreeQ[{a, b,
c, d, e, pr, x] && EqQ[e, c~2xd] && NeQ[p, -1]

Rule 4920

Int[(((a_.) + ArcTan[(c_.)*(x_)]1*(b_.))"(p_.)*(x_))/((d) + (e_.)*(x_)"2),
x_Symbol] :> -Simp[(Ix(a + bxArcTan[c*x])~(p + 1))/(b*ex(p + 1)), x] - Dist
[1/(c*d), Int[(a + bxArcTan[c*x])"p/(I - c*x), x], x] /; FreeQ[{a, b, c, d,
e}, x] && EqQle, c~2*d] && IGtQ[p, O]

Rule 4854

Int[((a_.) + ArcTan[(c_.)*(x_)]*(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol]

:> -Simp[((a + b*ArcTan[c*x]) “p*Logl[2/(1 + (exx)/d)])/e, x] + Dist[(bxcx*p)
/e, Int[((a + bxArcTan[c*x])~(p - 1)*Logl[2/(1 + (e*xx)/d)])/(1 + c™2*x"2), x
1, x]1 /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c~2*d"2 + e~2, 0]

Rule 2402

Int[Logl(c_.)/((d_) + (e_.)*x(x_))]1/((f_) + (g_.)*(x_)"2), x_Symbol] :> -Dis
t[e/g, Subst[Int[Log[2xd*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, gr, x] && EqQlc, 2*d] && EqQ[e~2*f + d~2xg, 0]

Rule 2315

Int[Logl(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> -Simp[PolyLog[2, 1 -
cx¥x]/e, x] /; FreeQ[{c, d, e}, x] && EqQle + cx*d, 0]
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Rubi steps

» a+btan 1(cx)) (c2d2—62+2c2dex)(a+htanfl(cx))
(@+ex (a+btan™ () (bo) | ( * (12

2e e

f(d + ex) (a + btan_l(cx))2 dx =

2 2420242024 bt n—l
(d + ex)? (a + btan_l(cx)) b f (cHocteae 1_‘1?2(; anen) dx  (be) f (a + btan
- 2e - ce - -
Czdz(l—i)(ﬂ+b tan_l(cx)) 2 .
242 2c dex(a+btan
2 b f 1+c2x2 + 1+c2x2
abex (d+ex)? (a +b tan_l(cx))
T ’ 2e -
abex bZex tan_l(cx) (d + ex)? (a +btan” 1(cx) a +btan™!
R ¢ 2e - (obed) f 1+ czx2
abex  bPex tan” (cx) id (2 + btan” l(cx)) (dz - e—z) (ﬂ +btan” (cx)) (c
T ¢ c c - -
abex  bPex tan” (cx) id (a + btan” (cx) (dz - e—z) (a+btan (cx)) (t
T Cc C Is -
2
abex  bPex tan” (cx) id (2 + btan” (cx) (dz - z—) (a+btan” (cx)) (t
T Cc C Is -
o2
abex  bPex tan” (cx) id (2 + btan” (cx) (dz - C_z) (a+btan (Cx)) (¢
T c c C -

Mathematica [A] time = 0.269229, size = 172, normalized size = 1.01

—2ib%cdPolyLog (2, —ezjtan_l(c")) +2a2c2dx + a®c?ex? + 2b tan™(cx) (a (202dx + c2ex? + e) + 2bcd log (1 4 g2itan” (e

2¢c2

Warning: Unable to verify antiderivative.

[In] Integrate[(d + exx)*(a + b*ArcTan[cx*x])~2,x]

[Out] (2*%a™2%c™2xd*x - 2%axbxcke*x + a~2xc™2*%e*x"2 + b™2%(-I + c*xx)*(2*c*xd + I*e
+ ckxexx)*ArcTan[c*x] "2 + 2%b*ArcTan[c*x]*(—(b*cxexx) + a*x(e + 2*c ™ 2*xd*x + ¢
“2%e*xx"2) + 2xb*cxdxLog[l + E~((2*xI)*ArcTan[c*x])]) - 2%a*bxc*d*xLog[l + c~2
xx"2] + b~2*xexLog[l + c™2%x72] - (2%I)*b~2*c*d*PolyLog[2, -E~((2*I)*ArcTan[
c*x])])/(2%c”™2)
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Maple [B] time = 0.091, size = 360, normalized size = 2.1

2 2 2.2 2
a’x%e REY b? (arctan (cx))” x%e + 12 (arctan ()2 xd - b? arctan (cx) In (c X2+ 1)d . b? (arctan (cx))? e ) Bex

2 2 c 2c?

Verification of antiderivative is not currently implemented for this CAS.

[In] int((e*x+d)x*(a+b*arctan(c*x))”~2,x)

[Out] 1/2*%a”2*x"2*e+a~2xd*x+1/2*¥b"2*arctan(c*x) "2*xx"2*xe+b~2*arctan(c*x) ~2*xx*d-1/c
*b~2*arctan(c*x) *1n(c”2*xx"2+1) *d+1/2/c”2*%b" 2*arctan (c*x) ~2*xe-b~2*e*x*arctan

(c*x) /c+1/2%b"2*%exIn(c”™2*x"2+1) /c™2+1/2%I/c*b~2*%d*1n (c*xx—I) *1n(-1/2%I* (c*x+
I))+1/2%I/c*b”2%d*1n(c™2*xx"2+1) *In(cxx+I)-1/2%I/c*b™2xd*dilog(1/2*I* (c*xx-1I)
)=1/4%1/c*b~2xd*1n(c*x+1)"2-1/2%I/cxb~2*d*1n(c~2*xx~2+1) *1n(cxx-1)+1/2%I/c*b
~2*d*dilog(-1/2*I* (cxx+1))-1/2*%I/c*b~2*d*1n(c*x+I)*1n(1/2*%Ix(cxx-1))+1/4%x1/
cxb”2*d*1n (c*x-1) "2+ax*b*arctan (c*x)*x~2*e+2*a*b*arctan (c*x) *x*d-a*xb*e*x/c-1
/cxaxb*xd*1n(c™2*x"2+1)+1/c " 2*a*b*e*arctan (c*x)

Maxima [F] time = 0., size = 0, normalized size = 0.

x3 arctan (cx)? x*log (szz + 1)2 x2 arctan (cx)? 2 log (szz
12b%c%e f ————dx + b f dx +12b*c%d f ———————dx+2b%c% f _—
16 (c2x2 +1) 16 (c2x2 +1) 16 (c2x2 +1) 16 (c2x2 +

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)*(a+tb*arctan(c*x))~2,x, algorithm="maxima"

[Out] 12*%b~2*c"2*exintegrate(1/16*x 3*arctan(c*x)~2/(c™2%x"2 + 1), x) + b~2*c ™ 2%e
xintegrate(1/16*x"3*log(c™2*x"2 + 1)72/(c™2*x"2 + 1), x) + 12*%b~2%c”2*d*int
egrate(1/16*x"2*arctan(c*x)~2/(c”2*x"2 + 1), x) + 2*b"2*c " 2xe*xintegrate(1/1
6*xx"3*log(c™2xx"2 + 1)/(c”™2*x"2 + 1), x) + b™2xc " 2xd*integrate(1/16*x"2*log
(c™2%x72 + 1)72/(c™2*%x"2 + 1), x) + 4*xb~2xc”2*d*integrate(1/16*x"2x1log(c~ 2%
x"2 + 1)/(c72%x"2 + 1), x) + 1/2%a"2%e*xx"2 + 1/4xb"2xd*arctan(c*x)”~3/c - 4x
b~ 2*cxexintegrate(1/16*%x~2*arctan(c*x)/(c™2%x"2 + 1), x) - 8*b~2*xc*d*integr
ate(1/16*x*xarctan(c*x)/(c™2*x"2 + 1), x) + (x"2*arctan(c*x) - c*x(x/c”2 - ar
ctan(c*x)/c”3))*a*xbxe + a~2*d*x + 12*b~2*exintegrate(1/16*x*arctan(cxx)~2/(
cT2*%x72 + 1), x) + b"2*xexintegrate(1/16*xxlog(c™2*x"2 + 1)72/(c™2%x"2 + 1),
x) + b72xd*integrate(1/16xlog(c™2*x"2 + 1)72/(c™2%x"2 + 1), x) + (2xc*x*ar
ctan(c*x) - log(c™2*x™2 + 1))*axbkxd/c + 1/8%(b"2%e*x"2 + 2xb~2%d*x)*arctan(
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c*¥x) 72 - 1/32%(b"2%e*x”™2 + 2%b”"2%d*x)*log(c™2*x™2 + 1)72

Fricas [F] time = 0., size = 0, normalized size = 0.

integral (azex +a%d + (bzex + bzd) arctan (cx)? + 2 (abex + abd) arctan (cx), x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)*(atb*arctan(c*x))~2,x, algorithm="fricas")

[Out] integral(a™2*exx + a~2*d + (b~™2*xe*x + b~2*xd)*arctan(c*x)”2 + 2*(a*xbxe*x + a

*xbxd)*arctan(c*x), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f(a + batan (cx))2 (d + ex) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)*(a+tb*atan(c*x))**2,x)

[Out] Integral((a + bxatan(c*x))**2*x(d + e*x), x)

Giac [F] time = 0., size = 0, normalized size = 0.

f (ex + d)(barctan (cx) + a)2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)*(atbxarctan(c*x))~2,x, algorithm="giac")

[Out] integrate((exx + d)*(b*arctan(c*x) + a)~2, x)
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f (a+b taua_l(cx))2

3.12 x
d+ex
Optimal. Leaf size=223
, - 2c(d+ex) . 2 -
_zb (a + btan 1(cx)) PolyLog (2,1 - ngﬂe)) . ibPolyLog (2,1 - m) (a + btan 1(cx)) . b*PolyLog (3,1 -
e e 2e

[Out] -(((a + b*ArcTan[c*x]) 2xLog[2/(1 - Ixc*x)])/e) + ((a + bxArcTan[c*x]) ~2*Lo
gl(2%cx(d + e*xx))/((cxd + Ixe)*(1 - Ixc*x))])/e + (I*bx(a + bxArcTan[c*x])*
PolyLogl[2, 1 - 2/(1 - Ixc*x)])/e - (I*b*(a + b*ArcTan[c*x])*PolyLog[2, 1 -
(2xc*x(d + exx))/((c*xd + I*xe)*(1 - Ixc*x))])/e - (b"2+PolyLog[3, 1 - 2/(1 -
Ixcxx)])/(2%e) + (b~2#PolyLogl[3, 1 - (2xc*x(d + exx))/((cxd + Ixe)x(1l - Ixcx
x))]1)/(2%e)

Rubi [A] time = 0.0487754, antiderivative size = 223, normalized size of antiderivative

. . ber of rul
1., number of steps used = 1, number of rules used = 1, integrand size = 18, 0o e

0.056, Rules used = {4858}

integrand size

‘ 1 2c(d+ex)
ib (a +btan (CX)) PolyLog (211 ~ (-icx)(cd+ie)

- + +

. 2 _
) ibPolyLog (2,1 - m) (a +btan 1(cx)) b*PolyLog (3,1 -

e e 2e

Antiderivative was successfully verified.

[In] Int[(a + bxArcTan[c*x])"2/(d + e*x),x]

[Out] -(((a + b*ArcTan[c*x]) 2xLog[2/(1 - Ixc*x)])/e) + ((a + bxArcTan[c*x]) 2*Lo
gl(2%cx(d + e*xx))/((cxd + Ixe)*(1 - Ixc*x))])/e + (I*bx(a + bxArcTan[c*x])*
PolyLogl[2, 1 - 2/(1 - Ixc*x)])/e - (I*b*(a + b*ArcTan[c*x])*PolyLog[2, 1 -
(2%c*x(d + exx))/((c*xd + Ixe)*(1 - I*xc*x))])/e - (b™2+PolyLog[3, 1 - 2/(1 -
Ixcxx)])/(2%e) + (b~2#PolyLogl[3, 1 - (2xc*x(d + exx))/((cxd + Ixe)x(1 - Ixcx
x))1)/ (2%e)

Rule 4858

Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.))"2/((d_) + (e_.)*(x_)), x_Symbol] :>
-Simp[((a + bxArcTan[c*x])“2*Log[2/(1 - I*c*x)])/e, x] + (Simp[((a + b*ArcT
an[c*xx]) "2xLog[(2*c*x(d + exx))/((cxd + Ixe)*x(1 - Ixcx*x))])/e, x] + Simp[(Ix
bx(a + bxArcTan[c*x])*PolyLog[2, 1 - 2/(1 - Ixc*x)])/e, x] - Simp[(I*b*x(a +
b*ArcTan[c*x])*PolyLog[2, 1 - (2xc*x(d + exx))/((ckd + Ixe)*x(1l - Ixcx*x))])/
e, x] - Simp[(b~2*PolyLog[3, 1 - 2/(1 - I*c*x)])/(2%e), x] + Simp[(b~2*Poly
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Log[3, 1 - (2xcx(d + exx))/((cxd + I*xe)*(1 - I*xc*x))])/(2xe), x]) /; FreeQl
{a, b, ¢, d, e}, x] && NeQ[c™2xd"2 + e~2, 0]

Rubi steps
2 - 2 2 _ 2 2c(d+ex) . _
f (a + btan'l(cx)) e _(a + btan 1(cx)) log (m) . (a + btan 1(cx)) log (m) N ib (u +btan™!(cx
d+ex B e e e

Mathematica [F] time = 114.81, size = 0, normalized size = 0.

dx

f (a + btam_l(cx))2

d+ex
Verification is Not applicable to the result.

[In] Integratel[(a + bxArcTan[cx*x])~2/(d + e*x),x]

[Out] Integrate[(a + bxArcTan[c*x])~2/(d + ex*x), x]

Maple [C] time = 0.911, size = 1297, normalized size = 5.8

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((atb*arctan(c*x))~2/(e*xx+d) ,x)

[Out] a"2*1ln(c*exx+c*d)/e+b~2*1ln(c*exx+c*d)/e*arctan(c*x) ~2-b~2/e*arctan(c*x) ~2x*1
n(-I*(1+I*cx*x) "2/ (c™2xx"2+1) xe+ckd* (1+I*cxx) "2/ (c™2%x"2+1) +I*e+d*c) -I*axbx*1
n(ckxexx+ckxd) /exln((I*xe+exc*x)/(I*xe-d*c))-1/2xI*b"2/e*arctan(c*x) “2+Pi*csgn(
Tk (-I*(1+I*cxx) "2/ (c™2xx72+1) xe+ckd* (1+I*cxx) "2/ (c™2xx"2+1) +I*e+dxc) / ((1+Ix
c*x) 72/ (c72%x72+1)+1) ) "2*csgn (I* (-I* (1+I%cx*x) "2/ (c™2%x"2+1) xe+ckd* (1+I*c*x)
72/ (c”2xx"2+1)+I*e+d*c))-1/2*%Ixb~2/exarctan(c*x) "2*xPixcsgn (I/((1+Ixc*x)~2/(
cT2xx72+1)+1) ) kcsgn (I* (-I* (1+I*cxx) "2/ (c™2xx"2+1) xe+ckd* (1+I*c*xx) "2/ (c™2%x™
2+1)+Ixe+d*c)/((1+Ixc*x) "2/ (c™2*x"2+1)+1)) "2+1/2%I*b~2/e*arctan(c*x) ~2*Pix*c
sgn (I* (=I* (1+I*c*x) "2/ (c™2xx"2+1) xe+ckd* (1+I*cxx) ~2/ (c™2xx"2+1) +I*xe+dxc) / ((
1+Ixc*xx) "2/ (c™2*x"2+1)+1) ) "3+I*a*b*1ln(cxe*x+c*d) /exln((Ixe-exc*x)/(dxc+I*e)
)-1/2%b~2/e*polylog(3,-(1+I*c*x) "2/ (c™2*xx"2+1) ) +c*xb~2/e*xd/ (d*c-I*e)*arctan(
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cxx) "2x1n(1-(Ixe-d*c)/(d*c+I*e)* (1+Ixckx) "2/ (c™2%x"2+1)) -I*c*b~2/e*xd/ (d*c-1
xe)*arctan(c*x)*polylog(2, (Ixe-d*c)/(d*c+I*e)* (1+Ixc*x) 2/ (c™2%x"2+1))+1/2%
c*b”2/exd/ (d*c-Ixe)*polylog(3, (Ixe-d*c)/(dxc+I*xe)* (1+I*c*xx) "2/ (c™2*x"2+1))+
b~2*arctan(c*x) “2%1n(1-(Ixe-d*c)/(dxc+I*e)* (1+Ixc*x) "2/ (c™2*x"2+1) )/ (e+I*d*
c)+I*b~2/e*xarctan(cxx)*polylog(2,-(1+Ixc*x) "2/ (c™2*x"2+1))+1/2*xb~2*polylog(
3, (Ixe-dx*xc)/(d*c+I*e)*(1+I*c*xx) 2/ (c™2*%x"2+1) )/ (e+I*d*c)+2*axbx1n(cxexx+c*d
) /exarctan(c*x)-I*xaxb/exdilog((Ixe+texc*x)/(I*e-d*c))+1/2xI*xb~2/e*arctan(c*x
) "2xPixcsgn(I/((1+Ixc*x)~2/(c™2%x72+1)+1))*csgn(I* (~I*x (1+Ixc*x) "2/ (c™2*x"2+
1) xe+ckd* (1+I*cxx) "2/ (c™2xx"2+1) +I*xe+d*c) / ((1+I*c*x) "2/ (c™2*x"2+1)+1)) *csgn
(Ix(-Ix(1+I%c*x) 72/ (c™2%x72+1) *e+ckd* (1+Ixcxx) "2/ (c™2xx"2+1) +I*e+d*c) ) +I*ax
b/e*xdilog((I*e-e*xcxx)/(d*c+Ixe))-I*b~2xarctan(c*x)*polylog(2, (I*e-d*c)/(d*c
+Ixe)x (1+Ixc*x) "2/ (c"2*%x"2+1) )/ (e+I*d*c)

Maxima [F] time = 0., size = 0, normalized size = 0.

dx

2 2,2 2.2, 1)
a%log (ex + d) 12 b= arctan (cx)” + b= log (c x° + 1) + 32 ab arctan (cx)
e " f 16 (ex + d)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctan(c*x))~2/(e*xx+d),x, algorithm="maxima"

[Out] a"2*log(e*xx + d)/e + integrate(1/16*%(12*b~2*arctan(c*x)”2 + b~ 2*log(c”2*x"2
+ 1)72 + 32*xaxbxarctan(c*x))/(exx + d4d), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

, b2 arctan (cx)? + 2 ab arctan (cx) + a2 )
integral ,X

ex +d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctan(c*x))~2/(exx+d),x, algorithm="fricas")

[Out] integral((b~2*arctan(c*x)”2 + 2xa*b*arctan(cxx) + a~2)/(exx + d), x)
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Sympy [F] time = 0., size = 0, normalized size = 0.

(a + batan (cx))2
dx
d+ex

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*atan(c*x))**2/(e*xx+d),x)

[Out] Integral((a + b*atan(c*x))**x2/(d + e*x), x)

Giac [F] time = 0., size = 0, normalized size = 0.

(barctan (cx) + cz)2

d
ex +d X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctan(c*x))~2/(exx+d),x, algorithm="giac")

[Out] integrate((b*arctan(c*x) + a)~2/(exx + d), x)
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f (a+b taua_l(cx))2

3.13 X
(d+ex)?
Optimal. Leaf size=341
ib*cPolyLog (2,1 - %) ib*cPolyLog (2,1 - %) ib*cPolyLog (2,1 - (1_2;(;%) ic (a + btan_l(cx))z c
c2d? + e? " c2d? + €2 - c2d? + e? " c2d? + e? )

[Out] (Ixc*x(a + bxArcTan[c*x])~2)/(c”2*d"2 + e72) + (c"2*d*(a + b*ArcTan[c*x])~2)
/(ex(c”2*%d"2 + e72)) - (a + bxArcTan[c*x])~2/(ex(d + e*x)) - (2xb*xckx(a + bx
ArcTan[cxx])*Log[2/(1 - I*xc*xx)])/(c™2%d"2 + e72) + (2%b*cx(a + bxArcTan[c*x
1)*Logl[2/(1 + I*cxx)])/(c™2%d"2 + e72) + (2xb*cx(a + b*ArcTan[c*x])*Logl[ (2

cx(d + exx))/((cxd + Ixe)*(1 - Ixcxx))])/(c™2*%d"2 + e72) + (I*b~2*cxPolyLog

[2, 1 - 2/(1 - I*xc*x)])/(c”2%d"2 + e72) + (I*b~2*cxPolyLogl[2, 1 - 2/(1 + Ix
c*xx)])/(c72*%d"2 + e72) - (I*b~2*c*PolyLog[2, 1 - (2%c*x(d + e*x))/((cxd + Ix
e)*(1 - Ixc*x))])/(c™2+%d"2 + e72)

Rubi [A] time = 0.3701, antiderivative size = 341, normalized size of antiderivative = 1.,
number of steps used = 13, number of rules used =9, integrand size = 18, M =0.5,
integrand size
Rules used = {4864, 4856, 2402, 2315, 2447, 4984, 4884, 4920, 4854}
ib*cPolyLog (2 1- L) ib*cPolyLog (2 1- L) ib*cPolyLog (2 1- M) ; btant 2
4 1—icx + / 1+icx _ 4 (1—icx)(cd+ie) + ic (ll + btan (C.X)) E

c2d? + ¢2 c2d? + ¢? c2d? + e2 c2d? + 2

Antiderivative was successfully verified.

[In] Int[(a + b*ArcTan[c*x])"2/(d + exx)"2,x]

[Out] (I*xc*x(a + bxArcTan[c*x])~2)/(c”2*d"2 + e72) + (c"2*d*(a + b*ArcTan[c*x])~2)
/(ex(c”2*%d"2 + e72)) - (a + bxArcTan[c*x])~2/(ex(d + e*xx)) - (2xb*ckx(a + bx
ArcTan[cxx])*Log[2/(1 - I*xc*x)])/(c™2%d"2 + e72) + (2%b*cx(a + bxArcTan[c*x

D *Log[2/(1 + I*xcxx)])/(c™2xd"2 + e72) + (2xb*c*x(a + b*ArcTan[c*x])*Log[(2x*

cx(d + exx))/((cxd + I*e)*(1 - Ixcxx))])/(c™2*%d"2 + e72) + (I*b~2*cxPolyLog

[2, 1 - 2/(1 - I*xc*xx)])/(c™2%d"2 + e72) + (I*b~2*c*PolyLogl[2, 1 - 2/(1 + Ix
c*xx)])/(c72*%d"2 + e72) - (I*b~2*c*PolyLog[2, 1 - (2%c*x(d + e*x))/((cxd + Ix
e)*(1 - Ixc*xx))])/(c™2+%d"2 + e72)

Rule 4864
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Int[((a_.) + ArcTan[(c_.)*(x_)]*(b_.)) " (p_)*((d_) + (e_.)*x(x_))"(q_.), x_Sy
mbol] :> Simp[((d + e*x)~(q + 1)*(a + bxArcTan[c*x])"p)/(ex(q + 1)), x] - D
ist[(bxc*p)/(ex(q + 1)), Int[ExpandIntegrand[(a + b*ArcTan[c*x])~(p - 1), (
d + exx)"(q + 1)/(1 + c™2%x~2), x], x], x] /; FreeQ[{a, b, c, d, e}, x] &&
IGtQ[p, 1] && IntegerQ[q]l && NeQ[qg, -1]

Rule 4856

Int[((a_.) + ArcTan[(c_.)*(x_)]*(b_.))/((d_) + (e_.)*(x_)), x_Symbol] :> -8
imp[((a + b*ArcTan([c*x])*Log[2/(1 - I*c*x)])/e, x] + (Dist[(b*c)/e, Int[Log
[2/(1 - T*xc*xx)]/(1 + c™2%x72), x], x] - Dist[(b*c)/e, Int[Logl[(2xcx(d + ex*x
))/((cxd + I*xe)*x(1 - I*xc*x))]1/(1 + c™2%x72), x], x] + Simp[((a + b*ArcTanl[c
xx] ) *Log[(2%cx(d + exx))/((c*d + Ixe)*x(1 - Ixcxx))])/e, x]) /; FreeQ[{a, b,
c, d, e}, x] && NeQ[c™2xd"2 + e~2, 0]

Rule 2402

Int[Logl(c_.)/((d_) + (e_.)*x(x_))1/((f_) + (g_.)*(x_)"2), x_Symbol] :> -Dis
tle/g, Subst[Int[Log[2xd*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, f, gt, x] && EqQlc, 2*d] && EqQ[e~2*f + d~2xg, 0]

Rule 2315

Int[Log[(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> -Simp[PolyLog[2, 1 -
cxx]/e, x] /; FreeQ[{c, d, e}, x] && EqQle + c*xd, 0]

Rule 2447

Int[Loglu_J*(Pq_)~(m_.), x_Symbol] :> With[{C = FullSimplify[(Pq"m*(1 - u))

/Dlu, x]1}, Simp[C*PolyLogl[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQlm] &&

PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents [u,
x] [[2]], Expon[Pq, x]]

Rule 4984

Int[(((a_.) + ArcTan[(c_.)*(x )]1*x(b_.))"(p_)*x((£f_) + (g_.)*x(x_))"(m_.))/((
d_) + (e_.)*(x_)"2), x_Symbol] :> Int[ExpandIntegrand[(a + b*ArcTan[c*x]) p
/(d + exx~2), (f + g*x)"m, x], x] /; FreeQ[{a, b, ¢, d, e, £, g}, x] && IGt
Qlp, 0] &% EqQle, c~2*d] && IGtQ[m, O]

Rule 4884

Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.))"(p_.)/((@_) + (e_.)*x(x_)"2), x_Symbo
1] :> Simp[(a + bxArcTan[c*x])~(p + 1)/(b*cxd*x(p + 1)), x] /; FreeQ[{a, b,
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c, d, e, pr, x] & EqQle, c"2xd] && NeQ[p, -1]

Rule 4920

Int[(((a_.) + ArcTan[(c_.)*(x_)]1*(b_.))"(p_)*(x_))/((d) + (e_.)*(x_)"2),
x_Symbol] :> -Simp[(I*(a + bxArcTan[c*x])~(p + 1))/(b*ex(p + 1)), x] - Dist
[1/(c*d), Int[(a + bxArcTan[c*x])"p/(I - c*x), x], x] /; FreeQ[{a, b, c, d,
e}, x] && EqQle, c~2xd] && IGtQ[p, O]

Rule 4854

Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol]

:> -Simp[((a + b*ArcTan[c*x]) “pxLog[2/(1 + (e*xx)/d)])/e, x] + Dist[(b*c*p)
/e, Int[((a + b*ArcTan[c*x])~(p - 1)*Logl[2/(1 + (exx)/d)])/(1 + c~2*x"2), x
1, x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c~2*d"2 + e~2, 0]

Rubi steps



f (a + btmq'l(cx))2

(d + ex)?

Mathematica [A]

2,6

Cd[iPolyLog
b2

dx = —

Zi(tan_l ( % )+tan_1(cx))
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a+b tan_l(cx)) cz(d—ex)(a+b tan_l(cx))
2
((Jl +b tan'l(cx)) (2bc) f( (:Zalz+e2 (d+ex) * (02d2+32)(1+c2x2) d

- e(d + ex) e
_ 2 (d—ex)(a+b tan_l(cx)) +btanl(cx)
_ (a + btan 1(cx)) . (2bc3) il Tr22 dx  (2bce) f % dx
e(d + ex) e (c2d2 n ez) c2d2? + e2
2 - 2 _ 2¢(d+
) _(a + btan_l(cx)) . 2bc (a + btan 1(cx)) log (m) . 2bc (a + btan ](cx)) log ((cd+ie)(
e(d + ex) c2d? + e2 c2d? + 2
2 - 2 _ 2c(d+
) (a " btan_l(cx)) . 2bc (a + btan 1(cx)) log (m) . 2bc (a + btan l(cx)) log ((Cd:ie)(
e(d + ex) c2d? + e2 c2d? + 2

ic (a +b tan_l(cx))2 c2d (a +b tan_l(cx))2 (a +b ta]n_l(cx))2 2bc (a +btan™! (cx)}
c2d? + 2 - e (CZdZ + 62) B e(d + ex) - c2d? + e2

ic (a + btan_l(cx))2 c’d (a + btan_l(cx))2 (a + btan_l(cx))2 2bc (ﬂ +btan! (cx)}
c2d? + e? M e (CZdZ + 62) - e(d + ex) - c2d? + e?

ic (a +b taun_l(cx))2 c*d (a +b taun_l(cx))2 (u +b tan_l(cx))2 2bc (a +btan! (cx)j

+ — —
c2d? + e? e (czdz + 62) E(d + EJC) c2d? + e?

ic (a +b tan_l(cx))2 c2d (a +b tan_l(cx))2 (a +b tan_l(cx))2 2bc (a +btan™! (cx)}
c2d? + 2 - e (CZdZ + 62) B e(d + ex) - c2d? + e2

time = 2.88078, size = 300, normalized size = 0.88

1 2.2 . -1 _1fcd _1fcd 1 Zi(tan_l(g)+tan_l(cx)) ‘
—Enlog(c X +1)—1tan (cx)(n—Ztan (?))—Z(tan (?)+tan (cx)) log| 1—e ¢ +

2d2+e2

Warning: Unable to verify antiderivative.

[In] Integrate[(a + bxArcTan[cx*x])~2/(d + exx)~2,x]

[Out] -(a"2/(ex(d + exx))) + (axbx(-2*x(e - c™2*dx*xx)*ArcTan[c*x] + cx(d + e*xx)*(2x*
Loglcx(d + e*xx)] - Logl[l + c™2%x72])))/((c™2%xd"2 + e72)*(d + e*xx)) + (b72x(
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-((E"(I*ArcTan[(c*d)/e]l)*ArcTan[c*x]~2)/(Sqrt[1 + (c"2*d"2)/e"2]*e)) + (x*A
rcTan[c*x]72)/(d + exx) - (cxd*x((-I)*(Pi - 2%ArcTan[(c*d)/e])*ArcTan[c*x] -
PixLog[1l + E~((-2*I)*ArcTan[c*x])] - 2x(ArcTan[(c*d)/e] + ArcTan[c*x])*Log
[1 - E7((2%I)*(ArcTan[(cxd)/e] + ArcTan[c*x]))] - (PixLogl[l + c™2*x~2])/2 +
2xArcTan[(c*d) /e]*Log[Sin[ArcTan[(c*d)/e] + ArcTan[c*x]]] + I*PolyLogl[2, E
“((2*I)*(ArcTan[(c*d)/e] + ArcTan[c*x]))]))/(c”2*d"2 + e72)))/d

Maple [B] time = 0.102, size = 698, normalized size = 2.1

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctan(c*x)) 2/ (exx+d) "2,x)

[Out] -c*a~2/(c*xexx+c*d)/e-c*xb”2/ (cxe*xx+c*xd)/e*xarctan(c*x) "2+2*xc*xb~2*arctan(c*x)/

(c™2%d"2+e"2) *1In(c*ke*xx+c*xd) —cxb~2xarctan (c*x) / (c™2*d"2+e”2) *1n(c™2*xx"2+1) +c
~2%b"2/e/(c”2*xd"2+e"2) *d*arctan (c*x) "2+I*c*b” 2/ (c"2*xd"2+e"2) *1n (c*xe*xx+c*d) *
In((I*e-e*xc*x)/(d*xc+I*xe))-1/2%I*c*xb”2/(c™2*d"2+e”2) *1n(c*x-I)*1n(c™2*x"2+1)
+1/4xIxcxb™2/ (c™2*xd"2+e"2) *1n(c*x-1) "2-I*xc*xb~2/(c"2*xd"2+e~2) *1n (cxe*xx+c*d) *
In((I*ete*c*x)/(Ixe-d*c))-1/2%I*xcxb”2/(c™2*%d"2+e"2)*dilog(1/2*%I* (c*xx-1))-Ix
c*b”2/(c"2xd"2+e"2) *dilog ((I*e+exc*x)/(I*e-d*c))-1/4xI*cxb~2/(c"2xd"2+e~2) *
In(cxx+I)"2-1/2xI*c*b~2/(c"2*d"2+e"2) *1n(c*x+I1)*1n(1/2*I* (cxx-1))+1/2*I*c*b
~2/(c”2xd"2+e"2) *dilog (-1/2*%I* (c*x+I) ) +I*xc*xb~2/(c"2*d"2+e"2) *dilog((I*e-ex*c
*xx)/ (d*c+I*e))+1/2%I*c*xb~2/(c"2*d"2+e"2) *In(c*x+I)*1n(c™2%x"2+1) +1/2%I*cxb”
2/ (c™2%d"2+e"2) *1n(c*xx-I)*1n(-1/2*I* (c*x+I))-2*c*a*b/ (cxexx+c*d) /e*xarctan(c
*xx)+2*xc*axb/ (c”2xd"2+e"2) *1n(c*ke*xx+c*xd) —c*xa*xb/ (c™2xd"2+e”2) *1n(c™2*x"2+1) +2
*c"2%axb/e/(c"2*d"2+e”2) *d*arctan (c*x)

Maxima [F] time = 0., size = 0, normalized size = 0.

36 (czex2

2cdarctan (cx)  log (szz + 1) 2 log (ex + d) 2 arctan (cx) b
c2d?e + 3 c2d? + 2 c2d? + 2 2x+de |

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctan(c*x))~2/(exx+d)~2,x, algorithm="maxima"

J 31 (28 arctan (cx)® — 4 (ezx + de) il
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[Out] ((2*c*d*arctan(c*x)/(c™2xd"2*%e + e73) - log(c™2*x"2 + 1)/(c™2*d"2 + e72) +
2*xlog(exx + d)/(c™2%d"2 + e72))*c - 2*arctan(cx*x)/(e"2xx + d*e))*axb - 1/16
x(4xarctan(c*x) "2 - 16*(e”2*xx + dxe)*integrate(1/16*(12%(c"2*e*xx"2 + e)*arc
tan(c*x) "2 + (c™2%e*xx"2 + e)*xlog(c™2*x"2 + 1)72 + 8x(cxe*x + c*d)*arctan(cx

X) — 4x(c™2xexx"2 + c72xd*x)*log(c”2*x"2 + 1))/(c”2%e"3*x"4 + 2%cT2xd*e”2*x

73 + 2xd*e”2%x + d72*%e + (c72%d"2%e + e73)*x72), x) - log(cT2*x72 + 1)72)*b

"2/ (e"2xx + dxe) - a"2/(e”2xx + dxe)

Fricas [F] time = 0., size = 0, normalized size = 0.

b? arctan (cx)2 + 2 abarctan (cx) + a2 )
,X

integral
tntest e2x2 + 2 dex + d?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*arctan(c*x))~2/(exx+d)~2,x, algorithm="fricas")

[Out] integral((b~2*arctan(c*x)”2 + 2xa*bxarctan(cxx) + a”2)/(e”2*x"2 + 2xd*e*xx +
d72), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

(a + batan (cx))2
d + ex)?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*atan(c*x))**2/(exx+d)**2,x)

[Out] Integral((a + b*atan(c*x))**2/(d + e*xx)**2, x)

Giac [F] time = 0., size = 0, normalized size = 0.

(barctan (cx) + a)2
(ex + d)?

dx

Verification of antiderivative is not currently implemented for this CAS.



[In] integrate((atb*arctan(c#*x))~2/(e*xx+d)~2,x, algorithm="giac")

[Out] integrate((b*arctan(cxx) + a)~2/(exx + d)~2, x)

90
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f (a+b taua_l(cx))2

3.14 X
(d+ex)3
Optimal. Leaf size=496
. 2 . 2 . 2c(d+ex)
zb2c3dPolyL0g (2,1 - m) . zb2C3dPolyLog (2,1 - m) 1b2c3dPolyLog (2,1 - %) . ic3d (u +btan!
2 2 h 2
(c2d2 + 62) (02012 + ez) (czd2 + ez) (czd2 + ez)

[Out] (b~2xc~3*d*ArcTan[cxx])/(c™2*d"2 + e72)"2 - (b*c*(a + b*ArcTan[c*x]))/((c"2
*d72 + e72)*(d + e*xx)) + (I*c™3*d*(a + b*ArcTan[c*x])"2)/(c™2xd"2 + e72)72
+ (c72%(c*d - e)*(c*xd + e)*(a + bxArcTan[c*x])~2)/(2%ex(c™2%d"2 + €72)72) -
(a + bxArcTan[c*x])~2/(2*%ex(d + e*xx)~2) - (2%b*c~3*d*(a + bxArcTan[cxx])*L
ogl2/(1 - T*xc*x)])/(c™2*%d™2 + e72)72 + (2%b*c”3*d*x(a + bxArcTan[c*x])*Log[2
/(1 + Ixc*x)])/(c™2%d™2 + e72)72 + (b~ 2%c"2xexLogld + exx])/(c™2*d"2 + e72)
~2 + (2xb*c”3*d*(a + b¥ArcTan[c*x])*Log[(2%c*x(d + e*x))/((cxd + Ixe)*(1 - I
xc*xx))])/(c™2%xd"2 + e72)72 - (b"2xc"2*xexLogl[l + c™2*x72])/(2%(c™2%d"2 + e72
)72) + (Ixb~2*xc~3*d*PolyLogl[2, 1 - 2/(1 - I*cxx)])/(c™2%xd"2 + e72)72 + (I*Db
~2xc”3*%d*PolyLog[2, 1 - 2/(1 + Ixcxx)])/(c™2xd"2 + €72)72 - (I*b~2xc~3*d*Po
lyLog[2, 1 - (2%cx(d + exx))/((cxd + I*e)*(1l - Ikc*x))])/(c™2xd"2 + e72)72

Rubi [A] time = 0.538568, antiderivative size = 496, normalized size of antiderivative =

. . number of rule
1., number of steps used = 19, number of rules used = 15, integrand size = 18, e e -
integrand size

0.833, Rules used = {4864, 4862, 706, 31, 635, 203, 260, 4856, 2402, 2315, 2447, 4984, 4884,
4920, 4854}

. 2 . 2 , 2c(d+ex)
ib?c>dPolyLog (2,1 - @) . ib®c*dPolyLog (2,1 - m) ) ib*c*dPolyLog (2,1 - m) . ic3d (a +btan™

(c2d2 + 62)2 (czd2 + ez)z (02d2 + ez)z (02d2 + ez)‘

Antiderivative was successfully verified.

[In] Int[(a + b*ArcTanl[c*x])~2/(d + exx)~3,x]

[Out] (b~ 2*c”™3*d*xArcTan[c*x])/(c™2%d"2 + €72)72 - (b*cx(a + b¥ArcTan[c*x]))/((c"2
*d"2 + e72)*(d + e*x)) + (Ixc”™3*d*(a + bxArcTan[cxx])~2)/(c™2xd"2 + e72)72
+ (c™2*x(cxd - e)*x(c*xd + e)*(a + bkArcTan[c*x])"2)/(2%e*x(c™2%d"2 + e72)72) -

(a + b*ArcTan[c*x])~2/(2xex(d + exx)~2) - (2%bxc”3*d*(a + bxArcTan[c*x])*L
ogl2/(1 - T*xc*x)])/(c™2*%d"2 + e72)72 + (2%b*c”3*d*(a + bxArcTan[c*x])*Log[2

/(1 + Ixc*x)])/(c™2%d”2 + e72)72 + (b"2xc"2*xexLogld + exx])/(c™2*%d"2 + e72)

~2 + (2xb*xc”3xd*(a + bxArcTan[c*x])*Log[(2%c*(d + e*x))/((cxd + Ixe)*(1 - I
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xc*xx))])/(c™2xd"2 + €72)72 - (b™2xc"2*exLog[l + c™2xx72])/(2%(c™2*d™2 + e72
)72) + (Ixb~2xc~3*d*PolyLogl[2, 1 - 2/(1 - I*cxx)])/(c™2%xd"2 + e72)72 + (I*Db
~2%c”3*d*PolyLog[2, 1 - 2/(1 + Ixc*x)])/(c”2*%d"2 + e72)72 - (Ixb~2*xc~3*d*Po
lyLogl[2, 1 - (2%cx(d + e*xx))/((c*xd + I*xe)*(1 - I*xc*x))])/(c™2*%d"2 + e72)72

Rule 4864

Int[((a_.) + ArcTan[(c_.)*(x_)]*(b_.))"(p_)*((d_) + (e_.)*(x_))"(q_.), x_Sy
mbol] :> Simp[((d + e*x)~(q + 1)*(a + bxArcTan[c*x])"p)/(ex(q + 1)), x] - D
ist[(bxc*p)/(ex(q + 1)), Int[ExpandIntegrand[(a + bxArcTan[c*x])~(p - 1), (
d + exx)"(q + 1)/(1 + c™2%x72), x], x], x] /; FreeQ[{a, b, c, d, e}, x] &&
IGtQ[p, 1] &% IntegerQlql && NeQlq, -1]

Rule 4862

Int[((a_.) + ArcTan[(c_.)*(x_)]*(b_.))*((d_) + (e_.)*x(x_))"(q_.), x_Symbol]

:> Simp[((d + e*x)~(q + 1)*(a + b*ArcTan[cx*x]))/(ex(q + 1)), x] - Dist[(b*
c)/(ex(q + 1)), Int[(d + exx)"(q + 1)/(1 + c™2*x"2), x], x] /; FreeQ[{a, b,
c, d, e, qf, x] && NeQlq, -1]

Rule 706

Int[1/(((d_) + (e_.)*x(x_))*((a_) + (c_.)*(x_)"2)), x_Symbol] :> Dist[e”2/(c
*d"2 + a*xe”2), Int[1/(d + ex*x), x], x] + Dist[1/(c*xd”2 + axe”2), Int[(cxd -
cxexx)/(a + c*x~2), x], x] /; FreeQ[{a, c, d, e}, x] && NeQ[cxd"2 + axe”2,
0]

Rule 31

Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + bxx,
x]1/b, x]1 /; FreeQ[{a, b}, x]

Rule 635

Int[((d_) + (e_.)*(x_))/((a_) + (c_.)*(x_)"2), x_Symbol] :> Dist[d, Int[1/(
a + c*xx~2), x], x] + Distle, Int[x/(a + c*x~2), x], x] /; FreeQ[{a, c, d, e
}, x] && 'NiceSqrtQ[-(a*c)]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
[a, 2]11)/(Rtl[a, 2]*Rt[b, 21), x] /; FreeQ[{a, b}, x] && PosQ[a/b]l] && (GtQ[a
, 01 Il GtQ[b, 01)
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Rule 260

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
tla + b*xx"n, x]]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 4856

Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.))/((d_) + (e_.)*(x_)), x_Symbol] :> -S
imp[((a + b*ArcTan[c*x])*Log[2/(1 - I*c*x)])/e, x] + (Dist[(b*c)/e, Int[Log
[2/(1 - I*xcxx)]/(1 + c™2xx72), x], x] - Dist[(bxc)/e, Int[Log[(2*c*x(d + exx
))/((cxd + Ixe)*(1 - Ixc*x))]/(1 + c™2%x72), x], x] + Simp[((a + b*ArcTanlc
*xx])*Log[(2*c*(d + exx))/((c*xd + Ixe)*(1 - Ixcxx))])/e, x]) /; FreeQ[{a, b,
c, d, e}, x] && NeQ[c™2xd"2 + 72, 0]

Rule 2402

Int[Logl(c_.)/((d_) + (e_.)*(x_))1/((f_) + (g_.)*(x_)"2), x_Symbol] :> -Dis
t[e/g, Subst[Int[Log[2xd*x]/(1 - 2*xd*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, gr, x] && EqQlc, 2*d] && EqQ[e~2*f + d~2xg, 0]

Rule 2315

Int[Logl[(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> -Simp[PolyLog[2, 1 -
cx¥x]/e, x] /; FreeQ[{c, d, e}, x] && EqQle + cx*d, 0]

Rule 2447

Int[Log[u_J]*(Pq_ )~ (m_.), x_Symbol] :> With[{C = FullSimplify[(Pq"m*(1 - u))
/D[u, x11}, Simp[C*PolyLogl[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &&

PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents [u,
x] [[2]]1, Expon[Pq, x]]

Rule 4984

Int[(((a_.) + ArcTan[(c_.)*(x_)]1*(b_.))"(p_.)*((f_) + (g_.)*(x_))"(m_.))/((
d ) + (e_.)*x(x_)"2), x_Symbol] :> Int[ExpandIntegrand[(a + bxArcTan[c*x]) p
/(d + exx"2), (f + gxx)"m, x], x] /; FreeQ[{a, b, c, d, e, £, g}, x] && IGt
Qlp, 0] && EqQle, c~2%d] && IGtQ[m, O]

Rule 4884

Int[((a_.) + ArcTan[(c_.)*(x_)]*(b_.))"(p_.)/((@_) + (e_.)*(x_)"2), x_Symbo
1] :> Simp[(a + b*ArcTan[c*x])~(p + 1)/(b¥cxdx(p + 1)), x] /; FreeQ[{a, b,
c, d, e, pt, x] && EqQle, c~2xd] && NeQ[p, -1l
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Rule 4920

Int[(((a_.) + ArcTan[(c_.)*(x_)]*(b_.))"(p_.)*(x_))/((d_) + (e_.)*x(x_)"2),
x_Symbol] :> -Simp[(Ix(a + bxArcTan[c*x])~(p + 1))/(b*xex(p + 1)), x] - Dist
[1/(c*d), Int[(a + bxArcTan[c*x])"p/(I - c*x), x], x] /; FreeQ[{a, b, c, d,
e}, x] && EqQle, c~2xd] && IGtQ[p, 0]

Rule 4854

Int[((a_.) + ArcTan[(c_.)*(x_)]*(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol]

:> -Simp[((a + bx*ArcTan[c*x]) “p*Logl[2/(1 + (exx)/d)])/e, x] + Dist[(bxcx*p)
/e, Int[((a + b*ArcTan[c*x])~(p - 1)*Logl[2/(1 + (e*x)/d)])/(1 + c™2%x72), x
1, x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c™2*d"2 + e~2, 0]

Rubi steps
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ez(a+b tan_l(cx)) ZCzdez(sz tan™1 (cx)) (C4d2—62€2—264d€x)(11+b tan™
-1 2 -1 2 (be) f 2424 02 2 T 2 + 2
(a + btan (cx)) (a + btan (cx)) (c2d2+e2)(d-+ex) (c22+e2)" (d+ex) (2d24e2)’ (1+222)
= - +
f (d + ex)3 * 2e(d + ex)? e
2 4d2—c2e2—2c%d, btan}(cx) -1
__lorbtanie)’ e (SR O (ane) [t g,
2e(d + ex)? e (c2d2 + 62)2 (czdz + 62)2

ke (a +b tan_l(cx)) (a +btan™! (cx))2 2bc>d (a +b tan_l(cx)) log (%) 2bc’d ('
T (c2d2 + 32) (d + ex) C O 2e(d+ex? (c2d2 + e2)2 "

ke (a +b tan_l(cx)) (a +btan™! (cx))2 2bc>d (a +b tan_l(cx)) log (%) 2bc’d ('
- (c2d2 + e2) (d + ex) O 2e(d+ex)? (c2d2 + 32)2 ’

bc (a +b tan_l(cx)) ic3d (a +b taun_l(cx))2 c?(cd — e)(cd + e) (a +b tan_l(cx))2 (;
= +

(Czdz + ez) (d + ex) ' (c2d2 + 62)2 2e (c2d2 + 62)2 )

2
pA3dtan(cx) be (a +b tan'l(cx)) ic’d (a +b tan'l(cx)) c®(cd — e)(cd + e) (a +1
= +

(c2d2 n 62)2 (czdz + ez) (d + ex) * (Czdz n ez)z 2 (c2d2 .
 PAdtan(cy) B bc (a + btan_l(cx)) ic3d (a + btan_l(cx))2 . c*(cd — e)(cd + e) (a + 1

) (c2d2 + e2)2 (Czdz + ez) (d + ex) ' (02d2 + 62)2 2e (c2d2 + €2

 RAdtan () be (a + btan_l(cx)) ic3d (a + btan_l(cx))2 . c*(cd — e)(cd + e) (a + |

(czdz + ez)z (Czdz + 62) (d + ex) ' (c2d2 + ez)z 2e (c2d2 + €2

Mathematica [A] time = 6.03814, size = 479, normalized size = 0.97

. —1(cd -1 . —1(cd —
2i(t =)+t 2i(t = +te
iPolyLog[Z,e l( an <f )+ o (Cx))]—%nlog(c2x2+1)—itan1(cx)(n—2 tanfl(%i))—Z(tanfl(%)ﬁanfl(t’x)) 108{1—3 l( " ( ¢ )+ o

c2d2+e2

Lex)

2cd

b2c2| -

Warning: Unable to verify antiderivative.

[In] Integrate[(a + b*ArcTan[c*x])~2/(d + e*x)~3,x]
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[Out] -a”2/(2%ex(d + exx)"2) + (a*xb*((-e73 + c™4*d™2*x*(2%d + exx) - c ™ 2%e*(3xd"2
+ 2kdke*xx + e72%x72))*ArcTan[c*xx] + c*(d + e*xx)*(-(c™2%d™2) - e72 + 2xc™2x
dx(d + exx)*Loglcx(d + exx)] - c”2xd*x(d + exx)*Logl[l + c™2*x72])))/((c™2%d”
2 + e72)72x(d + exx)”2) + (b”™2xc”2*x((-2+E~ (I*ArcTan[(c*d)/e])*ArcTan[c*x] 2
)/ (Sqrt[1 + (c™2%d"2)/e"2]*e) - (ex(1 + c™2*x"2)*ArcTan[cxx]"2)/(c™2%(d + e
*x)72) + (2*x*ArcTan[c*x]*(e + cxdxArcTan[c*x]))/(cxd*(d + e*x)) + (-2%e”2x
ArcTan[c*x] + 2*ckd*exLogl[(cx(d + e*x))/Sqrt[l + c™2*xx72]])/(c™3*d™3 + c*dx
e”2) - (2%ckd*x((-I)*(Pi - 2*xArcTan[(c*d)/e])*ArcTan[c*x] - Pi*Log[l + E~((-
2xI)*ArcTan[cxx])] - 2% (ArcTan[(c*d)/e] + ArcTan[c*x])*Logl[l - E~((2*I)*(Ar
cTan[(c*d)/e] + ArcTan[c*x]))] - (Pix*Logl[l + c~2%x72])/2 + 2*ArcTan[(c*d)/e
1*Log[Sin[ArcTan[(c*d)/e] + ArcTan[c*x]]] + I*PolyLogl[2, E~((2*I)*(ArcTan[(
cxd)/e] + ArcTan[c*x]))]1))/(c™2%d™2 + e72)))/(2*(c™2*%d"2 + e72))

Maple [B] time = 0.102, size = 961, normalized size = 1.9

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctan(c*x)) 2/ (exx+d) " 3,x)

[Out] -c”2%axb/(c™2*d"2+e"2)/(ckexx+cxd)-1/2*b"2xc " 2xex1n(c™2%x"2+1) /(c"2*xd"2+e”2
)"2-1/2%c”2*b"2/ (cxexx+c*xd) "2/exarctan(c*x) "2-c 2*b"2*arctan (c*x) / (c”™2*xd~2+
e”2)/ (cxexx+c*xd) +c™2x%b " 2xe/ (c"2*xd"2+e”2) "2x1n (ckexx+c*d) —1/2*%c”™2xb"2*xe/ (c™2
*d"2+e"2) "2xarctan(c*x) "2+b"2*xc " 3*d*arctan(c*xx) /(c"2*%d"2+e"2) "2-1/2%c"2*a"2
/ (c*xexx+c*d) "2/e-I*xc"3*xb~2xd/ (c"2*%d"2+e"2) "2*1n(cxe*xx+c*xd) *1n ((I*xe+e*xc*x) /(
Ixe-d*xc))+1/2xI*c”3*xb"2*xd/ (c™2*d"2+e"2) "2*In(c*xx+I) *1n(c™2*x"2+1)+1/2%I*c”3
*b72xd/ (c72*%d"2+e72) "2x1In(c*x-I)*1n(-1/2*I* (cxx+I1))-1/2*I*c~3*b~2*d/ (c~2*d"
2+4e72) "2*%1In(c*x-I)*1n(c”2*xx"2+1)-1/2*xI*c"3*b"2*d/ (c"2*d"2+e~2) "2*x1n (cxx+I) *
In(1/2%I*(cxx-1))+I*c"3*b~2xd/ (c™2+%d"2+e72) "2*1n(cxexx+c*d) *1n ((I*e-e*c*x)/
(d*c+Ixe))+c 4*axb/e/(c™2xd"2+e”2) "2*arctan(c*x)*d~2-c~2*axbxe/(c"2*%d " 2+e"2
) "2xarctan (c*x)+2*c”3*axb*xd/ (c"2xd"2+e"2) "2*1n (c*e*x+c*d) +I*c”3xb~2xd/ (¢~ 2%
d"2+e72) "2xdilog((I*e-e*xcxx)/(d*c+Ixe))+1/2%c"4xb"2/e/(c2*d"2+e"2) "2*arcta
n(c*x) "2xd"2-I*c”3*b~2*xd/ (c"2*d"2+e”2) "2*dilog ((I*et+e*c*x)/(I*e-d*c))-1/4%I
*c"3%b72*d/ (c72xd"2+e72) "2x1n (c*x+I) "2+1/2*I*c”3*b"2xd/ (c~2*%d"2+e"2) "2*dilo
g(-1/2xI*(cxx+1))+1/4%Ixc™3%b~2%d/ (c™2xd"2+e"2) "2*1n(c*x-1) "2-1/2%I*c~3*b~2
*d/ (c72%d"2+e72) "2*dilog(1/2%I* (c*x-I))+2%c~3*b"2*arctan(c*x)*d/(c™2*d"2+e”
2) “2*x1n(c*exx+cxd) -c~3*¥b " 2xarctan(c*x) /(c™2*d"2+e72) "2*d*1n(c™2*x"2+1) -c~2x%
a*xb/ (cxexx+c*d) "2/exarctan(c*xx)-c 3*axb/(c"2*xd"2+e”~2) "2*xd*x1n(c"2*%x"2+1)
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Maxima [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctan(c*x))~2/(exx+d)~3,x, algorithm="maxima"

[Out] Timed out

Fricas [F] time = 0., size = 0, normalized size = 0.

b2 arctan (cx)* + 2 abarctan (cx) + a2 )

integral
tntest e3x3 + 3de2x? 4+ 3d%ex + d°

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((atb*arctan(c*x)) 2/ (e*x+d)~3,x, algorithm="fricas")

[Out] integral((b~2*arctan(c*x)”2 + 2*xaxbk*arctan(c*x) + a~2)/(e”3*x”3 + 3*xd*e”2xx
2 + 3%d72xexx + d73), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*atan(c*x))**2/(e*xx+d)**3,x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

(barctan (cx) + a)2

dx
(ex + d)3




Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctan(c*x))~2/(exx+d)~3,x, algorithm="giac")

[Out] integrate((b*arctan(c*x) + a)~2/(exx + d)~3, x)

98
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3.15 f (d + ex)® (a +btan™ (cx))3 dx

Optimal. Leaf size=652

CcX

3ib2d(cd - e)(cd + ¢)PolyLog (2,1 - %) (a+btan(cx)  3ib%e (6c2d2 - ¢2) PolyLog (2,1 - %) ) 33%d(cd —

c3 4c4

[Out] (3*a*b~2xd*xe”2*x)/c”2 - (b~3*e"3%*x)/(4*c”3) + (b~3*e”3*ArcTan[c*x])/(4xc™4)
+ (3*b73*kdxe " 2xx*xArcTan[c*x])/c”2 + (b™2*e " 3*x"2*(a + bxArcTan[c*x]))/(4*c
~2) - (3*b*d*e”2*x(a + bxArcTan[c*x])"2)/(2*c”3) + ((I/4)*b*xe"3*(a + b*ArcTa
nlc*x])"2)/c™4 - (((3*%I)/4)*bxex(6*c™2%d"2 - e~2)*(a + bxArcTan[c*x])~2)/c”
4 - (3xbxex(6*%c™2xd"2 - e”2)*x*x(a + b¥ArcTan[c*x])~2)/(4*c”3) - (3*xbxd*e 2%
x"2x(a + bxArcTan[c*x])~2)/(2*xc) - (b*e"3*x"3%(a + b*ArcTan[c*x])~2)/(4xc)
+ (I*d*(cxd - e)*x(cxd + e)*(a + b*ArcTan[c*x])~3)/c”3 - ((c™4*d"4 - 6*c™2xd
“2%e72 + e”4)*(a + bxArcTan[c*x])~3)/(4*c”4*e) + ((d + exx)~4x(a + bxArcTan
[c*x])~3)/(4*xe) + (b~2*e"3*(a + bxArcTan[c*x])*Log[2/(1 + I*xc*x)])/(2%c”4)
- (3*%b"2*%ex(6*%c™2xd"2 - e"2)*(a + bxArcTan[cx*x])*Log[2/(1 + Ixc*x)])/(2xc™4
) + (3xbxd*x(cxd - e)*(cxd + e)*(a + bxArcTan[cxx]) 2+Log[2/(1 + I*c*x)])/c”
3 - (3*%b7"3xd*e"2*Log[l + c™2*xx72])/(2%xc~3) + ((I/4)*b~3*e~3*PolylLogl[2, 1 -
2/(1 + I*xcxx)])/c™4 - (((3%I)/4)*b~3xe*x(6*%c™2%d"2 - e~2)*PolyLog[2, 1 - 2/(
1 + Ixcxx)])/c”4 + ((3*I)*b~2+d*x(cxd - e)*(cxd + e)*(a + bxArcTan[c*x])*Pol
yLogl[2, 1 - 2/(1 + Ixc*x)])/c”3 + (3*%b~3xd*(cxd - e)*(cxd + e)*PolyLogl[3, 1
- 2/(1 + Ixc*x)])/(2%c~3)

Rubi [A] time = 1.20167, antiderivative size = 652, normalized size of antiderivative =

. . number of rul
1., number of steps used = 29, number of rules used = 15, integrand size = 18, e =
integrand size

= 0.833, Rules used = {4864, 4846, 4920, 4854, 2402, 2315, 4852, 4916, 260, 4884, 321, 203,
4984, 4994, 6610}

1+icx

3ib%d(cd — e)(cd + e)PolyLog (2,1 -~ L) (a + btan_l(cx)) 3ib%e (6c2d2 - ez) PolyLog (2,1 - ﬁ) X 3b3d(cd -

c3 4ct

Antiderivative was successfully verified.

[In] Int[(d + exx) 3*x(a + bxArcTan[c*x])~3,x]

[Out] (3*axb™2xd*e"2*x)/c”2 - (b"3*e”3*x)/(4*c"3) + (b~3*e”3*ArcTan[c*x])/(4*xc™4)
+ (3*b"3*d*xe"2xx*ArcTan[c*x])/c”2 + (b™2*xe"3*x"2*(a + b*ArcTan[c*x]))/(4*c
~2) - (3*b*d*e”2*x(a + b*ArcTan[c*x])~2)/(2*c”3) + ((I/4)*b*e"3*(a + b*ArcTa
nlc*x])~2)/c™4 - (((3*%I)/4)*bxex(6*c™2+%d"2 - e~2)*(a + bxArcTan[c*x])~2)/c”
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4 - (3xbxex(6*%c™2xd"2 - e”2)*xx(a + b*ArcTan[c*x])~2)/(4*c”3) - (3*xbxd*e~2x
x"2x(a + bxArcTan[c*x])~2)/(2*xc) - (b*e"3*x73*(a + b*ArcTan[c*x])~2)/(4xc)
+ (Ixd*x(cxd - e)*x(cxd + e)*(a + b*ArcTanl[c*x])~3)/c”3 - ((c74*d"4 - 6*c™2*d
"2%e”2 + e”4)*(a + bxArcTan[c*x])~3)/(4*c"4*e) + ((d + exx)~4x(a + b*ArcTan
[c*x])7"3)/(4xe) + (b~2xe"3x(a + b*ArcTan[c*x])*Log[2/(1 + Ixc*x)])/(2%c™4)
- (3*%b72%ex(6%c™2xd"2 - e72)*(a + b*ArcTan[c*x])*Log[2/(1 + Ixc*x)])/(2%c™4
) + (3xbxd*(cxd - e)*(cxd + e)*(a + bxArcTan[cxx]) "2xLog[2/(1 + I*c*x)])/c”
3 - (3*%b7"3xd*e"2*Log[l + c”2*x"2])/(2%xc~3) + ((I/4)*b~3*e~3*PolylLog[2, 1 -
2/(1 + I*xcxx)])/c™4 - (((3%I)/4)*b~3xe*x(6*%c™2+%d"2 - e~2)*PolyLog[2, 1 - 2/(
1 + Ixcxx)])/c”4 + ((3*I)*b~2+d*(cxd - e)*(cxd + e)*(a + bxArcTan[c*x])*Pol
yLogl[2, 1 - 2/(1 + Ixc*x)])/c”3 + (3*%b~3xd*(cxd - e)*(cxd + e)*PolyLogl[3, 1
- 2/(1 + Ixc*x)])/(2%c~3)

Rule 4864

Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.)) " (p_)*((d_) + (e_.)*(x_))"(q_.), x_Sy
mbol] :> Simp[((d + exx)~(q + 1)*(a + b*ArcTan[c*x])"p)/(ex(q + 1)), x] - D
ist [(bxc*p)/(ex(q + 1)), Int[ExpandIntegrand[(a + b¥ArcTan[c*x])~(p - 1), (
d +exx)"(q+ 1)/ + c™2*%x72), x], x], x] /; FreeQ[{a, b, c, d, e}, x] &&
IGtQlp, 1] && IntegerQlql && NeQ[q, -1]

Rule 4846

Int[((a_.) + ArcTan[(c_.)*(x_)]*(b_.))"(p_.), x_Symbol] :> Simp[x*(a + b*Ar
cTan[c*x])“p, x] - Dist[b*c*p, Int[(x*(a + b*ArcTan[c*x])~(p - 1))/(1 + c~2
xx~2), x], x] /; FreeQ[{a, b, c}, x] && IGtQ[p, O]

Rule 4920

Int[(((a_.) + ArcTan[(c_.)*(x )1*(b_.))"(p_.)*(x_))/((@) + (e_.)*x(x_)"2),
x_Symbol] :> -Simp[(Ix(a + b*ArcTan[c*x])~(p + 1))/(b*xex(p + 1)), x] - Dist
[1/(c*d), Int[(a + bxArcTan[c*x]) p/(I - c*x), x], x] /; FreeQ[{a, b, c, d,
e}, x] && EqQle, c™2xd] && IGtQ[p, 0]

Rule 4854

Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.))"(p_.)/((@_ ) + (e_.)*(x_)), x_Symbol]

:> -Simp[((a + b*ArcTan[cx*x]) “p*Log[2/(1 + (exx)/d)])/e, x] + Dist[(bxcx*p)
/e, Int[((a + b*ArcTan[c*x])~(p - 1)*Logl[2/(1 + (exx)/d)])/(1 + c”2*x"2), x
1, x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c™2*d"2 + e~2, 0]

Rule 2402

Int[Logl[(c_.)/((d_) + (e_.)*(x_))]/((f_) + (g_.)*(x_)"2), x_Symbol] :> -Dis
tle/g, Subst[Int[Logl[2*xd*x]/(1 - 2xd*x), x], x, 1/(d + e*xx)], x] /; FreeQ[{
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c, d, e, £, g}, x] & EqQ[c, 2*d] && EqQ[e~2*f + d~2x*g, 0]

Rule 2315

Int[Logl[(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> -Simp[PolyLog[2, 1 -
cxx]/e, x] /; FreeQ[{c, d, e}, x] && EqQle + c*d, 0]

Rule 4852

Int[((a_.) + ArcTan[(c_.)*(x_)]*(b_.))"(p_.)*((d_.)*(x_)) " (m_.), x_Symbol]

:> Simp[((d*x)"(m + 1)*(a + b*ArcTan[c*x]) p)/(d*x(m + 1)), x] - Dist[(b*c*p
)/(@x(m + 1)), Int[((d*x)"(m + 1)*(a + b*ArcTan[c*x])~(p - 1))/(1 + c™2*x"2
), x1, x] /; FreeQ[{a, b, c, d, m}, x] && IGtQ[p, 0] && (EqQlp, 1] || Integ
erQ[m]) && NeQ[m, -1]

Rule 4916

Int[(((a_.) + ArcTan[(c_.)*(x_)]1*(b_.)) " (p_.)*((f_.)*(x_))"(m_))/((d_) + (e
_)*(x_)"2), x_Symbol] :> Dist[f~2/e, Int[(f*x)"(m - 2)*(a + bxArcTan[c*x])
“p, x], x] - Dist[(d*f~2)/e, Int[((f*x)~(m - 2)*(a + b*ArcTan[c*x]) p)/(d +
exx~2), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && GtQ[p, 0] && GtQ[m, 1]

Rule 260

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
tla + b*x"n, x]]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 4884

Int[((a_.) + ArcTan[(c_.)*(x_ )I*(b_.))"(p_.)/((@.) + (e_.)*x(x_)"2), x_Symbo
1] :> Simp[(a + b*ArcTan[c*x])~(p + 1)/(b*cxdx(p + 1)), x] /; FreeQ[{a, b,
c, d, e, pr, x] && EqQ[e, c~2*xd] && NeQ[p, -1]

Rule 321

Int[((c_)*(x D))" (m )*((a_) + (b_.)*x(x_)"(n_))"(p_), x_Symbol] :> Simp[(c~(
n - D*(c*xx)"(m - n + D*x(a + bxx™n) " (p + 1))/ (bx(m + nxp + 1)), x] - Dist[
(a*c™n*(m - n + 1))/ (b*(m + nxp + 1)), Int[(c*x)"(m - n)*(a + b*x"n) p, xJ,
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] && NeQ[m + nx*p
+ 1, 0] &% IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
la, 2]11)/(Rtla, 2]*Rt[b, 2]1), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
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, 01 Il GtQlb, 0])

Rule 4984

Int[(((a_.) + ArcTan[(c_.)*(x )]1*x(b_.))"(p_)*x((£f) + (g_.)*x(x_))"(m_.))/((
d_) + (e_.)*(x_)"2), x_Symbol] :> Int[ExpandIntegrand[(a + bxArcTan[c*x]) p
/(d + exx"2), (f + gxx)"m, x], x] /; FreeQ[{a, b, ¢, d, e, f, g}, x] && IGt
Qlp, 0] && EqQle, c~2xd] && IGtQ[m, O]

Rule 4994

Int[(Loglu_l*((a_.) + ArcTan[(c_.)*(x_)]*(b_.))"(p_.))/((d_) + (e_.)*(x_)"2
), x_Symbol] :> -Simp[(I*(a + b*ArcTan[c*x]) “p*PolyLog[2, 1 - u])/(2xcx*d),

x] + Dist[(b*pxI)/2, Int[((a + b*ArcTan[c*x])~(p - 1)*PolyLog[2, 1 - ul])/(d
+ exx~2), x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQle, c~2x
d] && EqQ[(1 - w)~™2 - (1 - (2+I)/(I - c*x))"2, 0]

Rule 6610
Int[(u_)*PolylLog[n_, v_], x_Symbol] :> With[{w = DerivativeDivides[v, uxv,

x]}, Simpl[w*PolyLog[n + 1, v], x] /; !'FalseQ[wl] /; FreeQ[n, x]

Rubi steps
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2 (6C2d2—€2) (a+b tan™! (cx))2 4de3x(a+b tan™! (cx))‘
3
(d + ex)* (a +b tan_l(cx)) (3bo) | ( A + 2
4e -

f (@ +e0? (a+ btan(cx)) dx =

2
c4d4—6c2d262+e4+4czd(cd—e)e(cd+e)x) (a+b tan™! (cx))

~ (d + ex)* (a + btan_l(CX))3 (3D) f ( 1+c2x2
= ” - 4c3e

3be (6c2d2 - ez) x (a +b tan_l(cx))2 3bde?x? (a +b tan_l(cx))2 be3x3 (a + 1
- 4¢3 - 2c - :

3ibe (602d2 —~ ez) (u +b taun_l(cx))2 3be (6c2d2 - ez) X (a +b tan_l(cx))2 3b
- 4ct - 4¢3 o

2
3ab2de?y  b*e3x? (a +b tan_l(cx)) 3bde? (a +b tan_l(cx)) ibe® (a +btan
c2 4c? 2¢3 4ct
3ab?de?x  B3SBx  3b3de’xtan'(cx) PR (ﬂ +b tan_l(cx)) Bbde? (ﬂ +b
T2 408 " c? " 4c? - 2c

3ab?de®x  b3edx  bedtanl(cx) 3b3delxtanl(cx) bPex? (11 +btan™!(cx
c2 4¢3 4ct c2 4¢?

3ab?de?x  B3e3x  3eStanl(cx) 3b3dextan(cx) bPex? (ﬂ +btan™!(cx
c? 4¢3 4ct c2 4¢?

Mathematica [A] time = 1.84167, size = 855, normalized size = 1.31

ae3x*c + 3a’bx (4513 + 6exd? + 4e>x%d + e3x3) tan " (cx)c* + a2e?(4acd — be)x3c® + 6a%de(acd — be)x2c® + 12ab?d® (tz

Warning: Unable to verify antiderivative.

[In] Integrate[(d + e*x)~3%(a + bxArcTan[c*x])~3,x]

[Out] (a~2*c*x(4xaxc™3*d™3 + 3*b*e*x(-6*c™2xd"2 + €72))*x + 6*a~2*c 3*kd*ex(axcxd -
b*e)*x"2 + a~2*%c”3*e 2% (4d*xaxckd — b*e)*x"3 + a~3*c 4*e”3*x"4 + 3*xa"2xbx (6*c
~2%d"2%e - e”3)*ArcTan[c*x] + 3*a~2¥b*c 4*x*(4*d"3 + 6xd"2xexx + 4*xd*xe”2*x”
2 + e73*xx"3)xArcTan[c*x] + axb™2%e”3%x(1 + c™2%x"2 + (6*c*xx - 2*%c~3*x"3)*Arc
Tan[c*x] + 3%(-1 + c"4*x74)*ArcTan[c*x] 2 - 4xLog[l + c™2%x72]) - 6%a”2*b*c
xd* (c™2xd"2 - e”2)*Logl[l + c™2%x72] + 18%axb ™ 2xc”2*xd"2%ex (-2xc*x*ArcTan [c*xx
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1 + (1 + c™2%x72)*%ArcTan[c*x] "2 + Logl[l + c72*x72]) + 12%a*xb™2xc~3*d"3*(Arc
Tan[c*xx]*((-I + c*x)*ArcTan[c*x] + 2*Log[l + E~((2*I)*ArcTan[c*x])]) - I*Po
lyLog[2, -E~((2*I)*ArcTan[c*x])]) + 12*axb~2*cxd*e”2*(c*x + (I + c~3*x"3)*A
rcTan[c*xx] "2 - ArcTan[c*x]*(1 + c”2*x"2 + 2xLog[1 + E~((2*I)*ArcTan[c*x])])
+ IxPolyLogl[2, -E~((2*I)*ArcTan[c*x])]) + 6%b~3xc~2*d~2*ex(ArcTan[c*x]*((3
*I - 3%ckx)*ArcTan[c*x] + (1 + c™2xx"2)*ArcTan[c*x]"2 - 6*Log[1l + E~((2*I)*
ArcTan[c*x])]) + (3*%I)*PolyLog[2, -E~((2*I)*ArcTan[c*x])]) + b~3*%e 3% (-(c*x
) — (4%I - 3*cxx + c¢~3*%x"3)*ArcTan[c*x]"2 + (-1 + c74*x"4)*ArcTan[c*x] "3 +
ArcTan[cxx]*(1 + c™2*%x72 + 8xLog[l + E~((2*I)*ArcTan[c*x])]) - (4*I)*PolyLo
g2, -E~((2*I)*ArcTan[c*x])]) + 2xb~3*c*d*e”2x(6*cxx*ArcTan[c*x] - 3*ArcTan
[c*x] 72 - 3*%c™2xx"2*ArcTan[c*x] "2 + (2*I)*ArcTan[c*x]~3 + 2%c~3*x"3*ArcTan[
c*x]73 - 6*ArcTan[cxx] "2*Log[1 + E~((2*I)*ArcTan[c*x])] - 3*Logl[l + c™2*x"2
] + (6*I)*ArcTan[c*x]*PolyLog[2, -E~((2*I)*ArcTan[c*x])] - 3*PolyLog[3, -E~
((2%I)*ArcTan[c*x])]) + 2*%b~3xc~3*d"3*(2*ArcTan[c*x] "2x((-I + c*x)*ArcTan(c
xx] + 3*xLog[l + E~((2*I)*ArcTan[c*x])]) - (6*%I)*ArcTan[c*x]*PolyLog[2, -E~(
(2xI)*ArcTan[c*x])] + 3*PolyLog[3, -E~((2*I)*ArcTan[c*x])]))/(4*xc™4)

Maple [C] time = 3.813, size = 3577, normalized size = 5.5

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx+d) "3*(at+b*arctan(c*x))~3,x)

[Out] 3/2*I/c”3*a*xb~2*%e”2xd*1n(c~2*x~2+1)*1n(c*x-I1)+3/2*I/c~3*a*xb~2xe 2*d*1n (c*x+
I)*1n(1/2%I* (c*x-1))-3/4*I/c”3%b~3*e " 24Pi*d*csgn (I* ((1+I*c*x) "2/ (c™2%x"2+1)
+1)72) "3*%arctan(c*x) "2+3/4*1/c”3*b"3*e " 2*Pi*d*csgn (I* (1+Ixc*x) "2/ (c™2*x72+1
)) "3*arctan(c*xx) "2+3/4%I1/c”3*b"3xe " 2*xPikxd*csgn (I* (1+I*cxx) "2/ (c™2xx~2+1) / ((
1+T*cxx) "2/ (c™2xx"2+1)+1) "2) “3*arctan (c*x) "2+3/4%1/c~3*b~3*xe ~2*Pixd*csgn(I/
((1+I*c*xx) "2/ (c™2%x"2+1)+1) "2) *csgn (I* (1+Ixc*x) "2/ (c™2*x"2+1) ) xcsgn (I* (1+I*
c*x) "2/ (c™2%x72+1) / ((1+I*c*xx) "2/ (c™2*x"2+1)+1) "2) *arctan (c*x) ~2+3*a*xb”~2*d*e
"2x%x/c”2+3*%b"3*d*e " 2xx*arctan(c*x) /c"2-1/4*%b"3%e"3%x/c"3+1/4%b"3%e"3*arctan
(c*x) /c™4+1/4%a~3*%e"3*x"4+a” 3*xx*d"3+3/4*I/cxb~3*Pi*d~3*csgn (I/((1+I*c*xx)~2/
(c™2*%x72+1)+1)"2) *csgn (I* (1+Ixc*x) "2/ (c™2*x72+1) / ((1+I*c*xx) "2/ (c™2%x"2+1) +1
) "2) "2*arctan(c*x) "2-3/2*I/c*xb”3*%Pi*d~3*csgn (I* ((1+I*c*x) "2/ (c™2*x"2+1)+1))
xcsgn (Ix ((1+I%ckxx) "2/ (c™2%x72+1)+1)72) "2*%arctan(c*x) "2+3/2*I/c*b~3*xPi*d~3*c
sgn (I* (1+I*xc*x)/(c™2xx72+1) 7 (1/2) ) *csgn(I* (1+Ixc*x) "2/ (c™2*x"2+1)) "2*arctan
(c*x)"2-3/4%I/c*b~3*Pi*d~3*csgn(I* (1+I*c*xx)/(c™2%x72+1)~(1/2)) "2*csgn (I*(1+
T*xc*xx) "2/ (c™2xx"2+1) ) *arctan(c*x) "2+3/4*%I1/cxb~3*Pi*d~3*csgn (I* (1+I*cxx) 2/ (
c™2xx72+1) ) *csgn (I* (1+I*xc*x) "2/ (c™2%x72+1) / ((1+I*c*x) "2/ (c™2*%x"2+1)+1)"2) "2
*xarctan(c*x) "2+3/4*I/cxb~3*Pixd " 3*csgn (I* ((1+I*c*x) "2/ (c™2%x"2+1)+1)) "2*csg
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n(I*((1+I*xc*xx) 2/ (c™2*xx"2+1)+1)"2) *arctan(c*xx) "2-3/2*I/c”3*a*b~2*xe~2*d*1n(c
“2*xx72+1) *1n(c*x+1)-3/2*I/c”3*axb”2%e”2*¢d*x1n (cxx-I1)*1n(-1/2*I* (c*x+I))+a”~3*
e”2%x"3*d+3/2*%a" 3kexx"2*xd"2+1/4*b"3*e " 3*arctan (c*xx) “3*x"4+b~3*arctan(c*x) "3
*xx*d"3-1/4/c”4*xb~3*e"3*arctan (c*x) "3+3/2/c*b~3*xd"3*polylog(3,-(1+Ixc*x)~2/(
CcT2%x72+1))+1/4*%a"3/exd"4-1/4%1/c"4*b"3%e"3-3/4*1/c”3*b"3*e " 2xPikxd*csgn(I/(
(1+I%c*x) "2/ (c™2%x72+1)+1) "2) *csgn (I* (1+I*c*xx) "2/ (c™2xx~2+1) / ((1+I*c*x) "2/ (
CcT2xx"2+1)+1)72) "2*arctan(c*x) "2-3/4*%I/c"3*b"3%e " 2*Pikd*csgn (I* ((1+I*c*x) 2
/(c™2%x72+1)+1) ) "2*xcsgn (I* ((1+I*cxx) "2/ (c™2xx"2+1)+1) "2) *arctan (c*x) ~2-3/2%
I/c”3%b"3xe 2xPixd*csgn(I* (1+I*cxx)/(c™2*%x"2+1) "~ (1/2)) *csgn(I* (1+I*cxx) "2/ (
c”2%x72+1)) "2*arctan(c*x) "2+3/4%I1/c”3%b"3xe " 2*Pi*d*csgn (I* (1+I*c*x)/(c™2%x"
2+1)7(1/2)) "2*csgn(I* (1+I*xcxx) "2/ (c™2%x"2+1) ) *xarctan(c*x) "2-3/4*I/c”3*%b~3*e
“2*Pik*dxcsgn (I*x (1+I*c*xx) "2/ (c™2*%x™2+1) ) *csgn(I*(1+I*c*xx) "2/ (c™2xx"2+1) /((1+
T*xc*xx) "2/ (c™2%x"2+1)+1)"2) "2*arctan(c*x) "2+3/2*%I/c”3*b~3*%e~2*Pi*d*csgn (I* ((
1+T*xcxx) "2/ (c™2xx72+1) +1) ) *kcsgn (I* ((1+I*cxx) ~2/(c™2xx~2+1)+1) "2) “2*arctan(c
*xx) "2-3/4%1/cxb~3*Pixd"3*csgn (I/((1+I*xc*x) "2/ (c™2%x"2+1)+1) "2) *csgn (I* (1+Ix*
c*x) "2/ (c72*x72+1) ) xcsgn(I* (1+I*c*xx) "2/ (c™2*x~2+1) / ((1+I*c*x) "2/ (c™2%x"2+1)
+1) "2)*arctan(c*xx) “2+3/4*a*xb~2*xe 3*arctan (c*xx) “2xx~4+3*a"2*b*arctan (ckxx) *xx*
d"3+3*axb”~2*arctan (c*x) “2*x*d"3+3/4*a” 2*b*e " 3*arctan (c*x) *x~4+b"3*e”2*arcta
n(c*xx) "3*x"3*%d-1/4/c*¥b"3*e " 3*arctan (c*xx) "2*xx~3+3/c* b 3*d"3*In ((1+I*c*x)/(c”
2%x72+1) " (1/2) ) *arctan(c*x) ~2-3/2/c*b"3*arctan(c*x) "2*x1n(c~2*x"2+1) *d"3-3/4
/c”4*a"2%b*arctan(c*x)*e~3-1/c 4*a*xb"2*%e " 3*1n(c”2*x"2+1)-3/4/c " 4*a*xb"2*e" 3%
arctan(c*x) "2-3/2/c”3%b"3*e”2*d*polylog(3,-(1+I*c*x) "2/ (c™2%x"2+1))+3/c”3*b
“3%e " 2*¢d*1In ((1+I*xc*xx) "2/ (c™2%x"2+1)+1)+1/4/c”2*b~3*e"3*arctan (c*x) *x~2+3/2/
c"2xb~3*exarctan(c*x) "3*d"2-3/2/c"3*b"3*xe " 2*xd*arctan(c*xx) “2+3/cxb"3*1n(2) *d
~3*arctan(c*x) "2-3/2/c*xa”2xbx1n (c”2*%x"2+1) *d"3+2/c"4*b"3*e"3*arctan (c*x) *1n
(I+I*x(1+I*c*xx) /(c™2%x72+1) 7 (1/2) ) +2/c”4*b~3*e"3*arctan (cxx) *1n (1-Ix (1+Ixc*x
)/ (c™2xx72+1)~(1/2) )+3/4/c~3*%b"3*e"3*arctan (c*x) ~2*x+3/2*b"3*e*arctan(c*x)”
3xx"2%d"2-2%I/c"4xb"3*%e"3*dilog (1-I* (1+Ixc*x)/(c™2%xx"2+1) " (1/2))-I/c”4*b~3x
e~ 3xarctan(c*x) "2-2%I/c"4*b"3*e"3*xdilog (1+I* (1+I*c*x)/(c™2%x"2+1)~(1/2))-1/
cxb~3*d"3*arctan(c*x) "3-1/4/c*xa”2xb*xe”3*%x"3+1/4/c " 2*axb”2xe"3*xx"2+3/4*a"2*b
/c”3*%e"3*x-3/c*axb"2xe"2*xarctan (c*x) *d*x"2-9/c*axb"2*xexarctan (c*x) *d"2*x+3/
c"3*xa*xb"2xe"2*xarctan (cxx) *1n(c”2*x"2+1) *d-3/2*I/c*a*b”2*xd " 3*1n(c”2*x"2+1) *1
n(c*x-1)-3/2*I/c*axb”2*d"3*1ln(cxx+I)*1n(1/2*xI*(c*x-1))+3/2*I/c*axb”2*d"3*1ln
(cxx-1)*1n(-1/2*%I* (c*x+I1))+3/2*I/cxaxb™2*d"~3*1n(c~2*x"2+1) *1n(c*x+I1)-3/4*1/
c*b"3*Pi*d"3*csgn(Ix (1+I*c*xx) "2/ (c™2xx"2+1) / ((1+I*xc*x) "2/ (c™2%x"2+1)+1)"2)~
3xarctan(cx*x) "2-3/4*I/cxb~3*Pixd~3*csgn (I* (1+I*c*x) "2/ (c”2%x"2+1)) ~3*arctan
(cxx) 72+3/4%1/cxb~3*Pixd~3*csgn (I* ((1+Ixc*x) "2/ (c™2%x"2+1)+1) "2) "3*arctan(c
*xx)"2-3/4%1/c”3*axb”2%xe " 2xd*x1n(c*x-1) "2+3/4*1/c~3xaxb”~2*e 2*d*1n (c*x+I) ~2+3
/2%1/c”3%axb"2xe"2*xd*xdilog(1/2*I* (c*x-1))-3/2*I/c”3*axb~2*e 2*d*xdilog(-1/2%
T* (c*x+I))+3%I/c”3%b"3*e " 2xd*arctan(c*x)*polylog(2,-(1+I*xc*x) "2/ (c™2%x"2+1)
)—9/2%a"2xb/c*x*d"2*e-3/2/c*xa”2xbxx"2*%d*e"2-9/2/c*b " 3*e*arctan (cxx) "2*%d"2*x
-3/2/c*b"3*%e" 2*arctan(c*xx) "2*xd*x"2+3/2/c " 3*axb"2*e"3*arctan (c*x) *x-9/c”2*b"
3*xexd " 2*xarctan (cxx)*1n(1+I* (1+I*xc*x)/(c™2*xx"2+1) ~(1/2) ) +3*a*b~2xe”~2*arctan (
CcxX) T2%x73%d+9/2*a*xb " 2*xexarctan (cxx) “2xx"2*%d"2+3*a” 2*b*e” 2*arctan (cxx) *x 3%
d+9/2*a”2*xbxexarctan (c*x) *x~2*d"2-9/c”2*b"3*exd " 2*xarctan (c*x) *1n(1-I* (1+I*c
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xx) /(c72%x72+1) 7 (1/2))-3/c"3*b~3*e " 2xd*1n ((1+Ixc*x) /(c™2%x~2+1) " (1/2)) *arct
an(c*x) "2+3/2/c”3*b"3*e"2xarctan (c*x) "2*1In(c”2*x"2+1) *d-1/2/c*xa*xb~2*xe~3*arc
tan(c*x)*x~3-3/c*a*xb " 2*arctan(c*x) *1n(c™2*xx"2+1) *d"3+9/2/c” 2*a*b”~ 2xexd " 2*ar
ctan(c*x) "2-3/c " 3*a*b"2*xe”"2*xarctan (c*x) *d+9/2/c " 2*a*b"2*xe*x1n(c"2*xx"2+1) *d "2
+3/2/c”3*%a"2xbx1n(c"2%x"2+1) *d*e”2+9/2/c " 2*a" 2xbxexarctan (c*x) *d"2+I/c”3*b~
3xe"2*d*arctan(c*x) "3-3/c”3*b"3*%e”2*x1n(2) *d*arctan (c*x) “2+3/4*I/c*axb”2*d"3
*x1n (c*x—1) "2+3/2%I/c*xa*xb™2xd"3*dilog(-1/2*I* (cxx+I1))-3/2%I/c*kaxb~2*xd"3*dilo
g(1/2xI*(c*x-1))-3/4*1/c*a*xb”2*d"3*1n(c*x+I) ~2-3*I/c*b~3*d"3*arctan (c*x)*po
lylog(2,-(1+Ixc*x)~2/(c™2%x72+1))-3%I/c”3*b"3*e”2xarctan(c*x) *d+9*I/c~2%b"3
*xexd”"2*%dilog (1-I* (1+I*c*x)/(c™2%x72+1) " (1/2))+9/2%I/c~2*b"3*exd 2*arctan(cx
X) T2+9%I/c”2%b " 3%exd"2*dilog (1+I* (1+I*c*x)/(c™2%x"2+1)~(1/2))

Maxima [F] time = 0., size = 0, normalized size = 0.

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d) 3*(atb*arctan(c*x))~3,x, algorithm="maxima")

[Out] 1/4*a”3*%e"3*x"4 + a~3xd*e”2*%x~3 + 7/32+b~3*d"3*arctan(c*x)~4/c + 112xb~3x*c”
2*e”~3xintegrate(1/128*x~5*arctan(cxx)~3/(c™2*x"2 + 1), x) + 12*%b~3*c™2%e”3x
integrate(1/128*x " b*arctan(c*x)*log(c™2*x"2 + 1)72/(c™2%x"2 + 1), x) + 384x
axb~2*c"2%e " 3xintegrate(1/128*x"5*arctan(c*x) "2/ (c™2*%x"2 + 1), x) + 336%b~3
xc”"2xd*e"2xintegrate(1/128*x"4*xarctan(c*x) “3/(c™2*xx"2 + 1), x) + 12*%b~3*c™2
xe~3*xintegrate(1/128*x~b*xarctan(c*x)*log(c™2*x"2 + 1)/(c™2%x"2 + 1), x) + 3
6*b~3*c"2xd*e " 2xintegrate(1/128*x 4*arctan(cxx)*log(c™2*x"2 + 1)72/(c™2%x"2
+ 1), x) + 1152%axb™2*c™2xd*e”2*integrate(1/128*x"4*arctan(c*x) "2/ (c™2%x"2
+ 1), x) + 336%b"3%c"2*d"2*e*xintegrate(1/128*x~3*arctan(c*x)~3/(c™2*x"2 +
1), x) + 48%b73xc”2*xd*e”2xintegrate(1/128*x"4*arctan(c*x)*log(c™2*x"2 + 1)/
(c™2*%x72 + 1), x) + 36%b~3*c”2*d " 2*exintegrate(1/128*x~3*arctan(c*x)*log(c”
2%x72 + 1)72/(c72%x72 + 1), x) + 1152%axb~2*c”2*d"2xexintegrate(1/128%x"3*a
rctan(c*x) "2/(c™2%x72 + 1), x) + 112%b73*c™2+d"3*integrate(1/128*x"2*arctan
(c*xx)~3/(c™2%x72 + 1), x) + 72xb~3%c™2*d"2*e*xintegrate(1/128*x~3*arctan(c*x
)*log(c™2xx"2 + 1)/(c™2*%x"2 + 1), x) + 12%b73xc”2*d"3*integrate(1/128*x"2*a
rctan(cxx)*log(c™2*x"2 + 1)72/(c™2*x"2 + 1), x) + 384xa*b”~2%c”2xd"3*integra
te(1/128xx"2*xarctan(cxx) "2/ (c™2*xx"2 + 1), x) + 48%b~3*c~2xd " 3*integrate(1/1
28*x~2xarctan(c*x)*log(c™2xx"2 + 1)/(c™2*x"2 + 1), x) + 3/2%xa"3*d"2*exx"2 +
axb~2*xd"3*arctan(c*x)"3/c - 12xb~3*c*e”3xintegrate(1/128*x " 4*arctan(c*x) "2
/(c72*%x72 + 1), x) + 3%b”3*c*e”3*integrate(1/128*x"4*log(c™2*x"2 + 1)72/(c”
2%x72 + 1), x) - 48%b”3xc*d*e”2*integrate(1/128*x~3*arctan(c*x) 2/ (c”2*x"2
+ 1), x) + 12%b73xc*d*e”2*xintegrate(1/128*x"3*xlog(c™2+x"2 + 1)72/(c™2*x"2 +
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1), x) - 72xb"3*c*d"2xexintegrate(1/128*x"2*arctan(c*x)”~2/(c™2*x"2 + 1), x
) + 18%b~3%cxd"2*xexintegrate(1/128*x"2*log(c™2*x"2 + 1)72/(c™2*x"2 + 1), x)
- 48%b~3*%cxd"3*integrate(1/128*x*arctan(c*x)~2/(c™2*x"2 + 1), x) + 12%b73x%
c*d"3*integrate (1/128*x*log(c™2*x"2 + 1)72/(c™2*x"2 + 1), x) + 9/2x(x"2*arc
tan(c*x) - c*x(x/c”2 - arctan(c*x)/c”3))*a~2xb*xd"2*xe + 3/2%(2*x"3*arctan(c*x
) - cx(x72/c72 - log(c™2*x72 + 1)/c™4))*a"2+b*d*e™2 + 1/4%(3*x"4*arctan(c*x
) - cx((c™2*%x"3 - 3%*x)/c”4 + 3xarctan(c*x)/c”5))*a"2*xb*e”3 + a~3*d"3*x + 11
2xb~3*e”"3*integrate (1/128*x"3*arctan(c*x)~3/(c™2*x"2 + 1), x) + 12xb~3%e”3x
integrate(1/128*x~3*arctan(c*x)*log(c™2*x"2 + 1)72/(c™2*xx"2 + 1), x) + 384x%
axb~2*e”"3*integrate(1/128*x"3*arctan(c*x)~2/(c"2*%x"2 + 1), x) + 336*b~3*dx*e
“2xintegrate(1/128*x"2*arctan(c*x) "3/(c™2%x"2 + 1), x) + 36%b~3*d*e”2*integ
rate(1/128*x"2*arctan(c*x) *log(c™2*x"2 + 1)72/(c”™2*x"2 + 1), x) + 1152%axb”
2xd*xe”2xintegrate(1/128*x"2*xarctan(c*x) "2/ (c™2*xx"2 + 1), x) + 336%b~3*d"2x*e
xintegrate(1/128*x*arctan(c*x)~3/(c”™2*x"2 + 1), x) + 36%b~3*d"2*exintegrate
(1/128xx*arctan(c*x)*log(c™2*x"2 + 1)72/(c™2*%x"2 + 1), x) + 1152%a*xb~2*d~2%
exintegrate(1/128*x*arctan(c*x)~2/(c™2*%x"2 + 1), x) + 12%b~3*d"3*integrate(
1/128*arctan(c*x) *log(c™2*xx"2 + 1)72/(c™2%x72 + 1), x) + 3/2*(2*c*xx*arctan(
c*x) - log(c™2*x72 + 1))*a”2%b*d~3/c + 1/32%(b"3%e”3*x"4 + 4*b~3*d*e”2*x"3

+ 6*%b~3%d"2xe*x"2 + 4xb”~3*d"3*x)*arctan(c*x)”3 - 3/128*%(b"3*%e"3*x"4 + 4xb”3
xd*e"2%x"3 + 6*%b~3*d"2%e*x"2 + 4xb”~3xd"3*x)*arctan(c*x)*log(cT2*x"2 + 1)72

Fricas [F] time = 0., size = 0, normalized size = 0.

mwgawﬁ§ﬁ+3ﬁkﬁg+3ﬁ¥m+a%3+@%%5+3W@%@+3wa+b%ﬂamMn@@3+3@W§ﬁ+3‘
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d) ~3x(atb*arctan(c*x))~3,x, algorithm="fricas")

[Out] integral(a™3*e~3*x~3 + 3*a”~3*d*e”2%x"2 + 3*%a~3*d"2%e*xx + a~3*%d"3 + (b~3*e”3
*x73 + 3*b " 3kdke"2*xx"2 + 3*b"3*%d"2%e*xx + b"3*kd"3)*arctan(c*x) "3 + 3k (axb”2x*
e”3*x"3 + 3*xaxb”2xd*e”2*x"2 + 3*axb”"2*xd"2*exx + axb~2*d”3)*arctan(c*x)”"2 +
3*(a"2*b*e"3*x"3 + 3*xa"2%b*d*e”2*x”2 + 3*a”~2xbxd"2xexx + a~2%b*d”3)*arctan(

c*x), X)

Sympy [F] time = 0., size = 0, normalized size = 0.

f (a + batan (cx)® (d + ex)® dx

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((exx+d)**3*(a+bxatan(c*x))**3,x)

[Out] Integral((a + bxatan(c*x))**3*%(d + e*x)**3, x)

Giac [F] time = 0., size = 0, normalized size = 0.

f (ex + d)3(b arctan (cx) + a)3 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d) "3*(atb*arctan(c*x))”~3,x, algorithm="giac")

[Out] integrate((exx + d)~3x(b*arctan(c*x) + a)~3, x)
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3
316  [(d+ex)*(a+btan™(cx)) dx
Optimal. Leaf size=411

ib? (3c2d? — 62) PolyLog (2,1 - ﬁ) (a +btan™ (cx)) b® (3c2d? — ) PolyLog (3, 1- ﬁ) 3ib*dePolyLog (2

+ —
c3 2c3 c?

[Out] (axb™2*e”2*x)/c”2 + (b~ 3*e"2*x*ArcTan[c*x])/c”2 - ((3*I)*b*d*e*(a + bxArcTa
nlc*x])~2)/c”2 - (bxe"2*(a + bxArcTan[c*x])~2)/(2%c~3) - (3*b*d*exx*(a + b*
ArcTan[c*x])~2)/c - (b*xe 2*x"2*(a + bxArcTan[cx*x])~2)/(2%c) + ((I/3)*(3*c"2

*d"2 - e"2)*(a + bxArcTan[c*x])~3)/c”3 - (d*(d"2 - (3*e”2)/c"2)*(a + b*ArcT
an[c*x])"3)/(3xe) + ((d + exx)"3*(a + bxArcTan[c*x])~3)/(3*e) — (6*b~2*d*ex*

(a + bxArcTan[c*x])*Log[2/(1 + I*c*x)])/c”2 + (b*(3*xc™2xd"2 - e"2)*(a + b*A
rcTan[c*x]) "2*Log[2/(1 + Ixc*x)])/c”3 - (b73*e"2xLogl[l + c™2*x72])/(2%c~3)

- ((3*I)*b~3*d*exPolyLog[2, 1 - 2/(1 + I*xc*x)])/c”2 + (I*b"2%(3*%c™2*d"2 - e
~2)x(a + bxArcTan[c*x])*PolyLog[2, 1 - 2/(1 + I*xc*x)])/c”3 + (b~3*(3*c™2%d"

2 - e72)*PolyLog([3, 1 - 2/(1 + I*c*x)])/(2%c”3)

Rubi [A] time = 0.774111, antiderivative size = 411, normalized size of antiderivative =
number of rules

1., number of steps used = 20, number of rules used = 13, integrand size = 18, “ntegrand size

0.722, Rules used = {4864, 4846, 4920, 4854, 2402, 2315, 4852, 4916, 260, 4884, 4984, 4994,

6610}

. 2 - 2 .

ib® (302012 - ez) PolyLog (2,1 - m) (a +btan ](cx)) . b’ (302012 - ez) PolyLog (3, 1- m) 3ib*dePolyLog (2
c3 2¢3 - c?

Antiderivative was successfully verified.

[In] Int[(d + exx)~2%(a + bx*ArcTan[c*x])"3,x]

[Out] (a*b~2*xe”2xx)/c”2 + (b~3*e”2*x*ArcTan[c*x])/c”2 - ((3*I)x*b*xd*ex(a + b*ArcTa
nlcxx])~2)/c”2 - (b*xe”2*(a + bxArcTan[c*x])~2)/(2%c”3) - (3*bkxd*exx*(a + b*
ArcTan[c*x])"2)/c - (b*e™2*x"2*(a + bxArcTan[c*x])~2)/(2%c) + ((I/3)*(3*c"2

*d"2 - e"2)*(a + bxArcTan[c*x])"3)/c”3 - (d*x(d"2 - (3*e”2)/c"2)*(a + b*ArcT
an[c*x])~3)/(3xe) + ((d + exx)~3*x(a + b*ArcTan[c*x])~3)/(3*e) - (6xb~2*d*ex*

(a + b*ArcTan[c*x])*Log[2/(1 + Ikcxx)])/c”2 + (b*(3*xc™2%d”2 - e"2)*(a + bxA
rcTan[c*x]) "2%Log[2/(1 + I*c*x)])/c™3 - (b~3*e”2*xLogl[l + c™2xx72])/(2%c”3)

- ((3*I)*b~3*d*exPolyLog[2, 1 - 2/(1 + I*c*x)])/c”2 + (I*b~2*%(3*c™2*d"2 - e
~2)*(a + bxArcTan[c*x])*PolyLog[2, 1 - 2/(1 + Ikc*x)])/c”3 + (b~3%(3*c™2*d"~

2 - e72)*PolyLogl[3, 1 - 2/(1 + Ixcx*x)])/(2%c”3)
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Rule 4864

Int[((a_.) + ArcTan[(c_.)*(x_)]*(b_.))"(p_)*((d_) + (e_.)*(x_))"(q_.), x_Sy
mbol] :> Simp[((d + e*x)~(q + 1)*(a + bxArcTan[c*x])"p)/(ex(q + 1)), x] - D
ist[(bxc*p)/(ex(q + 1)), Int[ExpandIntegrand[(a + bxArcTan[c*x])~(p - 1), (
d + exx)"(q + 1)/(1 + c™2%x72), x], x], x] /; FreeQ[{a, b, c, d, e}, x] &&
IGtQ[p, 1] &% IntegerQlql && NeQlq, -1]

Rule 4846

Int[((a_.) + ArcTan[(c_.)*(x_)]*(b_.))"(p_.), x_Symbol] :> Simp[x*(a + b*Ar
cTan[c*x])“p, x] - Dist[bxc*p, Int[(x*(a + b*xArcTan[c*x]) (p - 1))/(1 + c72
*x72), x], x] /; FreeQ[{a, b, c}, x] && IGtQ[p, 0]

Rule 4920

Int[(((a_.) + ArcTan[(c_.)*(x )]*x(b_.))"(p_.)*x(x_))/((d) + (e_.)*x(x_)"2),

x_Symbol] :> -Simp[(I*(a + bxArcTan[c*x])~(p + 1))/(b*ex(p + 1)), x] - Dist
[1/(c*d), Int[(a + bxArcTan[c*x])"p/(I - c*x), x], x] /; FreeQ[{a, b, c, d,
e}, x] && EqQle, c™2xd] && IGtQ[p, 0]

Rule 4854

Int[((a_.) + ArcTan[(c_.)*(x_)]*(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol]

:> -Simp[((a + b*ArcTan[c*x]) “p*Log[2/(1 + (e*xx)/d)])/e, x] + Dist[(b*c*p)
/e, Int[((a + b*ArcTan[c*x])~(p - 1) x*Log[2/(1 + (exx)/d)])/(1 + c~2*x"2), x
1, x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c~2*d"2 + e~2, 0]

Rule 2402

Int[Logl[(c_.)/((d ) + (e_)*(x))]1/((f_) + (g_.)*(x_)"2), x_Symbol] :> -Dis
t[e/g, Subst[Int[Log[2xd*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, f, g}, x] & EqQlc, 2*d] && EqQle~2*f + d~2xg, 0]

Rule 2315

Int[Log[(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> -Simp[PolyLog[2, 1 -
cxx]/e, x] /; FreeQ[{c, d, e}, x] && EqQ[e + c*d, 0]

Rule 4852

Int[((a_.) + ArcTan[(c_.)*(x_)]*(b_.))"(p_.)*((d_.)*(x_)) " (m_.), x_Symbol]

:> Simp[((d*x)~(m + 1)*(a + b*ArcTan[c*x]) p)/(d*x(m + 1)), x] - Dist[(b*c*p
)/(@x(m + 1)), Int[((d*x)"(m + 1)*(a + b*ArcTan[c*x])~(p - 1))/(1 + c™2*x"2
), x1, x] /; FreeQ[{a, b, c, d, m}, x] && IGtQ[lp, 0] && (EqQlp, 1] || Integ
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erQ[m]) && NeQ[m, -1]

Rule 4916

Int[(((a_.) + ArcTan[(c_.)*(x_ )I*x(b_.))"(p_)*((f_D*(x_))"(m_)) /() + (e
_)*(x_)"2), x_Symbol] :> Dist[f"2/e, Int[(f*x)"(m - 2)*(a + bxArcTan[c*x])
“p, x], x] - Dist[(d*f~2)/e, Int[((f*x)~(m - 2)*(a + b*ArcTan[c*x]) " p)/(d +
exx~2), x], x] /; FreeQ[{a, b, ¢, d, e, £}, x] && GtQ[p, 0] && GtQ[m, 1]

Rule 260

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
tla + bxx"n, x]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 4884

Int[((a_.) + ArcTan[(c_.)*(x_)]*(b_.))"(p_.)/((d_ ) + (e_.)*(x_)"2), x_Symbo
1] :> Simp[(a + bxArcTan[c*x])~(p + 1)/(b*cxd*(p + 1)), x] /; FreeQ[{a, b,
c, d, e, pr, x] && EqQ[e, c~2xd] && NeQ[p, -1]

Rule 4984

Int[(((a_.) + ArcTan[(c_.)*(x_)]1*(b_.))"(p_.)*((f_) + (g_.)*(x_))"(m_.))/((
d_) + (e_.)*(x_)"2), x_Symbol] :> Int[ExpandIntegrand[(a + bxArcTan[c*x]) p
/(d + exx"2), (f + gxx)"m, x], x] /; FreeQ[{a, b, c, d, e, £, g}, x] && IGt
Qlp, 0] & EqQle, c~2%d] && IGtQ[m, 0]

Rule 4994

Int[(Loglu_l*((a_.) + ArcTan[(c_.)*(x_)]1*(b_.))"(p_.))/((d_) + (e_.)*x(x_)"2
), x_Symbol] :> -Simp[(I*(a + b*ArcTan[c*x]) “p*PolyLog[2, 1 - u])/(2xcx*d),
x] + Dist[(b*p*I)/2, Int[((a + b*ArcTan[c*x])~(p - 1)*PolyLogl[2, 1 - ul)/(d
+ e*xx”2), x], x] /; FreeQ[{a, b, ¢, d, e}, x] && IGtQ[p, 0] && EqQl[e, c™2x
dl && EqQ[(1 - w™2 - (1 - (2xI)/(I - c*x))"2, 0]

Rule 6610
Int[(u_)*PolylLog[n_, v_], x_Symbol] :> With[{w = DerivativeDivides[v, uxv,

x]}, Simp[wxPolyLog[n + 1, v], x] /; !FalseQ[w]] /; FreeQ[n, x]

Rubi steps
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3de? (u+b taun_l(cx))2 e3x(u+b taun_l(cx))2 (czd3 -3d
3
(d + ex)? (a + btan_l(cx)) (be) | [ 2 2
3e - e
_ 3 (czd3—3de2+e(3c2d2—ez)x) (a+b tan™! (cx))2
_(d+ ex)3 (a +btan 1(cx)) B b 2 dx ) (3bde) | |
3e ce

3bdex (a +b tan_l(cx))2 be?x? (a +b taun_l(cx))2 (d + ex)? (a +b tan_l(cx))
+

c 2c

3e

3ibde (a +b taun_l(cx))2 3bdex (a +b tan_l(cx))2 be?x? (a +b taun_l(cx))2
— - +

c2 c

2c

2 2
ab?e2x  3ibde(a+btan'(cx))”  be? (a+btan"(cx))  3bdex (a+btan™!(cx

c? c?

2¢c3 c

1(cx))2 be? (a + btan_l(cx))2 3bc

c? c? c?

ab?e2x  b3ex tan_l(cx) 3ibde (ﬂ +btan”
+ —

ab2e?x  b3ex tan_l(cx) 3ibde (a +btan”
+ —

2c3

l(cx))2 be? (a + btam_l(cx))2 3b

c? c? c2 2¢3
_ . -1 2 2 -1 2
ab?e®x  bPe2xtan " (cx) 3ibde (a + btan (cx)) be (u + btan (cx)) 3b¢
+ ju— — —_—
c? c? c? 2¢3

time = 1.11731, size = 621, normalized size = 1.51

18ab?c?d? (tan_l(cx) ((cx —i)tan"!(cx) + 2 log (1 + eZitanfl(C’“))) — iPolyLog (2, —ezz‘tanfl(‘”‘))) + 6ab%e? (iPolyLog (2,

Warning: Unable to verify antiderivative.

[In] Integrate[(d + e*x)~2%(a + bxArcTan[c*x])~3,x]

[Out] (6%a~2%c”2*d*(axckxd — 3*bke)*x + 3%a~2%c ™ 2kex(2kaxcxd - b*e)*x"2 + 2%xa~3*c”
3%e”2%x”3 + 18*a”2xbxckdxexArcTan[c*x] + 6%a”2%bkc™3*x*(3*%d"2 + 3xdxexx + e
“2%x72)*xArcTan[c*x] - 3*a”2*%b*(3*c”™2xd"2 - e72)*Log[l + c™2xx72] + 18*axb~2
xckdkex (-2xc*xkArcTan[cxx] + (1 + c”2*x"2)*ArcTan[c*x]~2 + Log[l + c™2*x"2]
) + 18*%axb”2%c”2xd"2*% (ArcTan[c*x]*((-I + cxx)*ArcTan[c*x] + 2*Log[1l + E~((2
xI)*ArcTan[c*x])]) - I*PolyLogl[2, -E~((2*I)*ArcTan[c*x])]) + 6*a*xb~2*e”2x(c
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*x + (I + c”3%x73)*ArcTan[c*x]"2 - ArcTan[c*x]*(1 + c”2*x"2 + 2*Log[l + E~(
(2%I)*ArcTan[c*x])]) + I*PolyLogl[2, -E~((2*I)*ArcTan[c*x])]) + 6*b~3*c*d*ex
(ArcTan[c*x]*((3*I - 3*cxx)*ArcTan[c*x] + (1 + c™2*x72)*ArcTan[c*x]~2 - 6%L
ogll + E~((2*I)*ArcTan[c*x])]) + (3*I)*PolyLogl[2, -E~((2*I)*ArcTan[c*x])])

+ b7 3xe” 2% (6*c*x*ArcTan[c*x] - 3xArcTan[c*x]~2 - 3*%c™2xx"2*ArcTan[c*x] "2 +

(2xI)*ArcTan[c*x] "3 + 2%c”3*x"3%ArcTan[c*x] "3 - 6*%ArcTan[c*x] "2xLog[1 + E~(
(2%I)*ArcTan[c*x])] - 3*Logl[l + c™2%x72] + (6%I)*ArcTan[c*x]*PolyLog[2, -E~
((2xI)*ArcTan[c*x])] - 3*PolyLogl[3, -E~((2xI)*ArcTan[c*x])]) + 3*b~3*c~2%d"
2% (2xArcTan[cxx] “2*%((-I + c*x)*ArcTan[c*x] + 3*xLogl[l + E~((2*I)*ArcTan[c*x]
)1) - (6xI)*ArcTan[c*x]*PolyLog[2, -E~((2*I)*ArcTan[c*x])] + 3*PolyLogl[3, -
E~((2*I)*ArcTan[c*x])]1))/(6%c”3)

Maple [C] time = 2.606, size = 3022, normalized size = 7.4

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx+d) " 2x(at+b*arctan(c*x))~3,x)

[Out] 1/3*a”~3/exd”3-1/2/c”3*b~3%e"2xpolylog(3,-(1+I*c*x)~2/(c™2*%x"2+1))+1/c"3*b~3
xe”2x1n ((1+Ixcxx) "2/ (c™2xx72+1)+1)-1/2/c”3*b"3*e"2*xarctan (c*x) “2+3/2/c*b~ 3%
polylog(3,-(1+Ixc*x)~2/(c™2%x"2+1))*d"2+b~3*arctan (c*x) “3*x*d~2+1/3*b"3%e"2
*arctan (c*x) "3*x"3+axb"2xe"2xx/c”2+b " 3*e " 2*xx*arctan(c*xx) /c"2-6/cT2*¥b " 3*xe*xd*
arctan(c*x) *In(1+I* (1+I*xc*xx)/(c™2%x"2+1) " (1/2))-6/c”2*xb"3*exd*arctan (c*x) *1
n(1-I*(1+I*c*x)/(c™2%x72+1) " (1/2))+I/c”3*b"3*e"2*arctan(c*x)*polylog(2,-(1+
Ixcxx) "2/ (c™2%x72+1) ) +1/c”3*axb™2xe " 2*arctan (c*x) *1n(c™2*x~2+1) +3*%a~2*b*e*a
rctan (c*xx) *x~2xd+3*a*xb~2*e*arctan (c*x) ~2xx"2*xd-3/c*a*b”2*arctan(c*x) *1n(c”2
*x72+1) *d"2+3/c " 2*axb"2xex1n (c"2*%x"2+1) *d-3/c*b” 3*e*xarctan (cxx) “2*d*x-1/c*a
*xb~2%e"2*arctan (cxx) *x"2+6%1/c”2%b"3xe*d*dilog (1+I* (1+I*c*x)/(c™2%x"2+1) " (1
/2))+3/4%1/cxaxb”2*%1n(c*x-1) "2*d"2+3/2*I/c*xaxb~2*dilog(-1/2*I* (cxx+I))*d~2-
3/4x1/c*a*xb”2x1n(cxx+I) "2%d"2-3/2*%I/c*a*xb™2xdilog(1/2*%I* (c*xx-1))*d"2-1/4*1/
c”~3*%axb"2x1n(c*x-1) "2%e”"2-1/2%I/c"3*a*b~2*dilog(-1/2*I* (c*x+I))*e~2+1/4%I/c
“3*axb”2*%1n(cxx+I) "2%e”2+1/2*I/c”3*%axb”"2xdilog (1/2*I* (c*x-1))*e~2-3*%I/c*b~3
xarctan(c*x) *polylog(2,-(1+I*c*x) "2/ (c™2%x"2+1) ) *d"2+3*%I/c”2*b~3*exd*arctan
(cxx) 72+6%I/c”2%b"3*e*xd*dilog (1-I* (1+I*c*x)/(c™2%x72+1) " (1/2))-3*%a~2xb/c*x*
dxe+a~3*exx"2*d+3/c”2*xa"2*¥b*exarctan (c*x) *d+3/c”2xa*b” 2*xe*d*arctan (c*xx) ~2+3
*a~2*xb*arctan (c*xx) *x*d~2+3*axb~2*arctan (c*x) "2*x*xd~2+3/c*b~3*1n ((1+I*c*x)/(
cT2xx72+1) " (1/2)) *arctan(c*xx) “2*xd"2-3/2/c*b"3*arctan(c*xx) “2*x1n(c”2*x"2+1) *d
~2-1/2/c*b"3*e" 2*%arctan(cxx) "2*%x"2+1/2/c”3*%a"2xb*x1n(c"2*xx"2+1) *e"2-1/c"3*b”
3ke”2xIn((1+I*xc*xx)/(c™2%x"2+1) " (1/2) ) *arctan(c*x) "2+1/2/c~3*b"3*e"2*arctan (
c*x) "2x1n(c”2xx"2+1)-1/c” 3*a*xb”"2*xe " 2*arctan(c*x)+1/c”2*%b" 3*e*xarctan (c*x) ~3*
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d-1/c”3%b"3*%e"2*%1n(2) *arctan(c*x) “2+3/c*b~3*d"2*1n(2) *arctan(c*x) "2-3/2/c*a
“2%b*1n(c”2*%x"2+1) *d"2-1/c"3*b"3*e " 2*arctan(c*x)+1/3*I/c”3*b"3*e " 2*arctan(c
*xx) "3-I/c*b”3*arctan(c*x) "3*xd"2-1/2/c*a”2*b*x"2*%e"2+b " 3*e*arctan (c*xx) “3*x"2
xd+a”2xb*e”2*arctan (c*x)*x~3+axb~2*xe~2*arctan (c*xx) “2*x”~3+a”3*x*d"2+1/3%a "3
e”2*%x"3+1/2%I/c"3xb"3*xe " 2*Pikxcsgn (I* ((1+I*c*x) "2/ (c™2*x~2+1)+1) ) *xcsgn (I*((1
+I%c*x) "2/ (c™2%x72+1)+1) "2) "2*arctan(c*x) "2+1/4*I/c”3%b"3*e " 2+Pixcsgn (I* (1+
Ixc*x)/(c™2%x72+1) " (1/2) ) "2*csgn(I* (1+I*xcxx) "2/ (c™2*xx"2+1) ) *arctan(c*x) ~2-3
/4%1/cxb”3xd"2*Pixcsgn (I* (1+I*c*x)/(c™2%x"2+1) 7 (1/2)) "2*csgn(I* (1+I*c*xx) "2/
(c™2*x~2+1) ) *arctan(c*x) "2+3/4*%I/c*b~3*d"24Pi*csgn (I* (1+I*cxx) ~2/(c™2xx"2+1
))*csgn(Ix(1+I*cxx) "2/ (c™2xx"2+1) / ((1+Ixc*x) "2/ (c™2*x"2+1)+1) "2) "2*arctan(c
*x) "2+3/4%1/cxb”3xd"2*%Pi*csgn (I* ((1+Ixc*x) "2/ (c™2xx"2+1)+1)) "2*csgn (I* ((1+I
xc*x) "2/ (c72%x72+1)+1) "2) *arctan (c*x) "2+3/4*I/cxb~3*d"2*Pi*csgn (I/ ((1+I*c*x
)72/ (c72%x72+1)+1) "2) *csgn (I* (1+I*cx*x) ~2/(c™2xx72+1) / ((1+Ixc*x) "2/ (c™2*x"2+
1)+1)72) "2*arctan(c*xx) “2+3/2*I/cxb~3*d"2*Pi*csgn (I* (1+Ixc*x)/(c™2*xx"2+1) " (1
/2))*csgn(I*x(1+Ixc*x) "2/ (c™2*x"2+1)) "2*arctan(c*x) "2-3/2xI/cxb~3*d"2*Pi*csg
n(I*((1+I*xcxx) "2/ (c™2xx"2+1)+1) ) *csgn (I ((1+I*cxx) "2/ (c™2xx"2+1)+1) ~2) “2*ar
ctan(c*xx) "2-1/4%1/c”3%b"3*e"2xPixcsgn (I* ((1+Ixc*x) "2/ (c™2*x"2+1)+1)) "2*csgn
(I*x((1+I*c*xx) "2/ (c™2*x"2+1)+1) " 2)*xarctan(c*x) "2-1/2*I/c~3*%b~3*e " 2*Pi*csgn (I
*x(1+I*c*xx) /(c™2%x72+1) " (1/2) ) *csgn(I* (1+I*c*xx) "2/ (c™2%x"2+1)) “2*arctan(c*x)
"2-1/4%1/c”3%b"3%e " 2*Pixcsgn(I/ ((1+Ixc*x) 2/ (c™2%x72+1)+1) "2) *csgn(I* (1+Ix*c
*xx) "2/ (c™2xx72+1) / ((1+Ixc*x) "2/ (c™2%x"2+1)+1) "2) "2*arctan(c*x) "2-1/4*1/c~3x
b~ 3%e"24Pi*csgn (I* (1+I%c*x) "2/ (c™2%x72+1) ) *csgn (I* (1+Ixc*x) "2/ (c™2%x72+1) /(
(1+Ixc*x) "2/ (c™2%x72+1)+1)72) "2*arctan(c*x) "2+1/2%I/c™3*axb™2*1n (c*x+I)*1n(
1/2%Ix(c*xx-1))*e”~2-1/4%1/c”3xb~3%e 2*Pikcsgn (I* ((1+I*cxx) "2/ (c™2*xx"2+1)+1)~
2) "3*arctan(cxx) "2+1/4%1/c”3*b"3*e”2xPi*csgn(I* (1+I*cxx) "2/ (c™2%x"2+1)) "3*a
rctan(c*x) “2-6/c*xaxb”2*e*xarctan (ckxx) *d*x+1/4%I/c”3*b~3*xe " 2*Pi*csgn (I* (1+I*c
*xx) 72/ (c72xx72+1) / ((1+I*c*x) "2/ (c™2%x72+1)+1) "2) "3*arctan(c*x) "2-3/4*I/c*b”
3xd"2*xPixcsgn (I* (1+I*c*x) "2/ (c™2*%x72+1) / ((1+I*c*x) "2/ (c™2%xx"2+1)+1) ~2) "3*ar
ctan(c*xx) "2+3/4%I/cxb~3xd"2*Pikcsgn (I* ((1+I*cxx) "2/ (c™2%xx"2+1)+1) "2) "3*arct
an(c*x) "2-3/4xI1/cxb~3*%d"2*Pi*csgn (I* (1+Ixc*x) "2/ (c™2%x"2+1)) "3*arctan(c*x)”
2-3/2%1/c*a*xb”2%1n(c™2%x"2+1) *1n(c*xx—-1I)*d~2+3/2%I/c*a*xb~2+1n(c*x-I)*1n(-1/2
*I* (cxx+I))*d~2+3/2+I/c*kaxb™2+1n(c™2%x"2+1) *1n (c*x+I) *d~2-3/2*I/c*a*xb™2*1n(
c*x+I)*1In(1/2%I* (ckx—1))*d"2+1/2%I/c”3*a*xb”2*1n(c™2*x"2+1) *1n(c*kx-I)*e"2-1/
2%I/c”3%a*xb”2%1n(ckx-I)*1n(-1/2%I* (c*xx+I))*e”~2-1/2%I/c " 3*a*xb”2*1n(c™2*x"2+1
)*1n(cxx+1)*e"2-3/4%I/cxb~3*%d"2*Pi*csgn(I/((1+I*c*x) "2/ (c™2%x"2+1)+1)"2) *cs
gn (I*(1+I*cxx) "2/ (c™2xx"2+1) ) *csgn (I* (1+Ixc*x) "2/ (c™2%x72+1) / ((1+I*c*xx) "2/ (
cT2*x72+1)+1) "2) *arctan (c*x) "2+1/4*%I1/c”3*b"3*e"24Pixcsgn(I/((1+I*xc*xx)~2/(c”
2%x72+1)+1) "2) *csgn (I* (1+I*c*x) "2/ (c™2%x72+1) ) *csgn (I* (1+I*c*x) "2/ (c™2%x™2+
1)/ ((1+I*c*x) "2/ (c™2%x72+1)+1) "2) *arctan(c*x) "2

Maxima [F] time = 0., size = 0, normalized size = 0.

result too large to display
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d) 2*(atb*arctan(c*x))~3,x, algorithm="maxima"

[Out] 1/3*%a”3*%e”2+x"3 + 7/32%b~3xd"2*arctan(c*x)”4/c + 28*b~3*c~2*e"2xintegrate (1
/32xx"4xarctan(c*x) "3/ (c™2%x"2 + 1), x) + 3*xb"3*%c"2*e"2*integrate(1/32*%x"4x
arctan(c*x)*log(c™2%x72 + 1)72/(c™2%x72 + 1), x) + 96%a*xb~2*c " 2*e"2*integra
te(1/32*x"4*arctan(c*x)~2/(c™2%x"2 + 1), x) + 56%b~3*%c~2*d*exintegrate(1/32
xx"3*%arctan(cxx) "3/(c™2*xx"2 + 1), x) + 4*xb~3*c"2%e " 2xintegrate(1/32*x"4*arc
tan(c*x)*log(c™2*x"2 + 1)/(c™2%x"2 + 1), x) + 6%b~3*%c"2xd*exintegrate(1/32%
x"3*arctan(c*x)*log(c™2*x"2 + 1)72/(c™2*x™2 + 1), x) + 192%axb~2%c”2*kd*e*in
tegrate(1/32*xx"3*%arctan(c*x)~2/(c™2*x"2 + 1), x) + 28%b~3*c”~2xd"2*integrate
(1/32*x72%arctan(c*x) ~3/(c™2*%x72 + 1), x) + 12%xb~3*%c"2*d*exintegrate(1/32*x
“3*arctan(c*x)*log(c™2%x”"2 + 1)/(c™2*x"2 + 1), x) + 3*b~3*c”2*d"2xintegrate
(1/32*xx~2%arctan(c*x)*log(c™2*xx"2 + 1)72/(c™2*x"2 + 1), x) + 96%a*xb~2*xc~2xd
“2xintegrate(1/32*x"2*arctan(c*x)"2/(c™2*%x72 + 1), x) + 12%b73%c™2xd"2*inte
grate(1/32+x"2*arctan(c*x)*log(c™2*x™2 + 1)/(c™2*%x"2 + 1), x) + a"3xd*e*x"2
+ axb”2xd"2*xarctan(c*x) "3/c - 4*xb~3*cxe”2*xintegrate(1/32*x"3*arctan(c*x) "2
/(c™2*%x72 + 1), x) + b~ 3*cxe " 2xintegrate(1/32%x"3xlog(c™2*x"2 + 1)72/(c™2*x
"2 + 1), x) - 12xb"3*c*d*exintegrate(1/32*x"2*arctan(c*x)”~2/(c”2*x"2 + 1),
x) + 3%b~3xckd*exintegrate(1/32*x"2*log(c™2*x"2 + 1)72/(c™2%x"2 + 1), x) -
12xb~3*%cxd"2xintegrate (1/32*x*arctan(cxx) "2/(c™2*x"2 + 1), x) + 3*%b~3*c*xd"2
xintegrate(1/32*x*xlog(c™2%x"2 + 1)72/(c™2*%x72 + 1), x) + 3*(x"2*arctan(c*x)
- cx(x/c”2 - arctan(c*x)/c”3))*a"2*b*xd*e + 1/2%(2+x"3*arctan(c*x) - cx(x"2
/c”2 - log(c™2*x"2 + 1)/c”4))*a"2xb*e”2 + a~3*%d"2xx + 28xb~3*xe"2*integrate(
1/32*xx"2*arctan(c*x) "3/ (c”™2*x"2 + 1), x) + 3*b~3xe”2*integrate(1/32*x~2*arc
tan(cxx)*log(c™2*x"2 + 1)72/(c™2*x"2 + 1), x) + 96*a*xb~2*e”2xintegrate(1/32
xx~2*%arctan(cxx) "2/(c72*xx"2 + 1), x) + 56%b~3*d*exintegrate(1/32*x*arctan(c
xx)"3/(c™2%x"2 + 1), x) + 6*%b~3*kd*exintegrate(1l/32*x*arctan(c*x)*log(c™2*x"
2 + 1)72/(c”™2xx"2 + 1), x) + 192%a*b~2*d*exintegrate(1/32*x*arctan(c*x)~2/(
cT2*%x72 + 1), x) + 3*b~3xd"2+integrate(1/32*arctan(c*x)*log(c™2*x~2 + 1)72/
(c™2%x72 + 1), x) + 3/2*%(2*c*x*arctan(cxx) - log(c™2*x™2 + 1))*a"2xb*xd"2/c
+ 1/24%(b”3%e"2xx”"3 + 3%b"3kd*e*x"2 + 3*b73%d"2*x)*arctan(c*x)”~3 - 1/32%(b”
3xe”2*%x"3 + 3*b73xd*exx"2 + 3*b73xd"2*x)*arctan(c*x)*log(cT2*xx"2 + 1)72

Fricas [F] time = 0., size = 0, normalized size = 0.

mﬂgnd@%ﬁz+2fmm+a%2+@%%@+2Wﬂm+b%ﬂammn@@3+3@W@f+2a#ﬂw+a#%)mdan@
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d) 2*(atb*arctan(c*x))~3,x, algorithm="fricas")
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[Out] integral(a™3*e”2*x"2 + 2%a”3*xd*e*xx + a”3*%d"2 + (b7™3%e”2*%x"2 + 2%b7~3*d*e*xx +
b~3*d"2)*arctan(c*x) "3 + 3*x(a*b™2*xe”2*x"2 + 2*axb”2*xdxe*x + axb”~2*xd"2)*arc
tan(c*x) "2 + 3x(a”2xb*e”2*%xx"2 + 2*%a”2xbkxd*exx + a " 2xbxd~2)*arctan(c*x), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f (a + batan (cx))® (d + ex)? dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)**2*(atb*atan(c*x))**3,x)

[Out] Integral((a + b*xatan(c*x))**3x(d + e*x)**2, x)

Giac [F] time = 0., size = 0, normalized size = 0.

f (ex + d)z(b arctan (cx) + a)3 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d) 2*x(atb*arctan(c*x))~3,x, algorithm="giac")

[Out] integrate((e*xx + d) 2x(b*arctan(c*x) + a)~3, x)
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317  [(d+ex)(a+btan(cx) dx

Optimal. Leaf size=264

cX

. 2 _ . 2 2
3ib?dPolyLog (2,1 - r) (a+btan"(cx))  3iblePolyLog (2,1 - r) ) 3b%dPolyLog (3,1 - r) 3b%elog
c - 2¢? 2c

[Out] (((-3*I)/2)*b*xex(a + bxArcTan[c*x])"2)/c”2 - (3*bkexx*(a + b*ArcTan[c*x]) 2
)/ (2%c) + (I*d*(a + b*ArcTan[c*x])~3)/c - ((d"2 - e72/c”2)*(a + bxArcTan[c*
x])73)/(2xe) + ((d + e*x)"2*x(a + bxArcTan[c*x])~3)/(2*e) - (3*b"2*xex(a + b*
ArcTan[c*x])*Log[2/(1 + Ixc*x)])/c”™2 + (3*%bxdx(a + b*ArcTan[c*x])"2xLog[2/(

1 + Ixc*x)])/c - (((3%I)/2)*b~3*exPolyLogl[2, 1 - 2/(1 + Ixc*x)])/c™2 + ((3%
I)*b~2*d*(a + b*ArcTan[c*x])*PolyLog[2, 1 - 2/(1 + I*c*x)])/c + (3*b~3xd*Po
lyLogl[3, 1 - 2/(1 + Ixc*x)])/(2%c)

Rubi [A] time = 0.580084, antiderivative size = 264, normalized size of antiderivative =
number of rules

1., number of steps used = 14, number of rules used = 10, integrand size = 16, ntegrand size

= 0.625, Rules used = {4864, 4846, 4920, 4854, 2402, 2315, 4984, 4884, 4994, 6610}

1+2l_cx) (a +b tan_l(cx)) 3ibePolyLog (2,1 -~ ) 3b*dPolyLog (3,1 -~
- +

c 2c2 2c

2
1+icx

2
1+icx

3ib*dPolyLog (2,1 - ) 3b?elog

Antiderivative was successfully verified.

[In] Int[(d + e*xx)*(a + b*ArcTan[c*x]) 3,x]

[Out] (((-3*I)/2)*bxex(a + b¥ArcTan[c*x])~2)/c"2 - (3*bxexx*(a + b*ArcTan[c*x])"2
)/ (2%c) + (I*d*(a + bkArcTan[c*x])~3)/c - ((d"2 - e72/c"2)*(a + bxArcTan[c*
x])73)/(2xe) + ((d + exx) 2+(a + bxArcTan[c*x])"3)/(2xe) - (3*b~2xex(a + b*
ArcTan[c*x])*Log[2/(1 + Ixc*x)])/c”2 + (3*b*d*(a + b*ArcTan[c*x]) 2xLog[2/(

1 + Ixc*x)])/c - (((3%I)/2)*b~3*e*PolyLog[2, 1 - 2/(1 + Ixc*x)])/c”2 + ((3%
I)*b~2xd*(a + b*ArcTan[c*x])*PolyLog[2, 1 - 2/(1 + Ixc*x)])/c + (3*b~3*d*Po
lyLogl[3, 1 - 2/(1 + Ixc*x)])/(2%c)

Rule 4864

Int[((a_.) + ArcTan[(c_.)*(x_)]*(b_.))"(p_)*((d_) + (e_.)*(x_))"(q_.), x_Sy
mbol] :> Simp[((d + e*x)~(q + 1)*(a + bxArcTan[cxx])"p)/(ex(q + 1)), x] - D
ist [(b*c*p)/(ex(q + 1)), Int[ExpandIntegrand[(a + bxArcTan[c*x])~(p - 1), (
d + exx)"(q + 1)/(1 + c™2*x2), x], x], x] /; FreeQ[{a, b, c, d, e}, x] &&
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IGtQ[p, 1] &% IntegerQlql && NeQlq, -1]

Rule 4846

Int[((a_.) + ArcTan[(c_.)*(x_)]*(b_.))"(p_.), x_Symbol] :> Simp[x*(a + b*Ar
cTan[c*x])"p, x] - Dist[b*c*p, Int[(x*(a + b*ArcTan[c*x]) (p - 1))/(1 + c72
*x72), x], x] /; FreeQ[{a, b, c}, x] && IGtQ[p, 0]

Rule 4920

Int[(((a_.) + ArcTan[(c_.)*(x )]1*x(b_.))"(p_.)*x(x_))/((d) + (e_.)*x(x_)"2),

x_Symbol] :> -Simp[(I*(a + bxArcTan[c*x])~(p + 1))/(bxex(p + 1)), x] - Dist
[1/(c*d), Int[(a + bxArcTan[c*x]) p/(I - c*x), x], x] /; FreeQ[{a, b, c, d,
e}, x] && EqQle, c~2xd] && IGtQ[p, 0]

Rule 4854

Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol]

:> -Simp[((a + b*ArcTan[c*x]) “p*Log[2/(1 + (e*xx)/d)])/e, x] + Dist[(b*c*p)
/e, Int[((a + b*ArcTan[c*x])~(p - 1) *Logl[2/(1 + (exx)/d)])/(1 + c”2*x"2), x
1, x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c~2%d"2 + e~2, 0]

Rule 2402

Int[Logl(c_.)/((d_) + (e_.)*x(x_))1/((f_) + (g_.)*(x_)"2), x_Symbol] :> -Dis
t[e/g, Subst[Int[Log[2*d*x]/(1 - 2*xd*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, gr, x] && EqQlc, 2*xd] && EqQ[e~2*f + d~2xg, 0]

Rule 2315

Int[Log[(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> -Simp[PolyLog[2, 1 -
cxx]/e, x] /; FreeQ[{c, d, e}, x] && EqQl[e + c*d, 0]

Rule 4984

Int[(((a_.) + ArcTan[(c_.)*(x )]1*x(b_.))"(p_)*x((£f_) + (g_.)*x(x_))"(m_.))/((
d_) + (e_.)*(x_)"2), x_Symbol] :> Int[ExpandIntegrand[(a + b*ArcTan[c*x]) p
/(d + exx”2), (f + g*x)"m, x], x] /; FreeQ[{a, b, ¢, d, e, £, g}, x] && IGt
Qlp, 0] &% EqQle, c~2*d] && IGtQ[m, O]

Rule 4884

Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.))"(p_.)/((@_) + (e_.)*x(x_)"2), x_Symbo
1] :> Simp[(a + bxArcTan[c*x])~(p + 1)/(b*cxd*(p + 1)), x] /; FreeQ[{a, b,
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c, d, e, pr, x] && EqQ[e, c~2*d] && NeQ[p, -1]

Rule 4994

Int[(Loglu_l*((a_.) + ArcTan[(c_.)*(x_)]*(b_.))"(p_.))/((d_) + (e_.)*x(x_)"2
), x_Symbol] :> -Simp[(I*(a + b¥ArcTan[c*x]) p*PolyLog[2, 1 - ul]l)/(2xcx*d),
x] + Dist[(bxp*I)/2, Int[((a + bxArcTan[c*x]) (p - 1)*PolyLog[2, 1 - ul)/(d
+ exx”2), x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQle, c~2%
d] && EqQ[(1 - u)~2 - (1 - (2*I)/(I - c*x))~2, 0]

Rule 6610

Int [(u_)*PolylLog[n_, v_], x_Symbol] :> With[{w = DerivativeDivides[v, uxv,
x]}, Simp[w*PolyLog[n + 1, v], x] /; !'FalseQ[wl]] /; FreeQ[n, x]

Rubi steps

2 1 3 (3bc) f 32(“+bta;1_1(0x))2 + (C2d2—€2+2C2d€x)(a+btan_l(Cx))
(d + ex) (a + btan (cx)) - )
2e h >

czd2—62+2c2dex) (a+b tan}(cx)

~ (d + ex)? (a +b tam_l(cx))3 (3b) f ( T2
= 2% B 2ce

f (@ +ex) (a +btan"'(cx)) dx =

L i (3be) [ (a+

czdz(l— %)(ﬂl+b ta
C

(3b) [

14c2x2

2
3bex (a +b tan_l(cx)) (d + ex)? (a +b tan_l(cx))
+
2c 2e

3ibe (11 +b taun_l(cx))2 3bex (a +b taun_l(cx))2 (d + ex)? (a +b tan_l(cx))
- 2¢? - 2c " 2e

3

3ibe (a +b tan"l(cx))2 3bex (a +b tan'l(cx))2 id (a +b tam'l(cx))3
= — —_ + _
2¢? 2c c

3ibe (a +b tam_l(cx))2 3bex (a +b tam_l(cx))2 id (a +b tan_l(cx))3
= — —_ + _
2¢? 2c c

= - —_— + —
2c2 2c c

3ibe (a +b tam_l(cx))2 3bex (a +b taufl(cx))2 id (61 +b taﬂ_l(cx))3 (dz -

3ibe (a +b tam_l(cx))2 3bex (a +b taun_l(cx))2 id (a +b tan_l(cx))3
- 2¢? - 2c " c -
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Mathematica [A] time = 0.594318, size = 342, normalized size = 1.3

6ab*cd (tan_l(cx) ((cx —i)tan"!(cx) + 2log (1 + eZitan_l(C"))) — iPolyLog (2, —eZitan_l(C"))) + b3 (3iPolyLog (2, —e?t

Warning: Unable to verify antiderivative.

[In] Integrate[(d + exx)*(a + b*ArcTan[cx*x])~3,x]

[Out] (a™2xc*(2%a*xc*d - 3xb¥e)*x + a~3%c™2%e*xx”2 + 3xa”2%bkexArcTan[c*x] + 3*a~2x
b*xc”™2xx* (2*%d + e*x)*ArcTan[c*x] - 3*%a~2*bxckd*Logl[l + c™2xx72] + 3*axb~2*ex
(=2xc*xx*xArcTan[cxx] + (1 + c”2*x"2)*ArcTan[c*x]~2 + Logl[l + c™2*x"2]) + 6%*a
*xb~2xckxd* (ArcTan [c*x] * ((-I + c*x)*ArcTan[c*x] + 2xLog[l + E~((2*I)*ArcTanlc
*xx])]) - IxPolyLogl[2, -E~((2*I)*ArcTan[c*x])]) + b~3xe*x(ArcTan[c*x]*((3*I -
3kcxx)*ArcTan[cxx] + (1 + c™2%x72)*ArcTan[c*x] "2 - 6*%Log[1l + E~((2%I)*ArcT
an[c*xx])]) + (3*I)*PolyLogl[2, -E~((2xI)*ArcTan[c*x])]) + b~ 3*cxd*(2*ArcTan[
c*xx] 2% ((-I + cx*x)*ArcTan[c*x] + 3*Log[l + E~((2+I)*ArcTan[c*x])]) - (6xI)*
ArcTan[c*x]*PolyLog[2, -E~((2*I)*ArcTan[c*x])] + 3*PolyLogl[3, -E~((2*I)*Arc
Tan[c*x])1))/(2%c™2)

Maple [C] time = 0.813, size = 7462, normalized size = 28.3

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx+d)*(atb*arctan(c*x)) 3,x)

[Out] result too large to display

Maxima [F] time = 0., size = 0, normalized size = 0.

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)*(atb*arctan(c*x))~3,x, algorithm="maxima")
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[Out] 7/32%b~3*d*arctan(c*x)”4/c + 56xb~3*%c " 2*exintegrate(1/64*x~3*arctan(c*x)~3/
(c™2*%x72 + 1), x) + 6*%b~3*c " 2xexintegrate(1/64*x"3*%arctan(c*x)*log(c™2*x"2
+ 1)72/(c”2%x72 + 1), x) + 192xa*b”~2*c " 2xe*xintegrate(1/64*x"3*%arctan(c*x) "2
/(c72*%x72 + 1), x) + b6%b~3*kc"2*d*integrate(1/64*x"2xarctan(c*x)~3/(c™2*x"2
+ 1), x) + 12xb~3*c”2*exintegrate(1/64*x"3*arctan(c*x)*log(c™2*xx"2 + 1)/(c
T2%x72 + 1), x) + 6%b73*%c"2xd*integrate(1/64xx"2*arctan(c*x)*log(c 2%x"2 +
1)72/(c™2*x72 + 1), x) + 192%a*b”2*c”2xd*integrate(1/64*x~2*arctan(c*xx) "2/ (
cT2xx72 + 1), x) + 24%b”3xc”2xd*integrate(1/64*x"2*arctan(c*xx)*log(c™2*x"2
+ 1)/(c7™2%x”2 + 1), x) + 1/2*%a"3*exx”2 + axb”2kd*arctan(c*x) ~3/c - 12*xb"3*c
xexintegrate(1/64*x"2*arctan(c*x)~2/(c™2*%x"2 + 1), x) + 3*b~3xc*exintegrate
(1/64*x72%1log(c™2*x"2 + 1)72/(c™2%x”2 + 1), x) - 24xb~3*c*kd*integrate(1/64x
x*arctan(c*x)"2/(c™2%x72 + 1), x) + 6%b~3*c*d*integrate(1/64*x*log(c™2*x"2
+ 1)72/(c™2xx"2 + 1), x) + 3/2x(x"2*arctan(c*x) - c*x(x/c”2 - arctan(c*x)/c”
3))*a”2xb*e + a~3xd*x + b56%b~3xexintegrate(l/64*x*arctan(c*x)”~3/(c™2*x"2 +
1), x) + 6*b~3*exintegrate(l/64*x*arctan(c*xx)*log(c™2*x"2 + 1)72/(c™2*x"2 +
1), x) + 192*axb”2xexintegrate(l/64*x*arctan(c*x)”2/(c™2*%x"2 + 1), x) + 6%
b~3*d*integrate(1/64*arctan(c*x)*log(c™2%x"2 + 1)72/(c™2*x"2 + 1), x) + 3/2
x(2xc*kx*xarctan(c*x) - log(c™2%x™2 + 1))*a”2xbxd/c + 1/16%(b"3*e*xx"2 + 2%b~3
xd*x)*arctan(c*xx) "3 - 3/64x(b~3*%exx"2 + 2*b~3*d*x)*arctan(cxx)*log(c~2*x"2
+1)72

Fricas [F] time = 0., size = 0, normalized size = 0.

iquﬂ@%x+ﬁd+@%x+?@amMﬂ@ﬂ3+3@Ww+aﬁ@am%n@@2+3@%m+a%@am%n@ﬂpﬂ
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)*(atb*arctan(c*x))~3,x, algorithm="fricas")

[Out] integral(a”3*exx + a”3*%d + (b~3*e*x + b~3*d)*arctan(c*x)”3 + 3*x(axb~2*e*xx +
axb”2xd) xarctan(c*x) "2 + 3*x(a”2xb*exx + a~2*bxd)*arctan(c*x), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f(a + batan (cx))3 (d + ex) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d)*(atb*atan(c*x))**3,x)
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[Out] Integral((a + b*xatan(c*x))**3*(d + e*x), x)

Giac [F] time = 0., size = 0, normalized size = 0.

f (ex + d)(barctan (cx) + a)3 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)*(atb*arctan(c*x))~3,x, algorithm="giac")

[Out] integrate((exx + d)*(b*arctan(c*x) + a)”3, x)
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f (a+b taua_l(cx))3

d+ex

3.18

Optimal. Leaf size=320

X

2 -1 2c(d+ex)
3b (tl + btan (CX)) POlyLOg (3,1 - W B _

2e 2e

) 3b?PolyLog (3,1 - i) (a + btan_l(cx)) 3ib (a +btan™ (e

1-icx

[Out] -(((a + b*ArcTan[c*x])~3*Log[2/(1 - Ixc*x)])/e) + ((a + bxArcTan[c*x])~3*Lo
gl(2*cx(d + exx))/((c*xd + Ixe)*(1 - Ixcxx))])/e + (((3*I)/2)*bx(a + bxArcTa
n[c*x]) "2*xPolyLogl[2, 1 - 2/(1 - Ixc*x)])/e - (((3*%I)/2)*bx(a + b*ArcTan[c*x
1)"2*%PolyLogl[2, 1 - (2%c*x(d + e*x))/((c*d + Ixe)*(1 - Ixc*x))])/e - (3*b~2x

(a + bxArcTan[c*x])*PolyLog[3, 1 - 2/(1 - Ixc*x)])/(2xe) + (3*b72x(a + b*Ar
cTan[c*x])*PolyLog[3, 1 - (2%cx(d + e*x))/((cxd + Ixe)*(1 - Ixcx*xx))])/(2xe)

- (((3%I)/4)*b~3*PolyLogl[4, 1 - 2/(1 - Ixc*x)])/e + (((3*I)/4)*b~3xPolyLog

[4, 1 - (2%cx(d + e*xx))/((cxd + Ixe)*(1 - Ixcx*x))])/e

Rubi [A] time = 0.0568978, antiderivative size = 320, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 1, number of rules used = 1, integrand size = 18, "> "= —

0.056, Rules used = {4860}

integrand size

) 1 2c(d+ex)
3b (a + btan (cx)) PolyLog (3,1 ~ (=icn)(cd+io)

2e 2e

) 3b2PolyL0g (3,1 - 1_2?) (a + btan‘l(cx)) 3ib (a + btan—l(c:

Antiderivative was successfully verified.

[In] Int[(a + b*ArcTan[c*x])~3/(d + exx),x]

[Out] -(((a + b*ArcTan[c*x])~3*Log[2/(1 - I*c*x)])/e) + ((a + b¥ArcTan[c*x]) 3*Lo
gl(2xcx(d + exx))/((c*xd + Ixe)*x(1 - Ixc*x))])/e + (((3*I)/2)*b*x(a + b*ArcTa
n[c*x]) "2*PolyLog[2, 1 - 2/(1 - Ixc*x)])/e - (((3*I)/2)*bx(a + bxArcTan[c*x
1)7"2xPolyLog[2, 1 - (2%cx(d + e*xx))/((c*xd + I*e)*(1 - I*c*x))])/e - (3*b~2x

(a + bxArcTan[c*x])*PolyLog[3, 1 - 2/(1 - Ixc*x)])/(2xe) + (3*b"2x(a + bxAr
cTan[c*x])*PolyLog[3, 1 - (2%cx(d + e*x))/((cxd + Ixe)*(1 - Ixc*xx))])/(2xe)

- (((3*I)/4)*b~3*PolyLogl4, 1 - 2/(1 - Ixc*x)])/e + (((3*I)/4)*b~3*PolyLog

[4, 1 - (2%c*x(d + e*x))/((cxd + Ixe)*(1 - Ixcx*x))])/e

Rule 4860

Int[((a_.) + ArcTan[(c_.)*(x_)]*(b_.))"3/((d_) + (e_.)*(x_)), x_Symbol] :>
-Simp[((a + bxArcTan[c*x])~“3*Log[2/(1 - I*c*x)])/e, x] + (Simp[((a + b*ArcT
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an[c*x]) "3*Log[(2*c*x(d + exx))/((c*xd + I*xe)*(1 - I*xc*x))])/e, x] + Simp[(3*
I¥bx(a + bxArcTan[c*x]) 2*PolyLog[2, 1 - 2/(1 - Ixc*x)])/(2%e), x] - Simp[(
3xI*b*x(a + b*ArcTan[c*x]) 2xPolyLog[2, 1 - (2*cx(d + exx))/((c*d + I*e)*(1

- Ixc*x))])/(2*%e), x] - Simp[(3*b~2*(a + b*ArcTan[c*x])*PolyLog[3, 1 - 2/(1
- Ixcxx)])/(2*xe), x] + Simp[(3*b~2*(a + b*ArcTan[c*x])*PolyLog[3, 1 - (2*c
*(d + exx))/((cxd + I*xe)*(1 - Ixc*x))])/(2%e), x] - Simp[(3*I*b~3*PolyLog[4
, 1 - 2/(1 - I*xcxx)])/(4*e), x] + Simp[(3*I*b~3*PolyLog[4, 1 - (2xc*(d + ex
x))/((cxd + Ixe)*x(1 - Ixcx*x))])/(4*e), x]) /; FreeQ[{a, b, c, d, e}, x] &&

NeQ[c™2%d"2 + e~2, 0]

Rubi steps
3 _ 3 2 _ 3 2c(d+ex) . _ .
f (a + btan_l(cx)) . (a + btan 1(cx)) log (m) . (u + btan 1(cx)) log (m) N 3ib (a +btan™!(cx
d+ex B e e 2e

Mathematica [F] time = 180.004, size = 0, normalized size = 0.

$Aborted

Verification is Not applicable to the result.

[In] Integrate[(a + b*ArcTan[c*x])~3/(d + ex*x),x]

[Out] $Aborted

Maple [C] time = 0.573, size = 2616, normalized size = 8.2

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctan(c*x))~3/(exx+d),x)

[Out] b~3*1n(c*e*x+c*d)/e*xarctan(c*x)~3-b~3/e*arctan(c*x) ~3*1n(-I*(1+Ixc*x)~2/(c”
2%x"2+1) *e+ckdk (1+I*c*xx) "2/ (c™2*%x"2+1) +I*e+d*c)-3/2*b~3/e*xarctan(cxx) *polyl
0g(3,-(1+Ixcxx) "2/ (c™2xx"2+1))+b~3*arctan(c*x) ~3*1n(1- (I*xe-dx*c)/(d*xc+Ix*e)*(
1+I*cxx) "2/ (c™2xx72+1) ) / (e+I*d*c)+3/2*b 3*arctan(c*x) *polylog(3, (I*e-d*c)/(
dxc+Ixe)* (1+I*c*xx) "2/ (c™2*%x"2+1) )/ (e+I*d*c)+3/2xa*b~2*polylog(3, (I*xe-dxc)/(
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dkc+I*xe)* (1+I*c*x) "2/ (c™2%x72+1) )/ (etI*d*c)-3/2*a*xb~2/e*polylog(3, - (1+I*c*x
)72/ (c™2%x72+1))-3/4*%I*b~3/e*polylog (4, - (1+I*c*xx) "2/ (c”2%x"2+1) ) +3/4*I*b~ 3%
polylog(4, (Ixe-d*c)/(dxc+I*e)* (1+I*c*x) "2/ (c”2*x"2+1))/(e+I*d*c)+a~3*1n(cx*e
xx+c*xd) /e-3*%Ixc*axb~2/exd/ (d*c-I*e)*arctan(c*x)*polylog(2, (I*xe-d*c)/(d*c+Ix*
e)*(1+Ixc*x) "2/ (c™2%x"2+1))+3/2*I*a*xb~2/e*xarctan (c*x) "2*Pi*csgn(I/ ((1+Ixc*x
)72/ (c72%x72+1)+1) ) *csgn(Ix (—I*x (1+I*c*x) "2/ (c™2%x™2+1) *e+ckd* (1+I*c*xx) "2/ (c
“2xx72+1) +I*xe+d*c) / ((1+Ixc*x) "2/ (c™2+x72+1)+1) ) *kcsgn (I* (~I* (1+I*c*x) "2/ (c™2
*xx"2+1) xetckdx (1+I*c*xx) "2/ (c™2%x"2+1) +I*xe+d*c) ) +3*xa*b”~2*1n (ckexx+c*xd) /e*arc
tan(c*x) "2-3*%axb~2/e*arctan (c*x) "2x1n (-I* (1+I*cxx) "2/ (c™2xx"2+1) xe+ckd* (1+1
xc*x) "2/ (c72%x72+1) +I*e+d*c)+3*a*xb~2xarctan(c*x) "2*x1n(1-(I*xe-dxc)/(d*c+Ixe)
* (1+Ixcxx) "2/ (c™2xx"2+1) )/ (e+I*d*c)+3*a”2*b*1n(cke*xx+cxd) /exarctan(c*x)+3/2
*xI*b~3/e*xarctan(c*xx) “2*polylog(2,-(1+I*c*xx) "2/ (c™2%x"2+1))-3/2*I*b~3*arctan
(c*x) "2*polylog(2, (Ixe-d*c)/(dkxc+I*e)* (1+Ixc*x) "2/ (c™2*x"2+1))/(e+I*d*c)+3/
2xIxa~2xb/exdilog((Ixe-e*xcx*x)/(d*c+Ixe))-3/2*%Ixa"2xb/e*xdilog((I*e+texcxx) /(I
xe-d*c) ) +3/2*c*xaxb”2/e*xd/ (dxc-I*e)*polylog(3, (Ixe-d*c)/(d*c+I*e)* (1+I*c*x)"
2/ (c™2%x72+1) )+c*b~3/e*d/ (d*xc-I*e)*arctan(c*x) “3*1n(1-(Ixe-d*c)/(dxc+I*xe)*(
1+I%cxx) "2/ (c™2%xx"2+1) ) +3/2*c*b~3/exd/ (d*c-I*e) *arctan (c*x) *polylog(3, (I*xe-
dxc)/(dxc+Ixe)* (1+I*c*xx) "2/ (c™2%x"2+1))+3/2*I*axb~2/exarctan(c*x) "2*Pixcsgn
(Ix(-Ix(1+I%c*x) 72/ (c™2%x72+1) *e+ckd* (1+Ixcxx) "2/ (c™2xx"2+1) +I*e+d*c) / ((1+I
xCc*x) "2/ (c72%x72+1)+1)) "3-1/2%I*b"3/e*xarctan(cxx) “3*Pi*csgn (I* (-I* (1+I*c*x)
72/ (c72%x72+1) xet+cxdx (1+I%c*x) "2/ (c™24x72+1) +I*ke+d*c) / ((1+Ixcxx) "2/ (c™2xx"2
+1)+1)) "2*csgn (I* (-I* (1+I%cxx) "2/ (c™2%x72+1) *e+ckd* (1+I*cxx) "2/ (c™2%xx"2+1) +
Ixe+d*c))-3/2xI*a"2xbx1n(cke*xx+c*d) /exln((I*et+exckx)/(I*e-d*c))+3*I*a*xb~2/e
xarctan(c*x) *polylog(2,-(1+I*c*x) "2/ (c™2%x"2+1))-3*I*a*b~2*arctan(c*x)*poly
log(2, (Ixe-d*c)/(d*c+I*e)*(1+I*xc*x) "2/ (c"2%x"2+1))/(e+I*d*c)+3*xc*axb~2/exd/
(d*c-Ixe)*arctan(c*x) " 2*x1n(1-(I*xe-dx*c)/(d*c+I*e)* (1+I*xc*x) "2/ (c™2%x"2+1))-3
/2%Ixaxb~2/e*xarctan(c*x) "2*Pi*csgn (I* (-Ix (1+I*c*x) "2/ (c™2%x"2+1) *e+ckd* (1+I
xcxx) "2/ (c72xx"2+1) +Ixe+d*c) / ((1+I*c*x) "2/ (c™2*%x72+1)+1)) "2xcsgn (I* (-I* (1+1
xc*x) "2/ (c72%x72+1) *e+cxd* (1+I*xc*x) "2/ (c™2%x72+1) +I*e+d*c))+1/2xI*b~3/e*arc
tan(c*xx) "3*Pi*csgn (I/((1+I*cxx) "2/ (c™2xx"2+1)+1) ) *csgn (I* (-I* (1+I*xc*x) "2/ (c
T2xx72+1) *e+tckdk (1+Ikckx) "2/ (c™2%x"2+1) +Ixe+d*c) / ((1+I*c*x) "2/ (c™2%x"2+1) +1
))*csgn(Ix(—Ix(1+I*c*xx) "2/ (c™2%x"2+1) *e+ckd*x (1+I*c*xx) "2/ (c™2%x"2+1) +I*e+d*c
))-3/2xI*axb~2/exarctan(c*x) "2*Pixcsgn(I/((1+I*c*x) "2/ (c™2*x"2+1)+1) ) *csgn(
I (-I* (1+I%c*x) "2/ (c72%x72+1) *et+cxd* (1+I*c*x) "2/ (c™24x72+1) +I*xe+d*c) / ((1+Ix
c*x) 72/ (c72%x72+1)+1)) "2-3/2*I*c*xb~3/e*d/ (d*xc-I*e)*arctan(c*x) “2*polylog(2,
(Ixe-dxc)/(d*c+I*xe)*(1+I*ckx) 2/ (c™2%x"2+1))+1/2%I*b"3/e*arctan(c*x) ~3*Pi*c
sgn(Ix (~I*(1+I*c*x) "2/ (c™2%x"2+1)*e+cxd* (1+Ixc*x) "2/ (c™24x"2+1) +I*xe+d*c)/ ((
1+I*c*xx) "2/ (c72%x72+1)+1) ) "3+3/2+I*a”2xb*1n(cxe*xx+cxd) /ex1n((I*xe-e*xcxx) / (d*
c+Ixe))-1/2*%Ixb~3/exarctan(c*x) "3*Pixcsgn(I/((1+Ixc*x)~2/(c™2%x"2+1)+1))*cs
gn (I*(~Ix(1+I*c*x) "2/ (c™2%x"2+1) *e+ckd* (1+I*c*xx) "2/ (c™2*%x"2+1)+I*xe+d*c)/((1
+I*xcxx) "2/ (c™2%xx"2+1)+1) ) "2+3/4xI*c*b~3/exd/ (d*c-Ixe) *polylog(4, (I*xe-dxc)/(
dkc+I*e)* (1+I*c*x) "2/ (c™2%x"2+1))
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Maxima [F] time = 0., size = 0, normalized size = 0.

2
28 b3 arctan (cx)® + 3b% arctan (cx) log (C2x2 + 1) +96ab? arctan (cx)* + 96 a2b arctan (cx) ;
32 (ex + d)

X

3]
a° log (ex + d) +f

e
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctan(c*x)) 3/ (e*x+d),x, algorithm="maxima"

[Out] a"3*log(e*xx + d)/e + integrate(1/32*%(28*b~3*arctan(c*x)”3 + 3*b~3*arctan(c*
x)*log(c™2%x72 + 1)72 + 96*axb~2*arctan(c*x) "2 + 96%a~2*bxarctan(c*x))/(exx

+d), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

b3 arctan (cx)® + 3 ab? arctan (cx)* + 3 a®barctan (cx) + a3 )
,X

int 1
integra ( p——

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((atb*arctan(c*x))~3/(exx+d),x, algorithm="fricas")

[Out] integral((b~3*arctan(c*x)”3 + 3*a*b™2*arctan(c*x)”~2 + 3%a”2*bxarctan(c*x) +
a”3)/(exx + d), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

(a + batan (cx))3
dx
d+ex

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*atan(c*x))**3/(e*x+d),x)

[Out] Integral((a + b*atan(c*x))**x3/(d + e*x), x)
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Giac [F] time = 0., size = 0, normalized size = 0.

dx

f (barctan (cx) + a)3

ex +d
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctan(c*x))~3/(exx+d),x, algorithm="giac")

[Out] integrate((bxarctan(c*x) + a)~3/(exx + d), x)
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3.19

btan~l(cx))’
f(a+ an (cx)) N

(d+ex)?
Optimal. Leaf size=499
cx 1+icx

+ ,
c2d? + ¢? c2d? 4 ¢? c

3ib?cPolyLog (2,1 - %) (a + btan_l(cx)) 3ib?cPolyLog (2,1 - L) (a +btan™ (cx)) 3ib*c (a + btan_l(cx))

[Out] (I*c*(a + b*ArcTan[c*x])"3)/(c”2*d"2 + e72) + (c"2*d*(a + bxArcTan[c*x])~3)
/(ex(c™2%d"2 + e72)) - (a + bxArcTan[c*x])~3/(ex(d + exx)) - (3*b*ckx(a + Dbx
ArcTan[cxx])"2%Log[2/(1 - I*c*x)])/(c”2*d"2 + e72) + (3*bxc*(a + b*ArcTan[c
*x]) "2xLog[2/(1 + Ixc*x)])/(c™2%d"2 + e72) + (3xbxcx(a + b*ArcTan[c*x]) ~2*L
og[(2%c*x(d + e*x))/((c*d + Ixe)*(1 - Ikckx))])/(c™2%d"2 + e72) + ((3*I)*b~2
xc*(a + b¥ArcTan[c*x])*PolyLog[2, 1 - 2/(1 - Ixc*x)])/(c™2%d"2 + e72) + ((3
*xI)*b~2xc*(a + bxArcTan[c*x])*PolyLog[2, 1 - 2/(1 + Ixc*x)])/(c™2%d"2 + e72
) = ((3*%I)*b~2*c*x(a + bxArcTan[c*x])*PolyLog[2, 1 - (2%c*x(d + e*x))/((cxd +
Ixe)*x(1 - Ixc*x))])/(c™2xd"2 + e72) - (3*%b~3*c*PolyLogl3, 1 - 2/(1 - Ixc*x
)1)/(2x(c™2%d™2 + e72)) + (3%b”3*c*PolyLogl[3, 1 - 2/(1 + Ixc*x)])/(2x(c™2*d
2 + e72)) + (3*%b"3*c*PolyLogl[3, 1 - (2%c*x(d + e*xx))/((cxd + Ixe)*(1 - Ixcx
x))1)/(2%(c™2%d"2 + e72))

Rubi [A] time = 0.53011, antiderivative size = 499, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 10, number of rules used = 8, integrand size = 18, e

integrand size
0.444, Rules used = {4864, 4858, 4984, 4884, 4920, 4854, 4994, 6610}

2
1+icx

3ib*cPolyLog (2,1 - %) (u + btan_l(cx)) . 3ib?cPolyLog (2,1 - ) (a +btan”! (cx)) ) 3ib?c (a + btan_l(cx))

c2d? 4 ¢? c2d? 4 ¢? c

Antiderivative was successfully verified.

[In] Int[(a + b*ArcTan[c*x])~3/(d + exx)~2,x]

[Out] (Ixcx(a + b*ArcTan[cxx])7"3)/(c™2xd"2 + e72) + (c"2*d*(a + b¥ArcTan[c*x])~3)
/(ex(c™2xd"2 + e72)) - (a + bxArcTan[c*x])~3/(ex(d + e*x)) - (3xbxcx(a + bx
ArcTan[c*x]) "2*Log[2/(1 - Ixc*x)])/(c™2*d”2 + e72) + (3xbkck(a + b*ArcTan[c
xx])"2xLog[2/(1 + Ixc*x)])/(c”2*d"2 + e72) + (3*bxc*(a + b*ArcTan[c*x]) ~2*L
ogl(2*cx(d + exx))/((c*xd + I*xe)*(1 - I*xc*xx))])/(c™2*%d"2 + e72) + ((3*xI)*b~2
xcx(a + bxArcTan[c*x])*PolyLog[2, 1 - 2/(1 - Ixc*x)])/(c™2%d"2 + e72) + ((3
*I)*b~2*c*(a + bxArcTan[c*x])*PolyLog[2, 1 - 2/(1 + Ixcxx)])/(c™2xd"2 + €72
) = ((3*I)*b"2#cx(a + bxArcTan[c*x])*PolyLog[2, 1 - (2xcx(d + e*x))/((cxd +



129

Ixe)*x(1 - Ixc*x))])/(c™2xd"2 + e72) - (3*%b~3*c*PolyLogl3, 1 - 2/(1 - Ixc*x
)1)/(2x(c™2%d™2 + e72)) + (3*%b~3xc*PolyLogl[3, 1 - 2/(1 + Ixc*x)])/(2x(c™2*d
"2 + e72)) + (3xb"3*c*PolyLogl[3, 1 - (2xc*x(d + exx))/((ckd + Ixe)*(1 - Ixcx
x))1)/(2%(c™2%d"2 + e72))

Rule 4864

Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.)) " (p_)*((d_) + (e_.)*(x_))"(q_.), x_Sy
mbol] :> Simp[((d + e*x)~(q + 1)*(a + bxArcTan[c*x])"p)/(ex(q + 1)), x] - D
ist[(bxc*p)/(ex(q + 1)), Int[ExpandIntegrand[(a + b*ArcTan[c*x])~(p - 1), (
d + exx)"(q + 1)/(1 + c™2%x72), x], x], x] /; FreeQ[{a, b, c, d, e}, x] &&
I1GtQ[p, 1] && IntegerQ[q] && NeQ[q, -1]

Rule 4858

Int[((a_.) + ArcTan[(c_.)*(x_)]*(b_.))"2/((d_ ) + (e_.)*(x_)), x_Symbol] :>
-Simp[((a + b*ArcTan[c*x]) 2*Log[2/(1 - I*c*x)])/e, x] + (Simp[((a + b*ArcT
an[c*xx]) "2xLog[(2*xc*x(d + exx))/((cxd + Ixe)*x(1 - Ixc*x))])/e, x] + Simp[(Ix
bx(a + bxArcTan[c*x])*PolyLog[2, 1 - 2/(1 - I*cx*x)])/e, x] - Simp[(I*bx(a +
bxArcTan [c*x])*PolyLog[2, 1 - (2*c*x(d + exx))/((cxd + Ixe)*x(1 - I*xcx*xx))])/
e, x] - Simp[(b~2*PolyLog[3, 1 - 2/(1 - I*c*x)])/(2*e), x] + Simp[(b~2*Poly
Log[3, 1 - (2%cx(d + e*x))/((cxd + Ixe)*(1 - Ixcxx))])/(2*e), x]) /; FreeQ[
{a, b, ¢, d, e}, x] && NeQ[c™2xd"2 + e~2, 0]

Rule 4984

Int[(((a_.) + ArcTan[(c_.)*(x_)]1*(b_.))"(p_.)*x((£f_) + (g_.)*x(x_))"(m_.))/((
d_) + (e_.)*(x_)"2), x_Symbol] :> Int[ExpandIntegrand[(a + bxArcTan[c*x]) p
/(@ + exx™2), (f + gxx)"m, x], x] /; FreeQ[{a, b, c, d, e, f, g}, x] && IGt
Qlp, 0] && EqQle, c~2+d] && IGtQ[m, O]

Rule 4884

Int[((a_.) + ArcTan[(c_.)*(x_)]*(b_.))"(p_.)/((d_ ) + (e_.)*(x_)"2), x_Symbo
1] :> Simp[(a + b*ArcTan[c*x])~(p + 1)/(b*cxdx(p + 1)), x] /; FreeQ[{a, b,
c, d, e, pr, x] && EqQ[e, c~2*xd] && NeQ[p, -1]

Rule 4920

Int[(((a_.) + ArcTan[(c_.)*(x_)1*(b_.))"(p_.)*(x_))/((@)) + (e_.)*x(x_)"2),
x_Symbol] :> -Simp[(Ix(a + bxArcTan[c*x])~(p + 1))/(b*xex(p + 1)), x] - Dist
[1/(c*d), Int[(a + bxArcTan[c*x])"p/(I - c*x), x], x] /; FreeQ[{a, b, c, d,
e}, x] && EqQle, c~2*d] && IGtQ[p, O]
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Rule 4854

Int[((a_.) + ArcTan[(c_.)*(x_)]*(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol]

:> -Simp[((a + b*ArcTan[c*x]) “pxLog[2/(1 + (e*xx)/d)])/e, x] + Dist[(b*c*p)
/e, Int[((a + b*ArcTan[c*x])~(p - 1) x*Logl[2/(1 + (exx)/d)])/(1 + c~2*x"2), x
1, x] /; FreeQ[{a, b, c, d, e}, x] && IGtQlp, 0] && EqQ[c~2*d"2 + e~2, 0]

Rule 4994

Int[(Loglu_l*((a_.) + ArcTan[(c_.)*(x_)1*(b_.))"(p_.))/((d_) + (e_.)*x(x_)"2
), x_Symbol] :> -Simp[(I*(a + bxArcTan[c*x]) p*PolyLogl[2, 1 - ul)/(2*cxd),

x] + Dist[(bxp*I)/2, Int[((a + bxArcTan[c*x])~(p - 1)#*PolyLog[2, 1 - ul)/(d
+ exx™2), x], x] /; FreeQ[{a, b, c, d, e}, x] & IGtQ[p, 0] && EqQle, c 2%
d] & EqQ[(1 - w)~™2 - (1 - (2*%I)/(I - c*x))"2, 0]

Rule 6610
Int [(u_)*PolylLog[n_, v_], x_Symbol] :> With[{w = DerivativeDivides[v, uxv,

x]}, Simp[wxPolyLog[n + 1, v], x] /; !FalseQ[w]] /; FreeQ[n, x]

Rubi steps
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a+btan (cx) 2(d-ex)(a+b tanfl(cx) i
(a +b taun_l(cx))3 (a + btam_l(cx))3 (3bc) f ( 2d21¢2 (d+ex)) * (c2d2(+ez)(1+c2x2) ) J d
f (d + ex)? e e(d + ex) e
=] 3 (d—ex)(a+b tanfl(cx))2 (a+b tan_l(cx))2
~ (a +btan (cx)) N (3bc3) i —3 dx N (3bee) [ o dx

e(d + ex) e (Czdz + ez) 242 + ¢2

(a + btan_l(cx))3 3bc (a +btan~ l(cx)) log (1 — ) . 3bc (a + btam_l(cx))2 log ((Cdzflf
e(d + ex) c2d? + 2 c2d? + 2

(a n btan_l(cx))3 3bc (a +btan” l(cx)) log (1 — ) . 3bc (a + btan_l(cx))2 log ((C;:;
e(d + ex) c2d? + 2 c2d? + 2

ic (a +b tan_l(cx))3 c’d (a +b tan_l(cx))3 (a +b tan_l(cx))3 3bc (ﬂ +btan! (cx)}

+ - - -
c2d? + e? e (CZdZ + 62) e(d + ex) c2d? + ¢

3 3 3 - )
ic (u +b tan_l(cx)) c’d (u +b tan_l(cx)) (a +b tan_l(cx)) 3bc (ﬂ +btan 1(cx))
c2d? + 2 * e (c2d2 + 82) - e(d + ex) - c2d? + ¢

ic (a +b tam_l(cx))3 c*d (a +b tam_l(cx))3 (a +b tan_l(cx))3 3bc (a +btan! (cx)}

+ - - l
c2d? + 2 e (CZdZ + 62) e(d + ex) c2d? + ¢

ic (a +b tan_l(cx))3 c2d (a +b tan_l(cx))3 (a +b tan_l(cx))3 3bc (“ +btan™ (cx)}

+ — - -
c2d? + 2 e (CZdZ + 32) e(d + ex) c2d? + ¢

Mathematica [F] time = 123.733, size = 0, normalized size = 0.

dx

f (a + btam_l(cx))3

(d + ex)?
Verification is Not applicable to the result.

[In] Integratel[(a + bxArcTan[cx*x])~3/(d + exx)~2,x]

[Out] Integrate[(a + b*ArcTan[c*x])~3/(d + exx)~2, x]
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Maple [C] time = 0.774, size = 2960, normalized size = 5.9

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a+b*arctan(c*x))~3/(e*x+d)"2,x)

[Out] -3/2%I*cxb~3/(c"2*d"2+e"2)*arctan(c*x) "2*Pi*csgn(I*(-I*(1+I*c*xx)~2/(c™2*x"2
+1) *e+cxd* (1+Ixc*x) "2/ (c™2%x72+1) +I*xe+d*c) ) *csgn(I* (-I*x (1+I*c*x) "2/ (c™2%x"2
+1)*e+ckd* (1+Ixcxx) "2/ (c™2xx™2+1) +I*e+d*c) / ((1+I*xckx) "2/ (c™2*%x"2+1)+1)) "2-3
*I*xc”2%b"3/ (c"2xd"2+e"2) *d/ (d*c-I*e)*arctan(c*x) *polylog(2, (I*xe-d*c)/(d*c+I
xe)* (1+I*xc*x) "2/ (c™2%x"2+1) ) -3*I*c*b~3*e*arctan (c*x)*polylog(2, (Ixe-dc)/(d
kct+Ixe)* (1+I*xcxx) "2/ (c™2xx"2+1)) /(c™2xd"2+e"2) / (e+I*d*c) -3/2xI*c*b~3/(c™2%d
~2+e”2)*arctan(c*x) "2*Pikcsgn (I/((1+I*c*x) "2/ (c™2%x"2+1)+1) ) *xcsgn (I* (-I*(1+
Ixc*x) 72/ (c™2%x72+1) *e+ckd* (1+Ixcxx) "2/ (c™2xx™2+1) +I*e+d*c) / ((1+I*c*x) "2/ (c
T2xx72+1)+1) ) "2-3/4*I*c*b”3/ (c"2xd"2+e"2) *arctan (c*x) "2*Pi*xcsgn (I* (1+I*c*x)
/(c™2xx72+1) 7 (1/2) ) "2*csgn (I (1+I*ckx) "2/ (c™2%x72+1) ) +3/4*I*xc*xb~3/ (c™2*d "2+
e~2)*arctan(cxx) "2*Pikcsgn (I* (1+Ixc*x) "2/ (c™2*x72+1) ) *csgn(I* (1+I*c*xx) "2/ (c
~2%x72+1) / ((1+I*c*x) "2/ (c™2%x"2+1)+1) 72) "2-3/2*I*cxb~3/ (c"2*d"2+e"2) *arctan
(c*xx) "2*Pixcsgn (I* ((1+Ixc*x) "2/ (c™2%x72+1)+1) ) *csgn(I* ((1+Ixc*x) "2/ (c™2%x"2
+1)+1)72) "2+3/4xI*c*b~3/ (c"2*d"2+e"2) *arctan (c*x) ~2*Pi*csgn (I* ((1+Ixcx*x) "2/
(c™2%x72+1)+1) ) "2xcsgn (Ix ((1+I*c*x) "2/ (c™2%x72+1)+1) 72) +3/4*I*c*xb~3/ (c™2%d”~
2+e~2)*arctan(c*x) "2*xPixcsgn(I/ ((1+Ixc*x) "2/ (c™2%x72+1)+1) "2) *csgn(I* (1+I*c
xx) "2/ (c72xx72+1) / ((1+I*c*x) "2/ (c7™2%x72+1)+1) "2) "2+3/2*%I*c*b~3/(c"2xd"2+e"2
)*arctan(c*xx) "24Pi*csgn(I* (1+I*cxx)/(c™2*%x"2+1) " (1/2)) *csgn(I* (1+I*cxx) "2/ (
CcT2*x72+1) ) "2-3/2*cxb~3*arctan(cxx) "2/ (c"2xd"2+e"2) *1n (c"2xx"2+1) -3*c*b~3/ (
c”2xd"2+e"2)*arctan(cxx) "2*%1n(-I* (1+Ixc*xx) "2/ (c™2xx"2+1) *e+c*d* (1+I*c*x) "2/
(c™24x72+1) +I*e+d*c)+3*xcxb~3/(c"2*d"2+e~2) *arctan (cxx) “2x1n ((1+I*c*x)/(c™2%
x"2+1)7(1/2) ) -cxb~3/ (cxexx+cxd) /e*xarctan (c*x) “3+3*cxb~3/(c"2+xd"2+e"2) *arcta
n(c*x) "2x1n(2) -I*cxb~3/(c"2+d"2+e"2) *arctan (c*x) “3+3*cxa”~2*xb/ (c™2*d"2+e”2) *
1n(cxexx+cxd)-3/2%c*a”2%b/ (c™2%d"2+e72) *1n(c™2%x"2+1) +3/2*c™2xb~3/ (c"2*d "2+
e~2)*d/ (d*c-I*e)*polylog(3, (Ixe-d*c)/(dxc+I*e)*(1+I*c*x)~2/(c™2%x"2+1))+c~2
*xb~3/e*arctan(c*x) "3/ (c72*d"2+e”2) *d-3*c*a~2%b/ (c*e*xx+c*d) /exarctan (c*x) -3
c*kaxb~2/ (ckxexx+cxd) /e*xarctan(c*x) “2+6*cka*xb™2xarctan(c*x) /(c™2xd"2+e~2) *1n(
ckexx+ckxd) -3*ckaxb~2xarctan(cxx) /(c”2*xd"2+e”2) *1n(c™2*x"2+1) +3xI*c*xa*xb~2/(c
~2%d"2+e"2)*dilog ((I*e-e*xcxx)/(d*c+Ixe))-3/4*xIxc*axb~2/(c"2xd"2+e~2) *1n(c*x
+I1)72+3/2*I*xcxaxb~2/(c"2*%d"2+e"2) *dilog(-1/2*I* (c*x+I))+3/4*I*c*a*xb~2/(c™2%
d™2+e"2)*1n(c*xx-I) "2-3/2*I*c*axb™2/(c"2*%d"2+e"2) *dilog(1/2*I* (c*x-I))-3*I*c
*xa*xb”2/(c”"2xd"2+e"2) *dilog ((I*e+exc*x)/(I*e-d*c))+3/2xc*b~3*e*xpolylog(3, (Ix*
e—dxc)/(d*c+Ixe)*(1+I*cxx) "2/ (c™2%xx"2+1))/(c"2xd"2+e~2) / (e+I*d*c)+3/4*I*c*b
~3/(c"2xd"2+e"2) *arctan(c*x) "2*Pixcsgn (I* ((1+Ixc*x) "2/ (c™2%x"2+1)+1)~2) ~3+3
/2xIxcxaxb~2/(c"2%d"2+e"2) *1n(c*x-I)*1n(-1/2*%I* (cxx+I))+3/2xI*cxaxb~2/(c™2x
d™2+e"2)*1n(c™2*x"2+1) *1n (c*x+I)-3/2*I*c*axb~2/(c"2*d"2+e”"2) *1n(c*x+I)*1n(1
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/2%I*x(cxx-1))+3*I*c*xa*xb~2/(c"2xd"2+e~2) *1n (cxexx+c*xd) *1n ((I*xe-exc*x) / (d*xc+I
xe))-c*xa”3/ (ckexx+c*d) /e-3xI*xckaxb™2/(c"2xd"2+e”2) *1n(c*xexx+c*d) *1n ((I*xe+ex
cxx)/ (I*xe-dx*c))-3/2*I*c*a*xb™2/(c"2xd"2+e"2) *1n(c™2*x"2+1) *1n (c*xx-I1)-3/4*I*c
*b~3/(c"2+%d"2+e"2) *arctan (c*x) “2*Pi*csgn (I* (1+I*xc*x) "2/ (c™2%x72+1) / ((1+I*c*
x) "2/ (c72xx72+1)+1) "2) "3+3*c"2*a"2*b/e/ (c"2*%d"2+e"2) *d*arctan (c*x) +3*xc " 2*a*
b~2/e/(c"2%d"2+e"2) *d*arctan (c*x) ~2+3*c*b~3*e*arctan(c*x) "2*1n(1-(I*e-d*c)/
(dxc+Ix*e)* (1+Ixc*x) "2/ (c™2%x72+1))/(c™2xd"2+e"2) / (e+I*d*c)+3*c”2*b~3/(c"2xd
~2+e72)*d/ (d*c-I*e)*arctan(c*x) "2*x1ln(1-(I*e-d*xc)/(dxc+I*e)* (1+I*c*x)~2/(c"2
*xx"2+1))-3/4*I*xcxb~3/(c"2*%d"2+e"2) *arctan (c*x) “2*Pi*csgn (I* (1+I*xc*x) "2/ (c"2
*X"2+1) ) "3+3/2*I*c*b”~3/ (c"2xd"2+e"2) *arctan (c*x) ~2*Pi*csgn (I* (-I* (1+I*c*x) "
2/ (c™2%x72+1) ke+cxd* (1+Ixcxx) "2/ (c™2%x"2+1) +I*xe+d*xc) / ((1+I*c*x) "2/ (c™2*x™ 2+
1)+1))73+3/2xI*c*xb~3/ (c"2xd"2+e"2) *arctan (c*x) "2*xPixcsgn(I/ ((1+Ixc*x)~2/(c”
2%x72+1)+1) ) *csgn(I* (-Ix (1+I*c*xx) "2/ (c™2%xx"2+1) *e+ckd* (1+I*c*xx) "2/ (c™2*%x™2+
1) +I*e+d*c))*csgn(Ix (~I*x (1+Ixc*x) "2/ (c™2*x72+1) *e+ckd* (1+Ixc*x) "2/ (c™2*x™ 2+
1)+Ixe+dxc)/ ((1+I*cxx)~2/(c™2%x"2+1)+1))-3/4*xI*c*b~3/(c"2*d"2+e~2) *arctan(c
*xx) “2*Pi*csgn (I/((1+I*cxx) "2/ (c™2xx"2+1)+1) "2) xcsgn (I* (1+I*c*xx) "2/ (c™2*x™2+
1)) *csgn(I*(1+Ixc*x) "2/ (c™2%x72+1) / ((1+I*c*xx) "2/ (c™2%x"2+1)+1) "2) +3*c*b~ 3*a
rctan(c*xx) "2/ (c~2xd"2+e"2) *1n(c*xe*x+c*d)

Maxima [F] time = 0., size = 0, normalized size = 0.

15 21
> b3 arctan (cx)® — 5 b3:

2

3 Zdam&mcwx_bg@%g+ﬂ 2 log (ex + d) _2amumﬁm)%b_ a3 ~
c2d%e + e3 c2d? + e2 c2d? + e? e2x + de e2x + de

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctan(c*x))~3/(e*x+d)~2,x, algorithm="maxima")

[Out] 3/2*((2*c*d*arctan(c*x)/(c™2xd"2*%e + €73) - log(c™2*x"2 + 1)/(c™2*d"2 + e72
) + 2xlog(e*xx + d)/(c”2*d"2 + e72))*c - 2%arctan(c*x)/(e"2xx + dxe))*a”2*b

- a”3/(e"2xx + dxe) - 1/32*(4xb~3*arctan(c*x)”3 - 3*b~3*arctan(c*x)*log(c~2

*x72 + 1)72 - 32%(e"2*x + d*e)*integrate(1/32*(28*(b~3*c™2%e*x”2 + b~ 3%*e)*a
rctan(ckxx) "3 + 12%(8xaxb”™2%c"2%e*x”2 + b73%cke*x + bT3*ckd + 8kaxb~2xe)*arc
tan(c*x) "2 - 12%x(b73*c”2%e*x”2 + b~ 3*c”2xd*x)*arctan(cxx)*log(c™2*x"2 + 1)

- 3x(b~3*cxe*xx + b~3*ckxd - (b~3*c"2%e*xx"2 + b~ 3%e)*arctan(cxx))*log(c™2*x"2

+ 1)72)/(c™2%e73%x74 + 2%cT2%d*e"2%x"3 + 2xd*ke”2+x + d"2%e + (cT2xd"2%e +
e”3)*x72), x))/(e"2xx + dxe)
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Fricas [F] time = 0., size = 0, normalized size = 0.

, b arctan (cx)® + 3 ab? arctan (cx)* + 3 a2barctan (cx) + a3
integral ,X
e2x? + 2 dex + d?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctan(c*x))~3/(e*x+d)~2,x, algorithm="fricas")

[Out] integral((b~3*arctan(c*x)~3 + 3xa*b~2*arctan(c*x)”2 + 3*a~2*b*arctan(c*x) +
a~3)/(e"2*%x"2 + 2xdxexx + d~2), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

(a + batan (cx))3
> dx
(d + ex)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*atan(c*x))**3/(e*xx+d)**2,x)

[Out] Integral((a + bxatan(c*x))*+*3/(d + e*x)**2, x)

Giac [F] time = 0., size = 0, normalized size = 0.

f (barctan (cx) + a)3
dx

(ex + d)2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctan(c*x))~3/(exx+d)~2,x, algorithm="giac")

[Out] integrate((b*arctan(c*x) + a)~3/(exx + d)~2, x)
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f (a+b taua_l(cx))3

(d+ex)3

3.20 X

Optimal. Leaf size=936

result too large to display

[Out] (3*bxc~3xd*x(a + bxArcTan[c*x])~2)/(2x(c™2xd"2 + e72)72) + (((3*I)/2)*b*xc”~2x%

ex(a + bxArcTan[cxx])~2)/(c™2%d"2 + €72)72 - (3*bxcx(a + b*ArcTan[c*x])~2)/
(2%(c™2*%d"2 + e72)*(d + exx)) + (I*c”3*d*(a + b*ArcTan[c*x])~3)/(c™2xd"2 +
e”2)72 + (c™2x(cxd - e)x(cxd + e)x(a + bxArcTan[c*x])~3)/(2%e*x(c™2xd"2 + e~
2)72) - (a + bxArcTan[cxx])~3/(2%ex(d + e*x)~2) - (3*b"2xc"2*xex(a + bxArcTa
nlcxx])*Log[2/(1 - Ixc*x)])/(c™2xd"2 + e72)72 - (3*bxc~3*d*(a + b*ArcTan[cx
x])"2xLog[2/(1 - I*c*x)])/(c™2xd"2 + e72)72 + (3*b"2xc"2*ex(a + b¥ArcTan[cx*
x])*Log[2/(1 + I*cxx)])/(c™2%d"2 + e72)72 + (3*b*xc~3*dx(a + bxArcTan[c*x])~
2xLog[2/(1 + TI*xc*x)])/(c™2%d"2 + e72)72 + (3*%b~2*c"2%e*x(a + b*ArcTan[c*x])*
Log[(2%cx(d + exx))/((cxd + Ixe)*(1 - Ixc*x))])/(c™2%xd"2 + €72)72 + (3%b*c”
3xdx(a + bxArcTan[c*x]) " 2xLog[(2xc*(d + exx))/((cxd + I*xe)*(1 - I*xc*xx))])/(
c™2xd"2 + e72)72 + (((3%I)/2)*b~3*c”2*exPolyLogl[2, 1 - 2/(1 - TI*cx*x)])/(c"2
*d"2 + e72)72 + ((3*I)*b~2xc”3*d*(a + bxArcTan[c*x])*PolyLog[2, 1 - 2/(1 -
Ixcxx)])/(c™2%xd"2 + e72)72 + (((3%I)/2)*b~3*xc~2*xexPolyLog[2, 1 - 2/(1 + Ix*c
*xx)])/(c™2%d"2 + e72)72 + ((3*I)*b~2xc~3*d*(a + bxArcTan[c*x])*PolyLog[2, 1
- 2/(1 + Ixcxx)])/(c™2xd"2 + e72)72 - (((3%I)/2)*b~3*c"2*e*PolyLog[2, 1 -
(2%cx(d + exx))/((c*xd + Ixe)*(1 - Ixcxx))])/(c™2%d"2 + e72)72 - ((3*I)*b"2%
c~3xd*(a + bxArcTan[c*x])*PolyLog[2, 1 - (2%cx(d + exx))/((c*d + I*xe)*(1 -
I*xc*xx))])/(c™2*%d"2 + €72)72 - (3*xb~3*%c~3*d*PolyLog[3, 1 - 2/(1 - I*xcxx)])/(
2% (c72%d"2 + e72)72) + (3*%b”~3*c”3xd*PolylLogl[3, 1 - 2/(1 + Ixc*x)])/(2x(c™2x*
d”2 + e72)72) + (3*%b~3xc”3*d*PolyLog[3, 1 - (2%c*(d + e*xx))/((c*xd + Ixe)*(1
- Ixcxx))])/(2%(c™2%d”2 + e72)72)

Rubi [A] time = 1.08992, antiderivative size = 936, normalized size of antiderivative = 1.,

. . number of rules
number of steps used = 23, number of rules used = 12, integrand size = 18, ~—————— =
integrand size

0.667, Rules used = {4864, 4856, 2402, 2315, 2447, 4984, 4884, 4920, 4854, 4858, 4994, 6610}

. 9 2 3 . 9 2 3 ) 2c(d+ex) 3 3
3ic“ePolyLog (2,1 - m) b . 3ic“ePolyLog (2,1 - 1) b>  3ic“ePolyLog (2,1 - m) b®>  3c’dPolyLo
2 2 h 2 h
2 (czd2 + e2) 2 (c2d2 + ez) 2 (c2d2 + ez) 2 (c2

Antiderivative was successfully verified.

[In] Int[(a + bxArcTan[c*x])~3/(d + exx)"3,x]
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[Out] (3*bxc™3*d*(a + bxArcTan[c*x])~2)/(2x(c™2xd"2 + €72)72) + (((3%I)/2)*b*xc™2x*
ex(a + b*ArcTan[c*x])~2)/(c™2%d"2 + e72)72 - (3*bxc*(a + b*ArcTan[c*x])~2)/
(2% (c™2*%d"2 + e72)*(d + exx)) + (I*c”3*d*(a + b*ArcTan[c*x])~3)/(c™2xd"2 +
e”2)72 + (c™2x(cxd - e)x(cxd + e)x(a + bxArcTan[c*x])~3)/(2%e*x(c™2xd"2 + e~
2)72) - (a + bxArcTan[cxx])~3/(2%ex(d + e*x)~2) - (3*b~2xc"2*xex(a + bxArcTa
nlc*x])*Log[2/(1 - I*c*x)])/(c™2%d”™2 + e72)72 - (3*b*c”3*d*(a + bxArcTan[c*
x]) " 2xLog[2/(1 - I*c*x)])/(c™2xd"2 + e€72)72 + (3*b~2xc"2*ex(a + b¥ArcTan[cx*
x])*Log[2/(1 + I*cxx)])/(c™2%d"2 + e72)72 + (3*b*xc~3*dx(a + bxArcTan[c*x])”~
2xLog[2/(1 + TI*xc*xx)])/(c™2%d"2 + e72)72 + (3*%b~2*c"2%e*x(a + b*ArcTan[c*x])*
Log[(2%cx(d + exx))/((cxd + Ixe)*(1 - Ixc*x))])/(c™2%xd"2 + e72)72 + (3%b*xc”
3xdx(a + bxArcTan[c*x]) " 2xLog[(2xc*(d + e*x))/((cxd + I*xe)*(1 - I*xc*xx))])/(
c™2xd"2 + e72)72 + (((3%I)/2)*b~3*c~2*exPolyLog[2, 1 - 2/(1 - I*cx*x)])/(c"2
*d"2 + e72)72 + ((3*I)*b~2xc”3*d*(a + bxArcTan[c*x])*PolyLog[2, 1 - 2/(1 -
Ixcxx)])/(c™2%xd"2 + e72)72 + (((3%I)/2)*b~3*c~2*exPolyLog[2, 1 - 2/(1 + Ix*c
*xx)])/(c™2%xd"2 + e72)72 + ((3*I)*b~2xc~3*d*(a + bxArcTan[c*x])*PolyLog[2, 1
- 2/(1 + Ixc*xx)])/(c™2%d"2 + e72)72 - (((3%I)/2)*b~3*c~2*e*PolyLog[2, 1 -
(2%cx(d + exx))/((c*xd + Ixe)*(1 - Ixcxx))])/(c™2%d"2 + e72)72 - ((3*I)*b"2%
c~3*d*(a + bxArcTan[c*x])*PolyLog[2, 1 - (2%cx(d + exx))/((c*d + I*xe)*(1 -
I*xc*xx))])/(c™2*%d"2 + e72)72 - (3*b~3*%c~3*d*PolyLog[3, 1 - 2/(1 - I*xcxx)])/(
2% (c72%d"2 + e72)72) + (3*%b~3*c”3xd*PolylLogl[3, 1 - 2/(1 + Ixc*x)])/(2x(c™2x*
d”2 + e72)72) + (3*%b~3xc”3*d*PolyLog[3, 1 - (2%c*(d + e*xx))/((c*xd + Ixe)*(1
- Ikc*x))])/(2%x(c72%d"2 + e72)72)

Rule 4864

Int[((a_.) + ArcTan[(c_.)*(x_)]*(b_.))"(p)*((d_) + (e_.)*(x))"(q_.), x_Sy
mbol] :> Simp[((d + e*x)~(q + 1)*(a + bxArcTan[c*x])"p)/(ex(q + 1)), x] - D
ist [(b*c*p)/(ex(q + 1)), Int[ExpandIntegrand[(a + bxArcTan[c*x])~(p - 1), (
d +exx)"(q+ 1)/(1 + c™2%x~2), x], x], x] /; FreeQ[{a, b, c, d, e}, x] &&
IGtQ[p, 1] && IntegerQlq] && NeQ[q, -1]

Rule 4856

Int[((a_.) + ArcTan[(c_.)*(x_)]*(b_.))/((d_) + (e_.)*(x_)), x_Symbol] :> -8
imp[((a + b*ArcTan[c*x])*Log[2/(1 - I*c*x)])/e, x] + (Dist[(b*c)/e, Int[Log
[2/(1 - I*xcxx)]/(1 + c™2%xx72), x], x] - Dist[(bxc)/e, Int[Log[(2*c*(d + exx
))/((cxd + Ixe)*(1 - Ixc*x))]/(1 + c™2%x72), x], x] + Simp[((a + b*ArcTanlc
*x])*Log [(2%cx(d + exx))/((c*d + Ixe)x(1 - Ixc*x))])/e, x1) /; FreeQl{a, b,
c, d, e}, x] && NeQ[c™2xd"2 + 72, 0]

Rule 2402

Int[Logl[(c_.)/((d_) + (e_.)*(x_))1/((f_) + (g_.)*(x_)"2), x_Symbol] :> -Dis
tle/g, Subst[Int[Logl[2*xd*x]/(1 - 2xd*x), x], x, 1/(d + exx)], x] /; FreeQ[{
c, d, e, £, gt, x] & EqQlc, 2*xd] && EqQ[e~2*f + d~2xg, 0]
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Rule 2315

Int[Log[(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> -Simp[PolyLog[2, 1 -
cxx]/e, x] /; FreeQ[{c, d, e}, x] && EqQl[e + c*d, 0]

Rule 2447

Int[Log[u 1*(Pq )~ (m_.), x_Symbol] :> With[{C = FullSimplify[(Pq~m*(1 - u))

/Dlu, x]1}, Simp[C*PolyLogl[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQm] &&

PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents [u,
x] [[2]], Expon[Pq, x1]

Rule 4984

Int[(((a_.) + ArcTan[(c_.)*(x_)]1*(b_.))"(p_.)*((f_) + (g_.)*(x_)) " (m_.))/((
d_) + (e_.)*(x_)"2), x_Symbol] :> Int[ExpandIntegrand[(a + bxArcTan[c*x]) p
/(d + exx"2), (f + gxx)"m, x], x] /; FreeQ[{a, b, ¢, d, e, £, g}, x] && IGt
Qlp, 0] && EqQle, c~2+d] && IGtQ[m, O]

Rule 4884

Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.))"(p_.)/((@_) + (e_.)*x(x_)"2), x_Symbo
1] :> Simp[(a + bxArcTan[c*x])~(p + 1)/(b*cxd*(p + 1)), x] /; FreeQ[{a, b,
c, d, e, pr, x] && EqQ[e, c~2xd] && NeQ[p, -1]

Rule 4920

Int[(((a_.) + ArcTan[(c_.)*(x_)]1*(b_.))"(p_.)*(x_))/((d_) + (e_.)*x(x_)"2),
x_Symbol] :> -Simp[(Ix(a + bxArcTan[c*x])~(p + 1))/(b*xex(p + 1)), x] - Dist
[1/(c*d), Int[(a + bxArcTan[c*x])"p/(I - c*x), x], x] /; FreeQ[{a, b, c, d,
e}, x] && EqQle, c~2xd] && IGtQ[p, 0]

Rule 4854

Int[((a_.) + ArcTan[(c_.)*(x_)]*(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol]

:> -Simp[((a + b*ArcTan[c*x]) “p*Log[2/(1 + (exx)/d)])/e, x] + Dist[(bxcx*p)
/e, Int[((a + b*ArcTan[c*x])~(p - 1)*Logl[2/(1 + (e*x)/d)])/(1 + c™2%x72), x
1, x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c™2%d"2 + e~2, 0]

Rule 4858

Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.))"2/((d_) + (e_.)*(x_)), x_Symbol] :>
-Simp[((a + bxArcTan[c*x])"2*Log[2/(1 - I*c*x)])/e, x] + (Simp[((a + b*ArcT
an[c*xx]) "2xLog[(2*xc*x(d + exx))/((cxd + Ixe)*x(1 - Ixc*x))])/e, x] + Simp[(Ix
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b*(a + b*ArcTan[c*x])*PolylLogl[2, 1 - 2/(1 - Ixc*x)])/e, x] - Simp[(I*bx(a +
b*ArcTan [c*x])*PolyLog[2, 1 - (2xc*x(d + exx))/((cxd + Ixe)*x(1 - Ixcx*x))])/
e, x] - Simp[(b~2*PolyLog[3, 1 - 2/(1 - I*c*x)])/(2*e), x] + Simp[(b~2*Poly
Log[3, 1 - (2%cx(d + e*xx))/((cxd + Ixe)*(1 - Ixcxx))])/(2*e), x]) /; FreeQ[
{a, b, ¢, 4, e}, x] && NeQ[c™2*¥d"2 + e~2, 0]

Rule 4994

Int[(Loglu_l*((a_.) + ArcTan[(c_.)*(x_)]1*(b_.))"(p_.))/((d_) + (e_.)*x(x_)"2
), x_Symbol] :> -Simp[(I*(a + bxArcTan[c*x]) p*PolyLogl[2, 1 - ul)/(2*cxd),
x] + Dist[(b*p*I)/2, Int[((a + b*ArcTan[c*x])~(p - 1)*PolyLog[2, 1 - ul)/(d
+ e*xx”2), x], x] /; FreeQ[{a, b, ¢, d, e}, x] && IGtQ[p, 0] && EqQ[e, c™2x
dl && EqQ[(1 - w™2 - (1 - (2xI)/(I - c*x))~2, 0]

Rule 6610
Int [(u_)*PolylLog[n_, v_], x_Symbol] :> With[{w = DerivativeDivides[v, uxv,

x]}, Simp[wxPolyLog[n + 1, v], x] /; !FalseQ[w]] /; FreeQ[n, x]

Rubi steps
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3 5 (3bo) f ?(a+btan” (cx)) N 22de2(a +htan71(cx))z . (cA2-22-2ctdex) (a+b
c
f (ﬂ +0 tan_l(cx)) dx = (El +0b tan_l(cx)) + C2d2+32 (d+ex)2 (c2d2+e2)2(d+ex) (c2d2+e2)2(1+czx
drexp 0T 2e(d+ex) >
3 42 2,2 o4 btan-! 2 — 2
(” +b tan‘l(cx)) (3bc)f i C1j23(;+ w(en) dx (3bc3d€)f W‘
= — + +
2 5 2
2e(d + ex) 2% (c2d2 " ez) (C2 P e2)

3be (u +btan” (cx)) (a +b tan_l(cx))3 3bc>d (‘1 +b tan_l(cx))z log (%) 3bc’
2(c2d? + ¢2) (d + ex) 2e(d+ex? (2 + 62)2 '

Sbc (a +btan” 1(cx)) (a + btan_l(cx))3 3bc>d (a + btan_l(cx))z log (ﬁ) 3bc’
(chZ + ez) (d + ex) 2e(d +ex)? (c2d2 + 62)2 "

3bc (a +b tan_l(cx))2 ic3d (a +b taun_l(cx))3 c?(cd — e)(cd + e) (a +b tan_l(cx))3
2 (c2d2 + ez) (d + ex) ’ (c2d2 n 62)2 ’ 2 (c2d2 " ez)z

3bc (a +b tan_l(cx))2 ic3d (a +b tan_l(cx))3 c?(cd — e)(cd + ) (a +b tam_l(cx))3
2 (chZ + ez) (d + ex) ’ (Czdz " ez)z * 2e (c2d2 n ez)z

~ 3bc3d (a +b taun_l(cx))2 3ibc%e (a +btan™! (cx))2 3bc (u +b taun_l(cx))2 ic’d (a +1
- 2 (chZ + ez)z " ) (c2d2 + 32)2 2 (c2d2 + eZ) (d +ex) ’ (Czd:

_ 3bc3d (a +b tan_l(cx))2 3ibce (a +btan™ (cx))2 3bc (a +b tan_l(cx))2 ic3d (a +1

2 * 2 242 4 o2 *
2 (c2d2 + ez) 2 (Czdz + ez) 2 (c s +e ) (d + ex) (Czd:

_ 3bc3d (a +b tam_l(cx))2 3ibc%e (a +btan™t (cx))2 3bc (a +b tan_l(cx))2 ic3d (a +1
- 2 (Czdz " ez)z ’ 2 (Czdz " ez)z 2 (c2d2 + eZ) (d + ex) * (czd:

~ 3bc3d (a +b tam_l(cx))2 3ibc%e (a +btan™ (cx))2 3bc (u +b taun_l(cx))2 ic3d (u +1
- 2 (chZ + ez)z ’ 2 (Czdz + 32)2 2 (c2d2 + eZ) (d +ex) * (Czd:

Mathematica [F] time = 67.1242, size = 0, normalized size = 0.

f (a + btan_l(cx))3

(d + ex)3 ax
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Verification is Not applicable to the result.

[In] Integrate[(a + bxArcTan[cx*x])~3/(d + exx)~3,x]

[Out] Integrate[(a + b*ArcTan[c*x])~3/(d + e*x)~3, x]

Maple [C] time = 6.972, size = 41013, normalized size = 43.8

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctan(cx*x)) 3/ (exx+d)"3,x)

[Out] result too large to display

Maxima [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctan(c*x))~3/(e*x+d)~3,x, algorithm="maxima")

[Out] Timed out

Fricas [F] time = 0., size = 0, normalized size = 0.

. b arctan (cx)® + 3 ab? arctan (cx)* + 3 a2b arctan (cx) + a3
integral ,X
e3x3 + 3de2x? + 3d%ex + d3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctan(c*x))~3/(exx+d)~3,x, algorithm="fricas")
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[Out] integral((b~3*arctan(c*x)”3 + 3*a*b~2*arctan(c*x) 2 + 3*%a~2*bxarctan(c*x) +
a~3)/(e"3*x"3 + 3xd*e”2*x"2 + 3*d"2%exx + d~3), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*atan(c*x))**3/(exx+d)**3,x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

(barctan (cx) + a)3

dx
(ex + d)°

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctan(c#*x))~3/(e*xx+d)~3,x, algorithm="giac")

[Out] integrate((b*arctan(cxx) + a)~3/(exx + d)~3, x)
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321  [(d+ex)*(a+btan™ (cx?)) dx

Optimal. Leaf size=250

(d + ex)? (a +btan™ (cxz)) b (3cd2 + ez) log (cx2 — V24Jex + 1) b (30d2 + ez) log (cx2 +V24/ex + 1) b (3cd2 -
3e 62032 " 62032 "

[Out] (-2*%b*e~2xx)/(3%c) - (b*d"3*ArcTan[c*x"2])/(3%e) + ((d + e*x)~3*(a + b*ArcT
an[c*x72]))/(3%e) + (bx(3*cxd"2 - e~2)*ArcTan[1 - Sqrt[2]*Sqrt[c]l*x])/(3*Sq
rt[2]1*%c7(3/2)) - (b*(3*%cxd”™2 - e~2)*ArcTan[1 + Sqrt[2]*Sqrt[c]*x])/(3*Sqrt[
2]*%c7(3/2)) - (b*x(3*c*d”2 + e~2)*Log[l - Sqrt[2]*Sqrtlcl*x + c*xx~2])/(6*Sqr
t[2]*c”(3/2)) + (bx(3xc*d™2 + e~2)*Logl[1l + Sqrt[2]*Sqrtlcl*x + cxx~2])/(6%*S
qrt[2]1*c~(3/2)) - (bxd*exLogl[l + c~2*x~4])/(2*c)

Rubi [A] time = 0.303477, antiderivative size = 250, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 18, number of rules used = 14, integrand size = 18, e o e
integrand size

= (.778, Rules used = {5205, 12, 1831, 1248, 635, 203, 260, 1280, 1168, 1162, 617, 204, 1165,
628}

(d + ex)® (a +btan™! (cxz)) b (3cd2 + ez) log (cx2 — V2+/fex + 1) b (3cd2 + ez) log (cx2 +V24/ex + 1) b (3cd2 —
- + +

3e 6\/5 32 6 \/E 32

Antiderivative was successfully verified.

[In] Int[(d + e*x)~2x(a + bxArcTan[c*x"2]),x]

[Out] (-2*b*e~2%x)/(3*%c) - (b*d~3*ArcTan[c*x72])/(3*%e) + ((d + e*x)”"3x(a + bxArcT
an[c*x~2]))/(3*%e) + (b*(3*c*d™2 - e~2)*ArcTan[1 - Sqrt[2]*Sqrt[c]*x])/(3*Sq
rt[2]1*%c”(3/2)) - (b*(3*cxd”2 - e~2)*ArcTan[1 + Sqrt[2]1*Sqrt[c]l*x])/(3*Sqrt([
2]*c7(3/2)) - (b*(3*c*xd™2 + e~ 2)*Logl[l - Sqrt[2]*Sqrtlcl*x + c*x72])/(6*Sqr
t[2]%c™(3/2)) + (b*x(3*c*d™2 + e”2)xLog[1l + Sqrt[2]*Sqrtlcl*x + c*xx~2])/(6*S
qrt[2]*c~(3/2)) - (bxd*exLogl[l + c™2%x74])/(2%c)

Rule 5205

Int[((a_.) + ArcTan[u_J*(b_.))*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Sim
pl((c + d*x)"(m + 1)*(a + b*ArcTan[u]))/(d*x(m + 1)), x] - Dist[b/(d*(m + 1)
), Int[SimplifyIntegrand[((c + d*x)~(m + 1)*D[u, x])/(1 + u™2), x], x], x]
/; FreeQ[{a, b, ¢, d, m}, x] && NeQ[m, -1] && InverseFunctionFreeQ[u, x] &&

'Function0fQ[(c + d*x)~(m + 1), u, x] && FalseQ[PowerVariableExpn[u, m +
1, x]]
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Rule 12

Int[(a_)*(u_), x_Symbol] :> Distla, Int[u, x], x] /; FreeQla, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x]]

Rule 1831

Int [((Pq_)*((c_.)*x(x_))"(m_.))/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[
{v = Sum[((c*x)"(m + ii)*(Coeff[Pq, x, ii] + Coeff[Pq, x, n/2 + iil*x~(n/2)
))/(c”ii*(a + b*x"n)), {ii, 0, n/2 - 1}]1}, Int[v, x] /; SumQ[v]] /; FreeQ[{
a, b, ¢, m}, x] & PolyQ[Pq, x] && IGtQ[n/2, 0] && Expon[Pq, x] < n

Rule 1248

Int[(x_)*((d_) + (e_.)*x(x_)"2)"(q_.)*((a_) + (c_.)*(x_)"4)"(p_.), x_Symbol]
:> Dist[1/2, Subst[Int[(d + e*x) gx(a + c*x~2)7p, x], x, x72], x] /; FreeQ
[{a, ¢, d, e, p, g}, x]

Rule 635

Int[((d_) + (e_)*(x ))/((a_) + (c_.)*(x_)~2), x_Symbol] :> Dist[d, Int[1/(
a + c*xx~2), x], x] + Distle, Int[x/(a + c*x~2), x], x] /; FreeQ[{a, c, d, e
}, x] & 'NiceSqrtQ[-(a*c)]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
[a, 2]1]1)/(Rtla, 2]*Rt[b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 Il GtQ[b, 01)

Rule 260

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
tla + bxx"n, x]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 1280

Int [CCE_D*(x_))"(m_.)*((d_) + (e_.)*(x_)"2)*x((a_) + (c_.)*(x_)"4)"(p_), x_
Symbol] :> Simp[(exf*(f*x)"(m - 1)*(a + c*x”4)"(p + 1))/(cx(m + 4%p + 3)),
x] - Dist[f72/(c*(m + 4*p + 3)), Int[(f*x)"(m - 2)*(a + c*xx"4) px(axe*x(m -
1) - cxd*(m + 4*p + 3)*x72), x], x] /; FreeQ[{a, c, d, e, £, p}, x] && GtQ[
m, 1] && NeQ[m + 4xp + 3, 0] && IntegerQ[2*p] && (IntegerQ[p] || IntegerQ[m
D

Rule 1168
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Int[((d)) + (e_.)*x(x_)"2)/((a_) + (c_.)*(x_)"4), x_Symbol] :> With[{q = Rt[
axc, 2]}, Dist[(d*q + axe)/(2%axc), Int[(q + c*x72)/(a + c*x74), x], x] + D
ist[(dxq - axe)/(2*xa*xc), Int[(q - c*x"2)/(a + c*x"4), x], x]] /; FreeQ[{a,
c, d, e}, x] && NeQ[cxd™2 + a*xe”2, 0] && NeQ[cxd"2 - axe”2, 0] && NegQ[-(ax
c)]

Rule 1162

Int[((d_) + (e_.)*x(x_)"2)/((a_) + (c_.)*x(x_)"4), x_Symbol] :> With[{q = Rt[
(2%d) /e, 2]}, Distle/(2*c), Int[1/Simp[d/e + g*x + x72, x], x], x] + Dist[e
/(2xc), Int[1/Simp[d/e - gq*x + x"2, x], x], x]] /; FreeQ[{a, c, d, e}, x] &
& EqQlcxd™2 - a*xe”2, 0] && PosQ[dxe]

Rule 617

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4x%S
implify[(a*c)/b~2]}, Dist[-2/b, Subst[Int[1/(q - x72), x], x, 1 + (2%c*x)/b
1, x] /; RationalQ[q]l && (EqQ[q~2, 1] || !'RationalQ[b~2 - 4*a*xc])] /; Free
Ql{a, b, c}, x] && NeQ[b~2 - 4x*axc, 0]

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]1/(Rt[-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQla/b] && (LtQ[
a, 0] || LtQ[b, 0])

Rule 1165

Int[((d_) + (e_.)*x(x_)"2)/((a_) + (c_.)*x(x_)"4), x_Symbol] :> With[{q = Rt[
(-2xd) /e, 2]}, Distle/(2%cxq), Int[(q - 2*x)/Simp[d/e + g*x - x72, x], x],
x] + Distl[e/(2%c*q), Int[(q + 2*x)/Simpl[d/e - g*x - x72, x], x], x]] /; Fre
eQl{a, c, d, e}, x] && EqQlcxd™2 - axe”2, 0] && NegQ[dxel

Rule 628

Int[((d) + (e_)*x(x_))/((a_.) + (b_)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp[(d*Log[RemoveContent [a + b*x + c*x~2, x]]1)/b, x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*cxd - bxe, 0]

Rubi steps
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2cx(d+ex)® dx
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[+ e (a+ bran (o)) dx = - L
(d+ex)? (a+btan” (c?))  (2bo) [ "1(“5’2 dx
- 3e - 3e
d3+3de2 2) x2(3dze+e3x2)
(d + ex)? (a +btan” (ch)) (2be) [ ( oA T T 1eaa ) dx
3e 3e
" 210352
_d+ ex)3 (a +btan™ (cxz)) (2bc) f d1+3;ii ) dx (2bc) f ii::; ) X
- 3e 3e 3e
3
dhex (@ +ef(a+bian () (D) L2084 (bo) Subst ( [
3 " 3e 3ce - 3e
_ 2bex (@ +ex)(a+Dbtan” (e?)) (bed®) Subst ( ) H:—sz dx, x, xz) )
T 3e - 3e = (bed
_ 2be’x bd® tan™ (cxz) (d + ex)® (a +btan™! (cxz)) bdelog (1 + c2x4)
e 3e " 3e - 2c -

2be2y  bd®tan™! (cxz) (d + ex)? (a +btan™ (cxz)) b (3cd2 + ez) log (1 -

3c

2be?x

+
3e 3e

bd® tan™ (cxz) (d + ex)? (a +btan™

6/2c3/
(ch)) b (30d2 - ez) tan™ (]

3c

+
3e 3e

Mathematica [A] time = 3.24062, size = 252, normalized size = 1.01

— |12ad?x + 12adex? + 4ae®x® —

\2b (3Cd2 + ez) log (cx2 —V24Jex + 1)

+
3\/§C3/2

\/—b(30d2+e)10g(cx +\/_\/Ex+1)+

12

Antiderivative was successfully verified.

32

[In] Integratel[(d + e*x)~2x(a + b*ArcTan[c*x"2]),x]

32

[Out] (12%a*d”2*x - (8*bxe™2%x)/c + 12%axd*exx”™2 + 4kakxe™2%x”3 + 4xb*x*(3xd"2 + 3
xd*xexx + e72%x”2)*ArcTan[cxx"2] + (2xSqrt[2]*b*(3*xc*d”2 - e~2)*ArcTan[1l - S
qrt [2]*Sqrt [c]l*x])/c~(3/2) - (2*Sqrt[2]*b*(3*c*d"2 - e~ 2)*ArcTan[1 + Sqrt[2
1*xSqrt[cl*x])/c™(3/2) - (Sqrt[2]*bx(3*c*d™2 + e72)*Log[1 - Sqrt[2]*Sqrt[c]*
x + ¢c*xx72])/c”(3/2) + (Sqrt[2]*b*(3*c*d™2 + e”2)*Log[1l + Sqrt[2]*Sqrt[c]l*x
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+ ¢c*x72])/c”(3/2) - (6xb*xd*exLogl[l + c™2xx~4])/c)/12

Maple [A] time = 0.033, size = 381, normalized size = 1.5

ae*x3 ad®  be? arctan (cx?) x® bd® arctan (cx2) 2,
+ aex*d + axd® + 30" 3 ( ) + be arctan (cxz) x%d + barctan (cxz) xd? + = ( ) -3

Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx+d) ~2*(atb*arctan(c*xx~2)),x)

[Out] 1/3*axe”2*xx”3+axexx~2*d+a*x*d”2+1/3*a/e*xd"3+1/3*bxe"2*arctan(c*x”2) *x~3+b*e
*arctan(c*x”2) *x"2*xd+b*arctan (c*x~2) *x*d~2+1/3*b*d"3*arctan(c*x~2) /e-2/3*b*
e"2*x/c+1/6xb*xe”2/cx(1/c”2) " (1/4)*2"(1/2) *arctan(2°(1/2)/(1/c~2) " (1/4) *x+1)
+1/6*b*e”2/cx(1/c~2)~(1/4)*2~(1/2) *arctan(2°(1/2)/(1/c~2)~(1/4) *x-1)+1/12*b
xe72/cx(1/c™2) " (1/4) %2~ (1/2) *1n((x~2+(1/c”2) ~(1/4) xx*2~(1/2)+(1/c~2)~(1/2))
/(x72-(1/c"2)"(1/4) *x*x2~(1/2)+(1/c~2)~(1/2)))-1/3*b/e*xc*d"3/(c"2) " (1/2) *arc
tan(x"2x(c”2) " (1/2))-1/4%b/c*xd~2/(1/c”2) "~ (1/4)*2"(1/2)*1n((x"2-(1/c"2) " (1/4
Yxxx27(1/2)+(1/c”2)"(1/2)) / (x72+(1/c”2) ~(1/4) *xx2~ (1/2)+(1/c”2)~(1/2)))-1/2
*b/cxd~2/(1/c”2) " (1/4)*2~(1/2) *xarctan(2°(1/2)/(1/c~2) ~(1/4) *x+1)-1/2%b/c*xd”
2/(1/c”2)"(1/4)*x2" (1/2)*arctan(2”(1/2)/(1/c”2) " (1/4) *x-1)-1/2*b*d*e*x1n(c” 2%
x"4+1)/c

Maxima [B] time = 1.5398, size = 771, normalized size = 3.08

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d) 2% (atb*arctan(c*x~2)),x, algorithm="maxima"

[Out] 1/3%a*xe”2*x"3 + axd*exx™2 + 1/4x(cx(sqrt(2)*log(sqrt(c™2)*x"2 + sqrt(2)*(c”
2)"(1/4)*x + 1)/(c”2)7(3/4) - sqrt(2)*log(sqrt(c™2)*x"2 - sqrt(2)*(c~2)~(1/
4)xx + 1)/(c”2)7(3/4) - sqrt(2)*log((2xsqrt(c™2)*x - sqrt(2)*sqrt(-sqrt(c~2
)) + sqrt(2)*x(c”2)"(1/4))/(2*sqrt(c”2)*x + sqrt(2)*sqrt(-sqrt(c”2)) + sqrt(
2)*%(c”2)7(1/4)))/(sqrt(c™2)*sqrt(-sqrt(c”2))) - sqrt(2)*log((2*sqrt(c™2)*x
- sqrt(2)*sqrt(-sqrt(c™2)) - sqrt(2)*(c”2)7(1/4))/(2xsqrt(c™2)*x + sqrt(2)*
sqrt(-sqrt(c”2)) - sqrt(2)*(c”2)7(1/4)))/(sqrt(c™2)*sqrt(-sqrt(c”2)))) + 4x
x*arctan(c*x”2) ) *bxd~2 + 1/12%(4*xx~3*arctan(cxx~2) + c*x((sqrt(2)*log(sqrt(c
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T2)*x72 + sqrt(2)*(c72)7(1/4)*x + 1)/(c”2)"(1/4) - sqrt(2)*log(sqrt(c™2)*x"
2 - sqrt(2)*(c”2)"(1/4)*x + 1)/(c”2)7(1/4) + sqrt(2)*log((2*sqrt(c™2)*x - s
qrt (2) *sqrt(-sqrt(c”2)) + sqrt(2)*(c”2)7(1/4))/(2*sqrt(c”2)*x + sqrt(2)*sqr
t(-sqrt(c”2)) + sqrt(2)*(c”2)"(1/4)))/sqrt(-sqrt(c~2)) + sqrt(2)*log((2*sqr
t(c™2)*x - sqrt(2)*sqrt(-sqrt(c”2)) - sqrt(2)*(c”2)7(1/4))/(2*sqrt(c™2)*x +

sqrt (2)*sqrt(-sqrt(c™2)) - sqrt(2)*(c™2)7(1/4)))/sqrt(-sqrt(c”2)))/c”2 - 8
*x/c72))*bxe”2 + axd"2xx + 1/2%(2*ckx"2%arctan(c*x”2) - log(c™2*x74 + 1))*b
xdxe/c

Fricas [B] time = 4.64603, size = 9956, normalized size = 39.82

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d) 2% (atb*arctan(c*x~2)),x, algorithm="fricas")

[Out] -1/12x(4*sqrt(2)*c”7*sqrt ((81*b~2*c~4*d"8 + 18xb~2xc"2*d"4*e”4 + b~ 2%e”8 -
6xcT4*xd"2%e " 2xsqrt ((81%b"4*c™4*d"8 + 18xb~4*xc™2*xd"4*e"4 + b~4*e”8)/c"6))/(8
1¥b72*%c"4*d"8 - 18xb72%c~2*d"4*e”4 + b~ 2*e”8))*((81*b~4*c”4%d"8 + 18%b~4*c”
2xd"4*e"4 + b~4*e78)/c”6) " (3/4)*sqrt ((81xb~4*c~4*d~8 - 18*b~4*c~2xd"4*e”4 +
b~4*e~8)/c”6)*arctan((sqrt (2)*(c"11*xe 2*xsqrt ((81*b~4*c~4*d"8 + 18*b~4*c~ 2%
d~4*e”4 + b~4*e”8)/c”6)*sqrt ((81lxb~4*c™4*d"8 - 18*b~4*xc~2xd"4*e”4 + b"4xe”8
)/c76) + 3% (9%b72*c"11*%d"6 + b7 2*c"9*d"2xe”4) xsqrt ((81%b~4*c~4*d"8 - 18xb~4
xCc"2xd"4*e"4 + b"4*e”"8)/c”6))*sqrt ((6561*b~6*c"8%d"16 - 162*xb~6*c~4*d"8*e”8
+ b76*%e”16)*x"2 + sqrt(2)*(3*x(81*b~3*c~9*%d~10 - 18%b~3*c~7*d"6*e”4 + b~ 3*c
~5xd"2%e”8) *x*sqrt ((81xb~4*c~4*d"8 + 18xb~4*c"2xd"4*e”4 + b"4xe”8)/c”6) + (
T29%b"5*c™7*d"12%e”2 - 81*b " 5xc”5*d"8%e”6 - 9*b"5xc"3*d"4*xe”10 + b b*xcxe"14
)*x)*sqrt ((81%b"2*c~4*d™8 + 18%b~2xc”™2*d"4*e”4 + b™2%e”8 - 6xc”4*d"2%e"2%sq
rt ((81*%b~4*c™4%d"8 + 18%b~4xc~2xd"4*e”4 + b~4*e”8)/c”6))/(81xb~2xc"4*d"8 -
18%b72*c"2*d"4*e”4 + b 2xe”8) ) *x ((81*b~4xc~4%d"8 + 18%b~4*c~2xd"4*e”4 + b~4x
e"8)/c”6)"(1/4) + (729%b~4xc™8*d~12 - 81lxb~4*c~6*d"8*e”4 - 9xb~4*c~4*xd"4xe”
8 + b74xc”2xe”12) xsqrt ((81%b74*c™4*d"8 + 18%b~4*c”2xd"4*e"4 + b~4*e”8)/c”6)
)*sqrt ((81%b~2*c™4*d”~8 + 18*b~2%c”™2xd"4*e”4 + b~2%e”8 - 6*c™4*d"2xe " 2*sqrt(
(81xb~4*c™4*d"8 + 18%b~4*c"2*xd"4*e”4 + b"4%e”8)/c”6))/(81*%b"2%c"4xd"8 - 18%
b~2%c"2%d"4*e”4 + b72xe78) ) *((81*b~4*c~4*d"8 + 18%b~4*c"2xd"4*e”4 + b”4%xe”8
)/c”6)7(3/4) + sqrt(2)*((81*b~3*c~15%d"8*e"2 - b~ 3*c~11xe”10)*x*sqrt ((81*b~
4xc”4*d”8 + 18%b~4xc”2*d"4*e"4 + b~4*e”8)/c”6)*sqrt ((81xb~4*c"4*d"8 - 18xb~
4xc”2%d"4*%e"4 + bT4%e”8)/c76) + 3x(729%b~b*c”"15%d"14 + 81%b~b*cT13*d"10%*e”4
- 9%b75xc”11*%d"6%e”8 - b75*xcT9xd"2%e”12) *x*sqrt ((81*%b~4*c"4*d"8 - 18*b~4*c
“2%d"4%e”4 + bT4%e78)/c”6) ) *sqrt ((81xb"2xc"4*d"8 + 18%b~2*c"2*xd"4*e”4 + b72
*xe”8 - B6*cT4*xd"2%e " 2xsqrt ((81*b~4xc”4*d"8 + 18xb~4*c”2*d"4*e"4 + b~4*e”8)/c
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76))/(81*b"2*c"4*d"8 - 18%b"2%c"2+d"4*e”4 + b~2%e”8))*((81*b"4*c"4*d"8 + 18
xb~4*c"2*%d"4*e"4 + b"4*e”8)/c”6)"(3/4) + (6561xb”6%c"14%d"16 + 1458*b~6xc”1
2xd"12%e”4 - 18*b~6*c”"8*d"4*e”12 - b~6*c"6%e”16)*sqrt ((81*b~4*c~4*xd"8 + 18%
b~4*c"2%d"4xe”4 + bT4xe”8)/c”6) xsqrt ((81*b~4xc”4*d"8 - 18xb~4*xc"2*d"4*e”4 +
b~4xe~8)/c”6))/(5631441%b"10%c~12*%d"24 + 118098*b~10*c~10*d~20*e~4 - 6561%*Db
T10%c”8*d"16*e”8 — 2916*b~10*c”6*%d"12*%e"12 - 81%b"10*c"4*d"8%e”16 + 18*b~10
*xCc72%d"4*e”20 + b710%e724)) + 4xsqrt(2)*c”7*xsqrt((81xb~2xc™4%d"8 + 18*b~2*c
T2%d74%e”4 + bT2%e”8 - 6kxcT4*d"2%e " 2xsqrt ((81*%b74xcT4%d"8 + 18%bT4xcT2xd 4
e”4 + b”4%e78)/c”6))/(81%b"2*%c"4*d"8 - 18xb~2*c”"2*d"4*e"4 + b~ 2*e”8) ) * ((81x
b~4*c"4%d"8 + 18%b~4*c”2+xd"4xe”4 + b~4%xe”8)/c”6) " (3/4)*sqrt ((81*%b~4xc”4%xd"8
- 18%b~4*c"2*d"4*e”"4 + b"4*e”8)/c"6)*arctan((sqrt(2)*(c"11*e"2*sqrt ((81*b~
4xc”4xd"8 + 18%b74xc”2xd"4*e"4 + b"4*e”8)/c”6)*sqrt ((81*b~4*c"4*d"8 - 18%b~
4xc”2xd"4*%e"4 + b74*e"8)/c”6) + 3*%(9*%b72xc”11*%d"6 + b~2*kcT9*d"2%e”4) *sqrt ((
81*%b~4*c"4%d"8 - 18*b~4*c”2xd"4*e”4 + b~4*e”8)/c”6))*sqrt ((6561*b~6xc~8*d"1
6 - 162*b~6*c"4*d"8%e”8 + b76%e”16)*x"2 - sqrt(2)*(3*(81xb~3*c~9*d~10 - 18%
b~ 3*c"7*d"6%e”4 + bT3xc”5*xd"2*%e"8) xx*sqrt ((81*b~4*c"4%d”"8 + 18*b~4*c”2xd 4%
e”4 + b74xe78)/c76) + (729%b~5xc~7*d"12*%e"2 - 81*b~5xc”~5xd"8*e”6 - 9*b~5xc”
3xd"4*%e”10 + b~b*ckxe”14)*x)*xsqrt ((81*%b™2xc~4*d"8 + 18%b~2xc”2*d"4*e"4 + b~2
*xe”8 - 6%cT4*xd"2%e " 2xsqrt ((81*b~4xc”4*d"8 + 18xb~4*xc"2*xd"4*e"4 + b~4*e”8)/c
~6))/(81*%b~2*c”4xd"8 - 18%b~2*c"2*d"4*e”4 + b~ 2xe”8))*((81*b~4xc”"4%d"8 + 18
xb~4*c"2*%d"4*e”4 + b~4*e”8)/c”6) " (1/4) + (729%b~4*c~8*d"12 - 81*b~4xc~6+d”8
xe”4 - 9*b74*c"4xd"4%e”8 + bT4xcT2%e712) *sqrt ((81*%b"4*cT4*d"8 + 18*bT4*c”T2x
d™4*e”4 + b74%e78)/c”6))*sqrt ((81*b~2xc~4*d"8 + 18*b~2%c"2*d"4*e”4 + b7 2xe”
8 — B6*xcT4*xd"2%e " 2xsqrt ((81%b~4xc™4*%d"8 + 18*b~4*c~2*d"4*e"4 + b~4*e”8)/c”6)
)/ (81xb~2xc~4%d"8 - 18%b~2*c"2xd"4xe”4 + b7 2%e78))*x((81xb~4*c”™4%d"8 + 18*b~
4xc”2xd"4*e"4 + b~4*e”8)/c”6) " (3/4) + sqrt(2)*((81*b~3xc~15*d"8%e”2 - b~ 3*c
“11xe710) *x*sqrt ((81xb~4*c™4*d™8 + 18%b~4*c™2*xd"4*e”4 + b"4xe”8)/c”6)*sqrt(
(81xb~4*c™4*d"8 - 18*%b~4*c™2*d"4*e”4 + b"4%e78)/c”6) + 3x(729%b"5xc”15%d"14
+ 81xb~5*c~13%d"10%e"4 - 9*b~5xc”11*d"6%e”8 - b~5*xcT9xd"2*e”12)*x*sqrt ((81
*b~4*cT4*d"8 - 18*%b~4*c"2*xd"4*e”4 + b74%e78)/c”6) ) *sqrt ((81xb"2xc"4*d"8 + 1
8*b~2xc"2*xd"4*e”4 + bT2%e”8 - 6*xcT4*d"2%e " 2xsqrt ((81*%b74xcT4*d"8 + 18xbT4x*c
“2%d"4%e”4 + bT4%e78)/c”6))/(81*¥b"2%c”4xd"8 - 18%b72xc"2xd"4*e"4 + b~ 2%e”8)
)*((81*%b~4*c™4*d™8 + 18xb~4xc™2xd"4*e"4 + b~4*e”8)/c”6)"(3/4) - (6561*b~6*c
T14xd"16 + 1458%b”6%c”12*d"12%e”4 - 18%b76%c”8*d"4*e"12 - b~6*c"6%e”16)*sqr
t((81xb~4*c~4*d"8 + 18*%b~4*c~2*xd"4*e”4 + b"4xe”8)/c”6)*sqrt ((81*%b~4*c~4%xd"8
- 18*b~4*c"2*d"4*e”4 + b"4%e78)/c”6))/(531441%b"10*xc~12*d"24 + 118098%b~10
*c710%d"20%e”4 - 6561%b”710*c™8*d"16%e”8 - 2916%b"10*c™6*d"12%e”12 - 81*b~10
*xC"4*xd"8%e”16 + 18*b~10*c”2xd"4*e”20 + b~10%e”24)) - 4*(81lkaxb~4*c~5*xd"8*e”
2 + 18*a*b~4*c”3xd"4xe”6 + a*b~4kxc*e”10)*x73 - 12*(81*axb~4*c~5xd"9%e + 18%
axb~4xc”"3*%d"b*e”5 + axbT4xckd*e”9)*x72 - 4% (243*%axb~4*xc”5xd"10 - 162*%b~5xc”
4xd"8*e”2 + b4xax*b"4*c”3kd"6*e”4 - 36%b"b*kcT2*d"4*e"6 + 3*kaxb"4*kcxd"2%xe”8 -
2¥b~5xe”10) *x — 4% ((81xb~5*c"5xd"8%e”2 + 18*b~5xc~3*d"4*e"6 + b~ 5*xcxe~10)*
Xx73 + 3%(81xb~5*c"b*d"9%e + 18%b"5xc”"3*d"5*e”5 + b Bkcxd*e”9)*x"2 + 3*(81xb
“b*c75%d"10 + 18%b75xc”3*%d"6*e"4 + b~ b*ckxd"2%e”8)*x)*arctan(c*x”2) + (486%b
“b*xc74xd"9%e + 108*b~5*c"2xd"5xe”5 + 6*%b"b*d*e”9 - sqrt(2)*(81xb"4xc”5xd"8



149

+ 18%b~4*c”3*d"4*e”"4 + b 4xc*xe”8 + 6xb72*cTbxd"2%xe " 2xsqrt ((81%b"4*cT4*d"8 +
18%b~4*c™2*d"4*e”4 + b74%e78)/c”6) ) *sqrt ((81xb~2xc~4*d"8 + 18*b~2kc~2*d"4*
e”4 + b72%e”8 - 6xcT4*d"2%e " 2*sqrt ((81*%b"4*c”4xd"8 + 18%b”4xc”2xd"4*e”4 + b
“4%e~8)/c”6))/(81*b"2xc"4%xd"8 - 18%b"2*c"2*d"4xe”4 + b72xe”8))*((81*xb~4xc"4
*d"8 + 18%b74xc"2*d"4*e"4 + b"4%e"8)/c”6) " (1/4))*1og((6561*b"6*c"8+%d"16 - 1
62%b"6%c"4*d"8%e"8 + b 6%e”16)*x"2 + sqrt(2)*(3%x(81*b~3*c”9*%d"10 - 18%b~3*c
“7*d76%e”4 + bT3*cT5xd"2%e”8) *x*sqrt ((81xb~4*cT4*d"8 + 18%b~4*c"2xd"4*e”4 +
b~4%e78)/c”6) + (729%b75*xc~7+d"12%e”2 - 81*b"5xc”5*xd"8%e”6 - 9*b~5xc~3xd"4
xe”~10 + b~ Bkcxe”14)*x) *sqrt ((81*b~2*c"4%d"~8 + 18*b~2%c”~2xd"4*e”4 + b~2%e”8
- 6xc”4*xd"2*%e"2*sqrt ((81*b~4*c~4%d”~8 + 18*b~4*c~2xd"4*e”4 + b~4*e”8)/c”6))/
(81xb~2%c™4*d"8 - 18%b~2%c"2%d"4*e”4 + b72xe”8))*((81*b~4*c"4*d"8 + 18*b~4*
c"2xd"4*e"4 + b74*e78)/c”6) " (1/4) + (729%b~4xc”™8*%d"12 - 81*b~4*c~6*d"8xe”4
- 9xb74xc"4*d"4*e”8 + bT4*xcT2%e”12) *sqrt ((81*%b~4*c™4xd"8 + 18%b~4xc”2xd " 4*e
4 + b"4%e78)/c"6)) + (486xb”5*xc"4*xd"9*%e + 108xb”"5*c”2*d"5*e”5 + 6xb~b*xdxe”
9 + sqrt(2)*(81*b~4*c~5xd"8 + 18%b~4xc~3*d"4*e"4 + b~ 4*cxe”8 + 6*b~2*c"5xd”
2%e”2xsqrt ((81*b~4*c™4xd"8 + 18%b~4*c™2xd"4*e”4 + b~4*e”8)/c”6))*sqrt ((81*b
T2%cT4xd"8 + 18%b7T2%cT2*d"4*e”4 + bT2*%e”8 - 6*cT4*d"2*%e " 2xsqrt ((81xbT4*cT4x*
d~8 + 18*b~4xc”2xd"4*e"4 + b"4*e78)/c76))/(81*b"2xc"4xd"8 - 18*b72*cT2*xd 4%
e”4 + b72%e78))*x((81xb~4*c™4*d"8 + 18*b~4xc"2xd"4*e"4 + b~4x%e78)/c"6)"(1/4)
)*1og ((6561*%b~6%c~8*xd~16 - 162*%b~6*c"4*d"8*e”8 + b~ 6xe”16)*x"2 - sqrt(2)*(3
*(81*b~3*%c"9*%d"10 - 18%b~3*c”7*d"6*%e”4 + b 3*kc 5*d"2%e”8)*x*sqrt ((81*b~4*c”
4%d™8 + 18+%b~4*c"2%d"4*e"4 + b74xe”8)/c76) + (729%b75*kc7*d"12%xe”2 - 81%b”5
*xC"Bxd"8%e”6 - 9xb”"5xc”3*%d"4*e”10 + b"b*xc*ke”14)*x)*sqrt ((81xb"2xc"4*d"8 + 1
8*xb~2xcT2*xd"4*e"4 + b72%e”8 - 6kxcT4*d"2%e " 2xsqrt ((81*%b74xcT4%d"8 + 18%bT4x*c
“2xd"4*xe”4 + b~4*e”8)/c”6))/(81xb72xc”4%d"8 — 18*b"2*c"2xd"4*e”4 + b”2%e”8)
)*((81*b~4*c™4xd™8 + 18%b~4*c~2xd"4*xe”4 + b~ 4*e”8)/c”6) " (1/4) + (729%b~4x*c~
8%d~12 - 81xb~4*c~6*d"8%e”"4 - 9*xb~4*c"4*d"4*xe”8 + bT4xc"2%e”12)*sqrt ((81%b”
4xc”4xd"8 + 18%b74xc”2xd"4*e"4 + b"4*e78)/c”6)))/(81%b~4*c"5%d"8 + 18*b”4*c
“3%d"4*e”4 + bT4*c*e”8)

Sympy [A] time = 49.9778, size = 3135, normalized size = 12.54

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)**2*(a+b*atan(ckx**2)),x)

[Out] Piecewise((ax(d**2*xx + dxe*xx**2 + e*x*2xx**x3/3), Eq(c, 0)), ((a - ooxIx*b)*(d
*xk2xx + dkexxx*k2 + ex*kx2xx*x3/3), Eq(c, -I/xx*2)), ((a + oo*Ixb)*(d*x*2xx + d
xexx*k*2 + ex*2xx*x*x3/3), Eq(c, I/x**2)), (11x(-1)*x(1/4)*akxcx*x10*e*x*2*xx**4x*(
cx*x(=2) ) %% (17/4) xatan ((-1) **x (3/4) *x/ (cx*x (=2) ) *x (1/4) ) / (=24*T*ckx*xBxx**4* (Cc**
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(=2))*%(3/2) - 24*xITxckxdx(cxx(-2))**(3/2)) + 11x(=1)**x(1/4)*xaxc*x*8*xe*x*2* (c*
% (=2) ) %% (17/4) xatan ((-1) %% (3/4) xx/ (cxx (-2) ) xx (1/4)) / (24T k6l (chok (-
2))*x(3/2) — 24*xIkckxd*x(cxx(=2))**x(3/2)) — 11x(-1)**x(3/4) *xa*xck*xT*xe*x*x2*x (c*x*(
-2))**(15/4) *atan (c*x**2) / (=24*T*xcx*6xxk*kd* (c*x* (=2) ) ** (3/2) - 24xT*c**4x (c*
*x(=2))%x%(3/2)) - 24xIxaxc*xxBxdx*x2kx*kx*x5% (cx* (=2) ) *x*x(3/2) / (-24*T*c*x*xBxx**x4x* (C
*k (=2) ) %% (3/2) - 24xTxcx*dx(ckxx(-2))**%(3/2)) - 24xI*axcx*xBxdrxexxx*xG*x (cx* (-2
V) *x%(3/2) / (-24xTxckxx6xxkxd*x (cxk (-2) ) %% (3/2) - 24xI*xckxd*x(cx*x(-2))**x(3/2)) -
Sk TkakckkBxexkx2xxkxk 7k (ckx*x (—-2))**x(3/2) / (-24*%Txcx*B*x*k*xd*x (cx*x(-2))*x(3/2) -
24xTxcx*k4* (cxx (=2))*x*x(3/2)) — 11x(=1)**x(1/4) *ka*xck*xBkxe*xx2xx*kx*x4*x (c*x*x (-2))**x(9
/&) *atan((-1) #* (3/4) *x/ (c¥* (=2) ) #* (1/4)) / (~24% Tk cH*Ekxkkdx (cax (=2) ) % (3/2)
— 24xTxcx*k4kx (cxx (=2))**%(3/2)) - 24xIxakckxdxd*xx2xx*x (ck*x(-2))**x(3/2)/(-24%Ix*
CxxBxx**4k (Ck* (=2) ) **(3/2) — 24xTxcxxdx (cx*x(-2))**(3/2)) - 24xI*xaxckxdxdxe*
xk*k 2% (ckx*k (=2) ) %% (3/2) / (—24*T*kckxBxxx*xbx (ckxx (=2) ) %% (3/2) - 24*xIxcx*x4d*x(cx*x (-2
))*x(3/2)) — 8xIxaxckkxbdkexkkxx*x3% (cx*k(=2))*x*x(3/2)/ (—24*T*,c*kx*xBxx**x4x (c*x*x (-2
))*x(3/2) — 24xIxcxx4dx(cxx(=2))*x(3/2)) — 11x(-1)**x(1/4) *xaxcx*xdxex*x2*x (cx*x (-
2))**(9/4)xatan ((-1) **(3/4) *x/ (c*x* (-2) ) x* (1/4) ) / (-24*T*chkxG*xkxd* (cx* (-2) ) *
*(3/2) - 24xIxckxxdx(cx*x(-2))**x(3/2)) + 11x(-1)**x(3/4)*a*xc*x*x3xex*x2*x (cx*x(-2))
xk (7/4)xatan (cxx**2) / (—24*TkckxxGxxk*k4* (cx* (-2) ) %% (3/2) - 24xT*ck*dx (cx* (-2)
)*¥%(3/2)) + 66%(-1)x*kx(1/4)*xbkck*11kd*x*2kx*x4* (c*x*(=2) ) *x(17/4) *atan ((-1)**(
3/4)xx/ (cx*x(=2))*xx(1/4) )/ (-24*xTxcx*B6*xx*k*xdx (cx* (=2) ) *x (3/2) — 24xIxcx*x4dx (c*x*
(=2))*x(3/2)) + 66%(-1)%*x(1/4)*bkcx*Qkd**2% (c**(-2) ) *x (17/4)*atan ((-1)**(3/
4)xx/ (cxx(=2) )% (1/4) ) / (—24*TkckkxGkxrxdx (cxx (=2) ) %% (3/2) - 24*xIkckkd* (cx*x (-
2))**x(3/2)) - 114*x(=1)*%(3/4) *bkc**8*xdx*2* (c** (-2) ) *x* (15/4) *atan (cxx**2) /(-
24xTkcx*k6kx*kkd* (ckx*k (—2) ) %% (3/2) — 24xIxckxdx (ckx*x(=2))*x(3/2)) - 90*x(-1)*x(1
/&) Kbk ATk krxdon ok (=2) ) % (9/4) *atan ((=1) %% (3/4) kx/ (crx (=2) ) %% (1/4)) /
(—24*T*kck*xB*x*kxdx (ckx*x (=2) ) *x (3/2) — 24xIxckx*x4x(c*xx(=2))*x(3/2)) — 24*xIxb*xcx*
*6kdk*k2kx*k*k5x (ck*k (=2) ) ** (3/2) *atan (cxx**2) / (-24xTxck*xGxxx*k4*x (cx*x (-2) ) **x(3/2
) = 24xTkckxdx (ckx(-2))**(3/2)) - 24*I*bkck*Gkdkexxk*k6* (cx*(-2))**(3/2)*ata
n(cxxx*2) / (—24xTxcx*x6*kx*kx*x4* (cx*k (=2) ) *x*(3/2) — 24xIxckxdx(cx*x(-2))*x(3/2)) -
8xI*kbkckkxBxe*xx2xxx*x7* (c*x*x (—-2))*x*x(3/2) xatan (cxx*x*2) / (—24*xTkxcx*B*xx*k*x4*x (cx* (—
2))*xx(3/2) — 24xIkckx4x(cx*x(=2))**x(3/2)) + 24x(—=1)**x(1/4) *xbkck*x5xd**x2*xx*k*ks*x
(ckx(-2)) #x(5/4) *xlog(x - (~1)xx(1/4)* (cHk*(-2))#x(1/4)) / (~24*TxcH*Erxakdk (cx
*(=2))*%(3/2) - 24xTxckxxdx(cx*x(=2))*%x(3/2)) - 12%x(=1)**x(1/4) xb*ck*5xd**2*x*
*4*(6**(—2))**(5/4)*10g(x**2 + I*sqrt(c**(—Q)))/(—24*I*c**6*x**4*(c**(—2))*
*(3/2) - 24*xT*xcx*x4*x(cxx(=2))*x*x(3/2)) — 90x(—1)*x(1/4) *bkc*kx*x5xd**x2x (c*x*(-2))
#o4 (9/4) katan ((~1) xx (3/4) %x/ (cH* (=2) )k (1/4)) / (~24% T chk6kxrxd (cax (=2) ) 4 (3
/2) — 24xIkxckxdx(cx*x(=2))*x(3/2)) + 24xIxbkxckxbxdkexx**x4d* (ckxx (-2))**x(3/2)*1
og(x*x*2 + TIksqrt(ck*(-2)))/(-24*I*ck*xGkxk*d* (ckx(-2))**(3/2) - 24xIxcx*4*(c
*% (=2))**%x(3/2)) + 16%I*b*cx*5kex*x2kxx*x*x5% (cx*x (=2))**x(3/2)/ (-24*I*xcx*Bxx**x4x* (
cxk(=2))*x(3/2) — 24xIxckxdx(ckx*x(=2))*x(3/2)) + 8x(-1)**x(3/4) *xb*kc*k*x5xe*x*x2%xx
sk (cak (=2) )k (7/4) x1og (x = (=1) %% (1/4) % (caox (=2) ) %% (1/4) ) / (~24*Txcaxbkxk*d
*(cxx (=2)) %% (3/2) - 24xIxcxxdx(c*x*(-2))**(3/2)) - 4x(-1)**(3/4)*bkc**5*xex*x2
xxkkdk (ckk (=2) ) *%(7/4) *log (x*¥%2 + Iksqrt(cx*(-2)))/ (—24*Ikcx*kBxx**4* (ckx* (-2
))*x(3/2) — 24xIxcxxdx(c*xx(=2))**x(3/2)) + 8% (—1)**x(3/4) *b*kc*k*x5xex*x2xx*x*x4* (c
sk (-2) ) wox (7/4) xatan ( (1) %% (3/4) xx/ (cox (-2) ) #k (1/4)) / (~24*Tkchk6kxkndk (chok (-
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2))*%(3/2) - 24xTkckxdx(cxx(=2))*%(3/2)) - 24*(=1)**(3/4) xbxcx*4*xq**2*kx**4*
(cxx (=2) ) *x(3/4) *atan (cxx**2) / (—24xIxcx*x6*xx*x*x4x (cx* (=2) ) ¥% (3/2) - 24*Ixc*x*4
*(ck*(=2))*x(3/2)) — 24*xIxbkc**4xd**2xx* (cx* (=2) ) **(3/2) *atan (cxx**2) / (-24%*
IxcxkB6kxk*k4* (cx*k (=2) ) *x*x(3/2) — 24xIxckxdx(cx*x(-2))*x(3/2)) + 90*x(-1)*x(3/4)
xbkck*k4*kd*xx2x (ckx*x (=2) ) *x (7/4) *xatan (cxx*x*2) / (—24xIxc*xxBxxkx*x4*x (c*x*x (-2) ) **(3/2
) = 24xTkcxkdx (cxx (-2) )*x*(3/2)) — 24xIxbkcxkdxdkexx**x2% (c*x*(-2))*x(3/2) *ata
n(cxxx*2) / (—24xT*ck*x6*xk x4k (Ckk (=2) ) ** (3/2) — 24*Tkck*4* (cx*(-2))**(3/2)) -
Sk I*kbkckkdxexkx2xxx*k3*x (ckx*x (—-2)) *x*x(3/2) xatan (cxx**2) / (—24*xTkxcx*G*kx*k*x4x (cx* (—
2))*x(3/2) - 24xIxcx*k4*x(cxx(—2))**(3/2)) + 24x(=1)*x*x(1/4) *xbxcx*3kd**x2% (c*x* (
~2))##(5/4) ¥Log(x - (~1)#*(1/4)* (cH*(-2)) %% (1/4)) / (~24*Tkcaxbrxkkdk (cax (-2)
Yx%(3/2) — 24%Tkckxdx(cx*(-2))**x(3/2)) - 12%x(-1)**x(1/4) *bkc*k*x3xd**x2% (c*x* (-2
))**x(5/4)*1og (x**2 + Iksqrt(cx*(-2)))/(-24*I*ck*Gxxkkd* (ckk(-2))**(3/2) - 2
AxTxcx*k4*x (cxx(-2))*x*x(3/2)) + 24*I*b*c**3*d*e*(c**(—2))**(3/2)*log(x**2 + I
sqrt (c*x*(=2)) )/ (—24*IkcxkBxx*k*4* (Ck* (=2) ) **(3/2) — 24xTxck*4k (cx* (-2) ) **(3/
2)) + 16*xIxbkcx*x3kex*xkx* (ckx*x (=2))**x(3/2)/(-24*xI*xcx*xBxx*x*4x (ckx*x (-2))**x(3/2)
= 24xTkck*kd* (cxx (=2) ) **(3/2)) + 8% (—1)**x(3/4) *b*cx*x3kxex*2* (cxx(-2) ) **(7/4)
xlog(x - (~1)#%(1/4)* (crx(-2))xx(1/4)) / (~24xTxcHkExxkndr (chk (-2) )% (3/2) -
24xTxck*kd* (cxx (=2))*x*%(3/2)) — 4*x(-1)**x(3/4) *xbxcx*x3xex*x2*x (cx*x(=2))*x*x(7/4)*1o
g(x*¥*2 + I*xsqrt(c*x*x(-2)))/(—24*xIkcxx6xx*k*4* (cx* (-2) ) **(3/2) - 24xI*ckx*4*(c*
*(=2))#x(3/2)) + 8x(~1)%%(3/4) xbkcH*kerx2k (chk (~2))#* (7/4) *xatan((-1)+x(3/4
Yxx/ (cx*x(=2) ) *xx (1/4)) / (m24*xTkcx*xBxxxxdk (cx* (=2) ) *x*(3/2) — 24xTkck*4* (cx*x (-2
))**x(3/2)) - 24xbkck*2xdrexx*k*d*xatan (ckx**2) / (—24xTkc**6xxxxd* (c*x* (-2) ) ** (3
/2) = 24*xTxck*dx (cx*x(=2) )**x(3/2)) + 8x(=1)**x(1/4) *bxck*x2kxe*x*kx*x*4* (cx*x (-2)
)*x*(1/4) *atan (cxx**2) / (—24*xT*xcxx6xxxkd* (cx*k (=2) ) ** (3/2) — 24xIkc*xd* (cxx (-2
))**x(3/2)) - 24xb*d¥exatan(cxx**2)/(-24xT*cx*xBxxxxd* (c*x* (-2))**(3/2) - 24x*I
)ckkdk (cxx (=2) ) *xx(3/2)) + 8%(-1)**x(1/4)*b*xex*2% (c*x*x (-2))**x(1/4)*atan (cxx**2
)/ (=24%T*cxx6xxk*kd* (Ckx (=2) ) ** (3/2) — 24*IT*ck*4x(cx*x(=-2))*x(3/2)), True))

Giac [A] time = 1.8809, size = 510, normalized size = 2.04

lbc’i Zﬁarctan(% \5(2x+%) |c|) +2\/_arctan( \/5(2 —\%) |c|) \/_log(x +%+ Icl) \/Elog(

12 c®vlcl c®vlcl c®vlcl

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d) "2*(atb*arctan(c*x”2)),x, algorithm="giac")

[Out] 1/12%b*c”~5*(2*sqrt(2)*arctan(1/2*sqrt(2)*(2*x + sqrt(2)/sqrt(abs(c)))*sqrt(
abs(c)))/(c"6*xsqrt(abs(c))) + 2*sqrt(2)*arctan(1/2*sqrt(2)*(2xx - sqrt(2)/s
qrt(abs(c)))*sqrt(abs(c)))/(c"6*xsqrt(abs(c))) + sqrt(2)*log(x™2 + sqrt(2)*x
/sqrt(abs(c)) + 1/abs(c))/(c"6*sqrt(abs(c))) - sqrt(2)*log(x"2 - sqrt(2)*x/
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sqrt(abs(c)) + 1/abs(c))/(c 6*sqrt(abs(c))))*e”2 - 1/4*b*c™3*d"2* (2xsqrt(2)
xsqrt (abs(c))*arctan(1/2*sqrt (2) *(2*%x + sqrt(2)/sqrt(abs(c)))*sqrt(abs(c)))
/c”4 + 2*sqrt(2)*sqrt(abs(c))*arctan(1/2*xsqrt(2)*(2*x - sqrt(2)/sqrt(abs(c)
))*sqrt(abs(c)))/c”™4 - sqrt(2)*sqrt(abs(c))*log(x~2 + sqrt(2)*x/sqrt(abs(c)
) + 1/abs(c))/c”4 + sqrt(2)*sqrt(abs(c))*log(x™2 - sqrt(2)*x/sqrt(abs(c)) +
1/abs(c))/c”4) + 1/6%(2xbkxc*x”~3*arctan(c*x~2)*e”2 + 6xbkxc*d*x~2xarctan(c*x
T2)xe + B6*bkxcxd"2*x*arctan(ckxxT2) + 2kakxcxx"3%e”2 + Gkakckd*x"2%e + 6xaxckd
"2%x - 3*bxd*exlog(c™2%x"4 + 1) - 4xb*xxe”2)/c
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3.22 f (d + ex) (a +btan™ (cxz)) dx

Optimal. Leaf size=192

(d + ex)? (u +btan™ (cxz)) belog (02x4 + 1) bd? tan™! (cxz) bdlog (cx2 — V2+/fex + 1) bdlog (cx2 +V24/e
- - +

2e 4c 2e 242+/c 2v24/c

[Out] -(b*d"2*ArcTan[c*x72])/(2*e) + ((d + exx)"2x(a + bxArcTan[c*x72]))/(2%e) +
(b*d*ArcTan[1 - Sqrt[2]*Sqrt[cl*x])/(Sqrt[2]*Sqrtlc]) - (b*d*ArcTan[1l + Sqr
t[2]*Sqrt [c]l*x])/(Sqrt [2]*Sqrt[c]) - (b*d*Logl[l - Sqrt[2]*Sqrt[cl*x + c*x~2

1)/ (2*%Sqrt [2] *Sqrt [c]) + (bxd*Logl[l + Sqrt[2]*Sqrtlcl*x + c*x72])/(2*Sqrt[2
1xSqrtc]) - (bxexLogl[l + c~2*x~4])/(4*c)

Rubi [A] time = 0.208994, antiderivative size = 191, normalized size of antiderivative =

0.99, number of steps used = 16, number of rules used = 10, integrand size = 16, number of rules

= 0.625, Rules used = {6742, 5027, 297, 1162, 617, 204, 1165, 628, 5033, 260}

integrand size

a(d +ex)? belog (czx4 + 1) ) bd log (cx2 —\24Jex + 1) N bd log (cx2 +V2+/ex + 1) T (sz) N bd tan™ |

2¢ 4c 2V24c 2V2+/c v

Antiderivative was successfully verified.

[In] Int[(d + exx)*(a + b*ArcTan[c*x~2]),x]

[Out] (ax(d + e*x)~2)/(2xe) + b*d*x*ArcTan[c*x"2] + (b*exx 2*ArcTan[c*x"2])/2 + (
bxd*ArcTan[1 - Sqrt[2]*Sqrtlc]*x])/(Sqrt[2]*Sqrtlc]) - (b*d*ArcTan[l + Sqrt
[2]*Sqrt [c]*x])/(Sqrt[2]*Sqrt[c]) - (b*d*Logl[l - Sqrt[2]*Sqrtlcl*x + cxx~2]

)/ (2%Sqrt [2]*Sqrt[c]) + (b*d*Logl[l + Sqrt[2]*Sqrtlcl*x + cxx~2])/(2%Sqrt[2]
*xSqrt[c]) - (bxexLogl[l + c~2*x~4])/(4*c)

Rule 6742

Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]
]

Rule 5027

Int[ArcTan[(c_.)*(x_)"(n_)], x_Symbol] :> Simp[x*ArcTan[c*x"n], x] - Distl[c
*n, Int[x"n/(1 + c™2*xx~(2*n)), x], x] /; FreeQ[{c, n}, xl]
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Rule 297

Int[(x_)"2/((a_) + (b_.)*(x_)"4), x_Symbol] :> With[{r = Numerator[Rt[a/b,

2]], s = Denominator[Rt[a/b, 211}, Dist[1/(2*xs), Int[(r + s*x"2)/(a + b*x"4
), x], x] - Dist[1/(2%s), Int[(r - s*x~2)/(a + b*x~4), x], x]] /; FreeQ[{a,
b}, x] && (GtQla/b, 0] || (PosQla/b] && AtomQ[SplitProduct[SumBaseQ, all &
& AtomQ[SplitProduct [SumBaseQ, bl]))

Rule 1162

Int[((d_) + (e_.)*x(x_)"2)/((a_) + (c_.)*x(x_)"4), x_Symbol] :> With[{q = Rt[
(2*%d)/e, 21}, Distle/(2%c), Int[1/Simp[d/e + g*x + x72, x], x], x] + Dist[e
/(2%c), Int[1/Simpl[d/e - g*x + x2, x], x], x]] /; FreeQl[{a, c, 4, e}, x] &
& EqQ[c*d™2 - axe”2, 0] && PosQ[dx*el

Rule 617

Int[((a_) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4x*S
implify[(a*c)/b~2]}, Dist[-2/b, Subst[Int[1/(q - x72), x], x, 1 + (2%c*x)/b
1, x] /; RationalQ[q] && (EqQ[q~2, 1] || !RationalQ[b~2 - 4xaxc])] /; Free
Q[{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]11/(Rtl-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (LtQ[
a, 0] |l LtQ[b, 01)

Rule 1165

Int[((d_) + (e_.)*x(x_)"2)/((a_) + (c_.)*x(x_)"4), x_Symbol] :> With[{q = Rt[
(-2xd) /e, 2]}, Distle/(2*cxq), Int[(q - 2*x)/Simpl[d/e + g*x - x°2, x], x],
x] + Dist[e/(2%c*q), Int[(q + 2*x)/Simp[d/e - g*x - x72, x], x], x]] /; Fre
eQl{a, c, d, e}, x] && EqQlcxd™2 - axe”2, 0] && NegQ[dxe]

Rule 628

Int[((d_) + (e_.)*x(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [(d*Log[RemoveContent [a + b*x + c*x72, x]]1)/b, x] /; FreeQ[{a, b, c, d,
er, x] && EqQ[2*c*d - bxe, 0]

Rule 5033

Int[((a_.) + ArcTan[(c_.)*(x_)"(n_)I*(b_.))*((d_.)*(x_))"(m_.), x_Symbol] :
> Simp[((d*x)~(m + 1)*(a + b*ArcTan[c*x"n]))/(d*(m + 1)), x] - Dist[(b*c*n)
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/(@*(m + 1)), Int[(x"(n - 1)*(d*x)"(m + 1))/(1 + c™2*xx~(2*n)), x], x] /; Fr
eeQ[{a, b, ¢, d, m, n}, x] && NeQ[m, -1]

Rule 260

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
tla + b*x™n, x]]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rubi steps

f(d +ex) (a +btan™ (cxz)) dx = f (a(d +ex) + b(d + ex) tan™! (cxz)) dx

_a(d +ex)?

2e

2e

2e

2e

2e

2e

a(d + ex)?

e

Mathematica [A]

belog (c2x4 + 1)
4c

1
dx + =aex? -
adx + 5 aex

Antiderivative was successfully verified.

a(d + ex)?
a(d + ex)?

a(d + ex)?

a(d + ex)?

a(d + ex)?

a(d + ex)?

+ bdx tan™! (cxz) -

+b f(d +ex)tan ™ (cx2) dx

+b f (d tan™! (cxz) +extan™! (cxz)) dx

+ (bd) f tan™! (cxz) dx + (be) f xtan~! (cxz) dx

1 x2
“1(..2 2 “1(..2
+ bdx tan (cx ) + Ebex tan (cx ) — (2bcd) f T3 24 dx — (bce) J

+ bdx tan™! (cxz) + %bex2 tan~! (ch) _

+ bdx tan™! (cxz) + %bex2 tan™! (ch) _

+ bdx tan™ (cxz) + %bexz tan~! (ch) _

+ bdx tan™! (cxz) + %bex2 tan~! (sz) +

time = 0.0953756, size = 153, normalized size = 0.8

bd (log (cx2 —\24Jex + 1) ~log (cx2 +V2+/ex + 1) —2tan”! (1

belog (1 + c2x* }
a )+(bd)f11—+

4c
(bd) | —
belog (1 + c2x4) I -
4c - 2c
bd log (1 —\24Jex + cxz) b
+ -

242+/c
bdtan™ (1-V2vex)  bdte

V2ye

[In] Integrate[(d + e*x)*(a + b*ArcTan[c*x"2]),x]

2424/
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[Out] axd*x + (axexx~2)/2 + b*d*x*ArcTan[cxx"2] + (bxexx”2*ArcTan[c*x"2])/2 - (bx
dx(-2%ArcTan[1 - Sqrt[2]*Sqrtlc]l*x] + 2%ArcTan[1 + Sqrt[2]*Sqrt[c]*x] + Log

[1 - Sqrt[2]*Sqrtlcl*x + c*x72] - Logl[l + Sqrt[2]*Sqrtlcl*x + cxx~2]))/(2%S
qrt[2]*Sqrt[c]) - (bxexLogl[l + c™2xx~4])/(4xc)

Maple [A] time = 0.028, size = 167, normalized size = 0.9

ax2e barctan (cxz) x%e
— +adx +

2 2

bi\cﬁ In ((x2 ~ Ve 22 + ‘/CTZ) (x2 + Ve 2xv2 + \/CTZ)_l)

+ barctan (cxz) dx —

@
Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx+d)*(a+b*arctan(c*x”2)),x)

[Out] 1/2*%axx”2*e+a*d*x+1/2*b*arctan(c*x”2)*x 2*e+b*arctan(c*x~2)*d*x—1/4*b*xd/c/(
1/c¢72)7(1/4)*27(1/2) *1n((x"2-(1/c"2) " (1/4) *x*x2~ (1/2)+(1/c~2)~(1/2)) / (x~2+(1
/c2)7(1/4)*xx*x27(1/2)+(1/c”2)~(1/2)))-1/2xb*xd/c/(1/c~2) ~(1/4) %2~ (1/2) *arcta
n(2°(1/2)/(1/c”2)~(1/4) *x+1)-1/2*xb*xd/c/(1/c~2) " (1/4)*2~(1/2) *arctan(2”(1/2)
/(1/c™2)~(1/4)*x-1)-1/4xb*xex1n(c 2*x~4+1)/c

Maxima [A] time = 1.50104, size = 404, normalized size = 2.1

= 1
V2log | Ve2a? + \/z(cz)%x +1]  V2log|Ve2x? - \/E(cz)‘llx 1 \/Elog[zﬁx_\/E _‘/?“/E(Cz)j ]
- 2V 4V2y-V2+42(2)

—aex*+ —|c - -

()f ()f NENINE

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d)*(atb*arctan(c*x”2)),x, algorithm="maxima")

[Out] 1/2*axexx”2 + 1/4%(c*(sqrt(2)*log(sqrt(c™2)*x72 + sqrt(2)*(c”2)"(1/4)*x + 1
)/(c”2)7(3/4) - sqrt(2)*log(sqrt(c™2)*x"2 - sqrt(2)*(c™2)~(1/4)*x + 1)/(c"2
)7 (3/4) - sqrt(2)*log((2*sqrt(c™2)*x - sqrt(2)*sqrt(-sqrt(c™2)) + sqrt(2)*(
c”2)7(1/4))/ (2xsqrt (c™2)*x + sqrt(2)*sqrt(-sqrt(c”2)) + sqrt(2)*(c~2)~(1/4)
))/(sqrt(c™2)*sqrt(-sqrt(c™2))) - sqrt(2)*log((2*sqrt(c™2)*x - sqrt(2)*sqrt
(-sqrt(c™2)) - sqrt(2)*(c”2)"(1/4))/(2*sqrt(c”2)*x + sqrt(2)*sqrt(-sqrt(c”2
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)) - sqrt(2)*(c”2)7(1/4)))/(sqrt(c™2)*sqrt (-sqrt(c”2)))) + 4*x*arctan(c*x”2
))*bxd + axd*x + 1/4*%(2xcxx"2*xarctan(c*x”2) - log(c™2*x~4 + 1))x*bxe/c

Fricas [B] time = 2.81062, size = 1166, normalized size = 6.07

INTS]
NI

5
474 44\ 4
b3cd3x+,/%b4d4(%) &3
c c

4 74
PAPr-2 J b6d6x2+\/§(%)
C

848

e b8d8+\/§(@)
2 ab*cd*ex® + 4 abtcdSx + 42 (%) * pAed* arctan | - ‘

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d)*(atb*arctan(c*x”2)),x, algorithm="fricas")

[Out] 1/4*(2*axb~4*xcxd~4*xe*xx”2 + 4xaxb”4xc*d"5*x + 4*xsqrt(2)*(b~4*d"4/c”2)~(1/4)*
b~4xc*d”~4*arctan(-(b~8*d~8 + sqrt(2)*(b~4*d"4/c~2)~(5/4)*b"3*c~3*%d"3*x - sq
rt(2)*sqrt (b™6*d"6*x"2 + sqrt(2)*(b"4*xd"4/c”2) " (3/4)*b"3*c*d"3*x + sqrt(b~4
*d74/c”72) *b"4*d"4) % (b~4%d"4/c”2) " (5/4)*c”3) /(b"8*d"8)) + 4*sqrt(2)*(b~4*d"4
/c”2)"(1/4)*b~4*cxd"4*arctan((b™8*d"8 - sqrt(2)*(b"4*xd~4/c~2) " (5/4)*b~3*c”3
*xd"3*%x + sqrt(2)*sqrt(b~6*xd~6*x"2 - sqrt(2)*(b~4*d~4/c”2)~(3/4)*b~3*cxd ~3*x
+ sqrt(b~4*d~4/c”2) *b~4*d"4) *(b~4*d~4/c"2) " (5/4)*c~3) /(b~™8%d"8)) + 2*x(b~5*
ckd"4*e*xx"2 + 2%b75xc*d"b*x)*arctan(c*x”2) - (b"5xd"4*xe - sqrt(2)*(b~4*d"4/
c"2) 7 (1/4)*b~4*xcxd"4) *1log (b™6%d"6*%x"2 + sqrt(2)*(b"4*xd~4/c”2) " (3/4) *b~3*c*d
“3%x + sqrt(b~4*d"4/c”2)*b"4*d"4) - (b~5xd"4*e + sqrt(2)*(b~4*xd"4/c”2)"(1/4
)*¥b~4*c*xd"4) *1log (b~ 6*d"6*x"2 - sqrt(2)*(b~4*d~4/c”2) " (3/4)*b~3xc*d"3*x + sq
rt(b”™4*d”~4/c~2)*b~4*d~4)) / (b~4*c*xd~4)

Sympy [A] time = 31.7067, size = 1515, normalized size = 7.89

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)*(atb*atan(cxx**2)) ,x)

[Out] Piecewise((ax(d*x + exx*x2/2), Eq(c, 0)), ((a - ooxI*b)*(d*x + exx*xx2/2), E
q(c, -I/x*%2)), ((a + ooxIxb)x*(d*x + e*xxx*2/2), Eq(c, I/x**2)), (-2xIxa*c*x*
11xd*xkxk5% (Cxx (=2) ) *k*x (11/2) / (2% Ikck*19kx**4*k (cx* (=2) )**x(19/2) - 2*xI*c*k*x17x*
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(cxx (=2))*%x(19/2)) - Ixaxcrxllkexx*x6x (cx*(=2))*xx(11/2)/(-2xI*cx*x19*x**4x (c
*x (=2) ) %% (19/2) — 2xIxckxx17*(cx*(=2))**x(19/2)) - 2xIxaxcx*xQxd*xx* (ckxx(=2))*x*
(11/2) / (=2xITkckxx19*xxkd* (cx* (=2) ) ** (19/2) — 2xIkc*x17*(cx*(-2))*%(19/2)) -
IxaxcxkQkexxx*k2k (cxkx (—=2) ) *x*k(11/2) / (2% I*kckx*x19xxx*k4* (c*xx (—-2) ) **x(19/2) - 2*Ix*
cx*k17* (ckk (-2) ) *x(19/2)) — 2% (-1)*x(1/4) *bkcr*18*d*x**4* (c*x* (-2) ) ** (37/4) *a
tan((-1)**x(3/4)*x/ (c** (=2) ) **x(1/4) ) / (2% I*kck*x19%x*k*4* (ck* (-2) )%+ (19/2) - 2%
Tkcxk17x (cxx (=2) ) **%(19/2)) - 2% (-1)**(1/4) *b*c**16*d* (cx*(-2))**(37/4) *atan
(1) *x(3/4) *x/ (c*kx(=2) ) **% (1/4) ) / (-2xIkckx19%xx*k4x* (ck* (-2) ) %% (19/2) - 2xI*c
*x17x (ck* (=2) )*xx(19/2)) + 2x(=1)**x(1/4) *bkck*14*dxxx*xd* (c*x* (-2) ) **(29/4) x1o
glx = (1) #x(1/4)* (c**x(=2) ) *x*(1/4)) / (-2%IkcH*19%kx*kxdk (cx* (-2) )%+ (19/2) - 2%
Tkexx17* (cx* (-2) ) %% (19/2)) + 2% (-1)**x(1/4)*xb*ckx*12*d* (cx* (-2) ) ** (29/4) *1og(
x = (1)*x(1/4) % (c**x(=2) ) **x(1/4) ) / (2% Ikck*x19%x*k*4* (ck* (-2) )% (19/2) - 2%Ix*
ck*k17x (c*xx(=2) )*x*(19/2)) - 2*Ixbkckx11*xdxx**5x (c*x*(=2))**x(11/2) *atan (cxx**2
)/ (2% I*ckx19xxk*k4* (cxx (=2) ) ** (19/2) - 2*I*cxx17*x(c**(-2))**x(19/2)) - Ixbx*c
*x11kexxxx6% (cxx (=2) ) **x (11/2) *atan (cxx**2) / (2% Ixcx*x19*x*x*x4* (cx* (=2) ) ** (19/
2) = 2xIkcxx17*(cx*x (=2))*%(19/2)) - 2xI*bxcx*9xd*xx* (cx* (-2))*x(11/2)*atan(c
*x%%2) / (m2kTkckk1Qkxkkdk (Cxx (=2) ) %% (19/2) - 2*kIkckkx17*x(cx*x(-2) )*x(19/2)) -
TxbxcxkQkexxx*k2kx (cx*x (=2) ) *x*k(11/2) *atan (cxx**2) / (2% I*kc*x*19xxk*k4* (ckx* (—2) ) **
(19/2) - 2xIkc*x17*(cx*(=2))*%(19/2)) - 2x(=1)**(3/4) *bxcx*5xd*x**x4* (cx* (-2
))*x(11/4) *atan (c*x*%2) / (=2*T*xck*x19xxkkd* (ckx* (=2) ) ** (19/2) — 2*kI*ck*x17* (c**
(=2))*x(19/2)) = 2% (=1)**(1/4) *bxck*d*xdxx*xd* (ck*(=2) ) *x(9/4) *log (x**2 + Ix
sqrt (cx*(-2))) / (=2%Ikck*k19%kxkk4* (ck* (=2) ) *x*% (19/2) - 2xIkcx*k17* (ck*x (-2))** (1
9/2)) = 2% (=1)**(3/4)*bxc**x3*xd* (cx* (-2) )*x* (11/4) *atan (c*xx**2) / (=2+Ikcx*19%x
*k4x (cx*k (=2) ) %% (19/2) - 2xI*xc*kx17*x(cxx(-2))**x(19/2)) + (-1)*x(1/4)*bkxc*x*2*d
xxkxdk (ck* (=2) ) *%(5/4) *log (x*¥*2 + I*sqrt(c*x*(=2)))/ (—2*%Ikckx19xx**4* (ck* (-2
D)% (19/2) - 2%Ixckx17*(ck*(=2))**%(19/2)) - 2% (-1)*%(1/4) *bxck*2xd* (cx*(-2)
)*%(9/4) *log (x**2 + I*xsqrt(c**x(-2)))/(-2%xIxc*k*19*x**4* (cx*(-2))**(19/2) - 2
xDkckk 17k (ck* (=2) ) %% (19/2) ) + I*¥bkck*x2kexx*xd* (ckx*(-2))*x(3/2)*log(x**2 + I
xsqrt (cx*k (=2))) /(2% Ikcxk19kx*x4* (ckx (=2) ) *x (19/2) - 2*kIxc*k*x17*(c*x*(-2) ) **(
19/2)) + (m1)**(1/4) *bxd* (c**(-2) ) *x(5/4) *1log (x*x2 + Ixsqrt(cx*(-2)))/(-2*I
*xCkk1Oxxk kA (Ckx (=2) )*x* (19/2) — 2*xI*ck*17x(c*x*(=2))*x*x(19/2)) - brexx**4dxata
n(c*xx*x2) / (2% I*c*x*x20kx*k*k4* (c*xx (=2) ) ** (19/2) - 2*kI*c**x18* (cx*(-2))**x(19/2))
- bxexatan (c*xx*x*2) /(=2 I*cx*x22*xx*k*4* (cxx (=2) ) ** (19/2) - 2*I*cx*x20* (c*x*(-2)
)*¥%(19/2)) + Ixbxex(c**(-2))*x(3/2)*log(x**2 + Ixsqrt(c*x*(-2)))/(-2*%I*xc**19
s)xokokdx (ckk (=2) ) %% (19/2) — 2%Ikcx*x17*x(cx*x(-2))**x(19/2)), True))

Giac [A] time = 1.26275, size = 271, normalized size = 1.41

1 - 2V2v/[d|arctan (% \/E(Zx + %) ICI) . 2V2+/[clarctan (% \/E(ZX - \/%) |c|) i V2v/iel log (x2 + % + |i_|)

4 ct c* ct

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((exx+d)*(atb*arctan(c*x72)),x, algorithm="giac")

[Out] -1/4xb*xc”3*d*(2xsqrt(2)*sqrt(abs(c))*arctan(l/2*sqrt(2)*(2*xx + sqrt(2)/sqrt
(abs(c)))*sqrt(abs(c)))/c”4 + 2*sqrt(2)*sqrt(abs(c))*arctan(1/2*xsqrt (2)* (2%

x - sqrt(2)/sqrt(abs(c)))*sqrt(abs(c)))/c™4 - sqrt(2)*sqrt(abs(c))*log(x~2

+ sqrt(2)*x/sqrt(abs(c)) + 1/abs(c))/c™4 + sqrt(2)*sqrt(abs(c))*log(x~2 - s
qrt(2)*x/sqrt(abs(c)) + 1/abs(c))/c™4) + 1/4x(2xb*cxx~2*arctan(cxx~2)*e + 4
xb*xckxd*x*arctan(cxx™2) + 2xakxcxx"2%e + 4xaxckdxx - bxexlog(c™2%x”4 + 1))/c
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a an(cx?
393  [Ureld),,

d+ex

Optimal. Leaf size=501

V= (d+ex) bcPolyLL ( X —c2(d+ex)] V=c(d+ex) \ - V-c2(d+ex)
bcPolyLog (2, —— cPolyLog|2, bcPolyLog 2, 224 | bePolyLog |2, ~———
2V—c2e 2V—c?e 2vV—-c?e 2V—-c2e

[Out] ((a + bkArcTan[cxx~2])*Logl[d + e*x])/e + (b*c*Logl[(ex(1 - (-c~2)~(1/4)*x))/
((-c™2)"(1/4)*d + e)]*Logld + e*x])/(2%Sqrt[-c 2]*e) + (b*cxLogl[-((ex(1 + (
-c"2)7(1/4)*x))/ ((-c™2)~(1/4)*d - e))I*Logld + exx])/(2*Sqrt[-c~2]*e) - (bx
cxLog[(ex(1 - Sqrt[-Sqrt[-c~2]]#*x))/(Sqrt[-Sqrt[-c~2]]*d + e)]*Logl[d + ex*x]
)/ (2%Sgrt [-c~2]1*e) - (bkc*Logl[-((ex(1 + Sqrt[-Sqrt[-c~2]1%*x))/(Sqrt[-Sqrt[-
c™2]11*d - e))1*Logld + e*x])/(2*Sqrt[-c 2]*e) + (bxcxPolyLogl2, ((-c™2)~(1/
4)x(d + exx))/((-c™2)"(1/4)*d - e)])/(2xSqrt[-c2]*e) - (bxc*PolyLogl[2, (Sq
rt[-Sqrt[-c2]1]1*(d + e*x))/(Sqrt[-Sqrt[-c~2]11*d - e)])/(2*Sqrt[-c"2]*e) + (
b*ckPolyLog[2, ((-c72)7(1/4)*(d + exx))/((-c"2)"(1/4)*d + e)1)/(2*Sqrt[-c2
1*xe) - (b*c*PolyLogl2, (Sqrt[-Sqrt[-c~2]]1*(d + exx))/(Sqrt[-Sqrt[-c~2]1]1*d +
e)])/(2xSqrt [-c~2] xe)

Rubi [F] time = 0.0637799, antiderivative size = 0, normalized size of antiderivative = 0.,

. . number of rules
number of steps used = 0, number of rules used = 0, integrand size = 0, e -

Rules used = {}

integrand size ”

f a+btan”! (cxz) ;

x
d+ex

Verification is Not applicable to the result.
[In] Int[(a + b*ArcTan[c*x"2])/(d + ex*xx),x]

[Out] (axLogld + exx])/e + b*Defer[Int] [ArcTan[c*x"2]/(d + e*xx), x]

Rubi steps



161

a+btan™ (cxz) a btan™ (ch)
f dx = f + dx
d+ex d+ex d+ex
log(d tan~! (cx?
:aog( +ex)+b ( )

d
e d+ex X

Mathematica [C] time = 32.123, size = 326, normalized size = 0.65

“1(..o . Ve(d+ex) Ve(d+ex) 3 ( V(e
b (2 tan (cx )log(d +ex) +1i (PolyLog (2, N (‘/—Te) + PolyLog (2, s {‘/—_13) PolyLog |2, Tl

log(d
alog( +ex)+
e

Antiderivative was successfully verified.

[In] Integratel[(a + bxArcTan[c*x"2])/(d + ex*x),x]

[Out] (axLogld + exx])/e + (b*(2%ArcTan[c*x"2]*Logl[d + e*x] + I*(Logld + exx]*Log
[1 - (Sqrtlcl*(d + exx))/(Sqrtlcl*d - (-1)"(1/4)*e)] + Logld + e*x]*Logl[l -
(Sqgrtlcl*(d + e*xx))/(Sqrtlcl*d + (-1)7(1/4)*e)] - Logld + exx]+*Logl[l - (Sq

rt[cl*(d + e*xx))/(Sqrtlcl*d - (-1)7(3/4)*e)] - Logld + exx]*Logl[l - (Sqrtlc

Ix(d + exx))/(Sqrtlcl*d + (-1)~(3/4)*e)] + PolyLogl[2, (Sqrtlcl*(d + ex*x))/(

Sqrtlcl*d - (-1)~(1/4)*e)] + PolyLog[2, (Sqrtlcl*(d + e*x))/(Sqrtlcl*d + (-

1)7(1/4)*e)] - PolyLogl[2, (Sqrtlcl*(d + exx))/(Sqrtlcl*d - (-1)~(3/4)*e)] -
PolyLog[2, (Sqrtlcl*(d + exx))/(Sqrtlcl*d + (-1)7(3/4)*e)])))/(2%e)

Maple [C] time = 0.125, size = 138, normalized size = 0.3

aln (ex + d) s bln (ex + d) arctan (cxz) ~ % Z 1
R1*-2_Rld + d?
)_ —

e e 2c
_R1=RootOf(c2_Z*-42d_7°+6 2d2_77~4 c2d3_Zr+2d4+ct

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctan(c*x~2))/(exx+d),x)

[Out] ax1ln(e*x+d)/e+b*1ln(e*x+d)/e*xarctan(c*x~2)-1/2*bxe/cxsum(1/(_R172-2% R1xd+d~
2)*(ln(e*xx+d) *1n((-exx+_R1-d)/_R1)+dilog((-exx+_R1-d)/_R1)), R1=Root0f(_Z~4
*CT2-4% Z73%CcT2xd+6% Z72xcT2xd"2-4% ZxcT2xd"3+c"2xd"4+e"4))



162

Maxima [F] time = 0., size = 0, normalized size = 0.

arctan (cxz) alog (ex + d)
2(ex +4d) e

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctan(c*x~2))/(exx+d),x, algorithm="maxima")

[Out] 2xb*integrate(l/2*arctan(c*x”2)/(exx + d), x) + a*xlog(exx + d)/e

Fricas [F] time = 0., size = 0, normalized size = 0.

2
barctan (cx ) + a,x)

int 1
integra ( ot d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctan(c*x~2))/(exx+d),x, algorithm="fricas")

[Out] integral((b*arctan(c*x”2) + a)/(exx + d), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*atan(cxx**2))/(exx+d) ,x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

dx

barctan (cxz) +a
f ex+d
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctan(c*x~2))/(exx+d),x, algorithm="giac")

[Out] integrate((b*arctan(c*x~2) + a)/(exx + d), x)
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a an(cx?
324 [Ureld)

(d+ex)?

Optimal. Leaf size=328

a+btan™! (cxz) bedelog (czx4 -+ 1) b+/c (cd2 + ez) log (cx2 —\24/ex + 1) b+/c (cd2 + ez) log (cx2 +V2+/ex +
 e(d+ex) ’ 2 (C2d4 + 34) B 242 (czd4 + 64) ’ 242 (czd4 + 64)

[Out] (bxc~2*d~3*%ArcTan[c*x"2])/(ex(c”2%d"4 + e74)) - (a + b*ArcTan[cxx"2])/(ex(d
+ exx)) + (b*Sqrt[cl*(c*d”2 - e”2)*ArcTan[1 - Sqrt[2]*Sqrt[c]*x])/(Sqrt[2]
x(c72*%d"4 + e74)) - (b*Sqrtlcl*(cxd”2 - e~2)*ArcTan[1 + Sqrt[2]*Sqrt[c]*x])
/(Sqrt[2]*(c™2*d~4 + e”4)) - (2*bxc*d*xexLogl[d + exx])/(c”2*d"4 + e~4) - (bx
Sqrt[cl*(cxd~2 + e72)*Logl[l - Sqrt[2]*Sqrtlcl*x + c*x~2])/(2*xSqrt [2]*(c~2*d
4 + e74)) + (bxSqrtlcl*(c*d™2 + e~ 2)*Logl[l + Sqrt[2]*Sqrtlcl*x + c*xx~2])/(
2x3qrt [2]*(c™2*d"4 + e74)) + (bkcxd*exLogl[l + c™2xx74])/(2%(c”2*d"4 + e74))

Rubi [A] time = 0.522159, antiderivative size = 328, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 19, number of rules used = 14, integrand size = 18, ==
integrand size

= (.778, Rules used = {5205, 12, 6725, 1876, 1168, 1162, 617, 204, 1165, 628, 1248, 635, 203,
260}

a+btan™! (cxz) bedelog (czx4 + 1) b+/c (cd2 + ez) log (cx2 —\24ex + 1) b+/c (cd2 + ez) log (cx2 +V2+/ex +
- - +

e(d + ex) ¥ 2 (02d4 + 34) 22 (c2d4 + 64) 242 (c2d4 + 64)

Antiderivative was successfully verified.

[In] Int[(a + bxArcTan[c*x"2])/(d + exx)~2,x]

[Out] (bxc~2*d~3*%ArcTan[c*x"2])/(ex(c”2+%d"4 + e74)) - (a + b*ArcTan[cxx"2])/(ex(d
+ exx)) + (b*Sqrtlcl*(c*d”2 - e”2)*ArcTan[1 - Sqrt[2]*Sqrt[c]*x])/(Sqrt[2]
x(c72%d"4 + e74)) - (b*Sqrtlcl*(cxd™2 - e~2)*ArcTan[1 + Sqrt[2]*Sqrt[c]*x])
/(Sqrt[2]*(c™2*d~4 + e”4)) - (2%bxc*d*xexLogld + exx])/(c”2*d"4 + e~4) - (bx
Sqrt[c]l*(cxd™2 + e"2)*Log[1l - Sqrt[2]*Sqrtlcl*x + c*x~2])/(2*Sqrt[2]*(c”2*d
4 + e74)) + (bxSqrtlcl*(c*d™2 + e~ 2)*Logl[l + Sqrt[2]*Sqrtlcl*x + c*xx~2])/(
2x3qrt [2]*(c™2xd"4 + e74)) + (bkcxd*exLogl[l + c™2xx74])/(2%(c”2xd"4 + e74))

Rule 5205

Int[((a_.) + ArcTan[u_]*(b_.))*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Sim
pl((c + d*x)"(m + 1)*(a + b*ArcTan[u]))/(d*(m + 1)), x] - Dist[b/(d*(m + 1)
), Int[SimplifyIntegrand[((c + d*x)~(m + 1)*D[u, x])/(1 + u™2), x], x], x]
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/; FreeQ[{a, b, c, d, m}, x] && NeQ[m, -1] && InverseFunctionFreeQ[u, x] &&
'FunctionOfQ[(c + d*x)~(m + 1), u, x] && FalseQ[PowerVariableExpn[u, m +
1, x]1]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] && !Match
Qlu, (b_)*(v_) /; FreeQ[b, x]]

Rule 6725

Int[(u_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x"n), x]}, Intl[v, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

Rule 1876

Int[(Pq_)/((a_) + (b_.)*x(x_)"(n_)), x_Symbol] :> With[{v = Sum[(x"ii*(Coeff
[Pq, x, ii] + Coeff[Pq, x, n/2 + ii]*x"(n/2)))/(a + b*x"n), {ii, 0, n/2 - 1
}13}, Intlv, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && PolyQ[Pq, x] && IGtQ[n/2,
0] && Expon[Pq, x] < n

Rule 1168

Int[((d_) + (e_.)*x(x_)"2)/((a_) + (c_.)*x(x_)"4), x_Symbol] :> With[{q = Rt[
axc, 2]}, Dist[(d*q + axe)/(2%a*c), Int[(q + cxx"2)/(a + c*x”4), x], x] + D
ist[(d*q - a*xe)/(2*a*xc), Int[(q - c*xx"2)/(a + c*xx4), x], x]] /; FreeQ[{a,
c, d, e}, x] && NeQ[c*d™2 + axe”2, 0] && NeQ[cxd™2 - axe”2, 0] && NegQ[-(ax
c)]

Rule 1162

Int[((d_) + (e_.)*x(x_)"2)/((a_) + (c_.)*x(x_)"4), x_Symbol] :> With[{q = Rt[
(2%d) /e, 2]}, Distle/(2*%c), Int[1/Simp[d/e + g*x + x~2, x], x], x] + Dist[e
/(2xc), Int[1/Simp[d/e - gq*x + x72, x], x], x]] /; FreeQ[{a, c, d, e}, x] &
& EqQ[c*d”™2 - a*xe”2, 0] && PosQ[dx*el

Rule 617

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4x%S
implify[(a*c)/b~2]}, Dist[-2/b, Subst[Int[1/(q - x72), x], x, 1 + (2xc*x)/b
1, x] /; RationalQ[q] && (EqQ[q~2, 1] || !RationalQ[b~2 - 4xaxc])] /; Free
Q[{a, b, c}, x] && NeQ[b~2 - 4x*axc, 0]
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Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]11/(Rt[-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (LtQ[
a, 0] || LtQ[b, 01)

Rule 1165

Int[((d_) + (e_.)*x(x_)"2)/((a_) + (c_.)*x(x_)"4), x_Symbol] :> With[{q = Rt[
(-2xd) /e, 2]}, Distle/(2%cxq), Int[(q - 2*x)/Simp[d/e + g*x - x72, x], x],
x] + Distl[e/(2%c*q), Int[(q + 2*x)/Simp[d/e - g*x - x°2, x], x], x]] /; Fre
eQ[{a, c, d, e}, x] && EqQ[c*d™2 - a*e™2, 0] && NegQ[dxe]

Rule 628

Int[((d) + (e_.)*x(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [(d*Log[RemoveContent [a + b*x + c*x72, x]1)/b, x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - bxe, 0]

Rule 1248

Int[(x )*((d_) + (e_)*x(x_)"2)"(q_.)*x((a_) + (c_.)*(x)"4)"(p_.), x_Symbol]
:> Dist[1/2, Subst[Int[(d + e*xx)~g*x(a + c*x72)7p, x], x, x72], x] /; FreeQ
[{a, ¢, d, e, p, q}, x]

Rule 635

Int[((d) + (e_.)*x(x_))/((a_) + (c_.)*(x_)"2), x_Symbol] :> Dist[d, Int[1/(
a + c*xx"2), x], x] + Distle, Int[x/(a + c*x2), x], x] /; FreeQ[{a, c, d, e
}, x] && !'NiceSqrtQ[-(axc)]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
la, 2]11)/(Rtla, 2]*Rt[b, 2]1), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 |l GtQ[b, 01)

Rule 260
Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten

tla + bxx"n, x]1]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rubi steps
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b 2cx
a+btan™! (cxz) a+btan™ (cxz) f (dren)(1+c2d) x
f (d + ex)? *= e(d + ex) e
X
a+btan”! (cxz) (2bc) f (dren(1+c2d) dx
e(d + ex) e

(Zbc) f de3 + S+2d3x—c2d2ex? +c2de?x3
a+btan™ (cx?) Czd4+e4)(d+ex> (cattret) (12

e(d + ex) e
B 2d3 2d2 2d 2.3
_a+btan ! (sz) 2bcdelog(d + ex) . (2be) f el 1C+czj; =
B e(d + ex) c2d* + ¢ e (czd4 N 64)

B-2ilex?  x(?d>+c2de?x?)
a+btan™! (sz) 2bcdelog(d + ex) (2be) f ( wad T 14 dx

e(d + ex) c2d* + et e (czd4 i 34)
- —2d2ex? x(2d3+c2de?x2
a+btan™ (sz) bedelog(d +ex)  (2bo) [ ¢ — i dx  (2bo) [ % dx
- - +
e(d + ex) c2d* + et e (c2d4 + 64) e (c2d4 4 e4)
2d3+c2de?x >
at btan™! (cxz) _ 2bedelog(d + ex) . (bc) Subst (f —aa dnxx ) i (b (cd2 _ ez))
e(d + ex) c2d* + e e (c2d4 i+ e4) 244

a+btan™ (sz) 2bcdelog(d + ex) (bc3d3) Subst (f 2z 4% X, x2) (chde) Subs
 ed+ex) - c2d4 + e e (c2d4 + 64) * c

_ bc?d3 tan™! (cxz) a+btan™ (cxz) 2bedelog(d +ex)  bye (cd2 + ez) log (1 —\24/ex

e (c2d4 + e4) C ed+ex)  cdt+eét 242 (c2d4 N e4)
~ bc2d® tan™! (cxz) a+btan™! (cxz) b+Jc (cd2 —~ ez) tan™! (1 - \/E\/Ex) b+/c (cd2 - ez)
T, (c2d4 + e4)  ed+ex) " \2 (c2d4 + e4) B \/E(

Mathematica [A] time = 0.744945, size = 321, normalized size = 0.98

4q (c2d4 + 64) +4b (czd4 + 34) tan”! (cxz) +2b+/c (263/2d3 —\2cd?e + \/563) tan™! (1 - \/Ex/Ex) (d + ex) + 2b+/c (2c

Antiderivative was successfully verified.

[In] Integrate[(a + b*ArcTan[c*x"2])/(d + e*x)"2,x]



168

[Out] -(4*a*x(c™2*d"4 + e74) + 4*xb*x(c"2*d"4 + e~ 4)*ArcTan[c*x"2] + 2xbxSqrt[c]*(2x*
c™(3/2)*%d"3 - Sqrt[2]*cxd"2*%e + Sqrt[2]*e~3)*(d + e*x)*ArcTan[l - Sqrt[2]*S
grtlcl*x] + 2%b*xSqrt[c]*(2%c~(3/2)*d"3 + Sqrt[2]*cxd"2*xe - Sqrt[2]*e~3)*(d

+ exx)*ArcTan[1 + Sqrt[2]*Sqrt[c]*x] + 8xb*cxd*e”2x(d + exx)*Logl[d + exx] +

Sqrt [2] #*b*Sqrt [c]*e*x(c*xd™2 + e72)*(d + exx)*Logl[l - Sqrt[2]*Sqrt[cl*x + c*

x72] - Sqrt[2]*b*Sqrtcl*e*x(cxd™2 + e~2)*(d + exx)*Logl[l + Sqrt[2]*Sqrt[c]lx*

X + cxx72] - 2%bkcxd*e”2x(d + exx)*Logl[l + c™2%x74])/(4*ex(c™2*%d™4 + e~4)*(

d + exx))

Maple [A] time = 0.036, size = 433, normalized size = 1.3

becx/_ 4
\/_ ) 2d4+24\/ 2 arcta

a barctan (sz) bedeln (ex + d) b2c\2 4
_(ex+d)e_ (ex+d)e - c2d4 + A 2C2d4+26’4v arctan(\/_x

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctan(c*x~2))/(exx+d) "2,x)

[Out] -a/(exx+d)/e-b/(exx+d)/exarctan(c*x”2)-2*b*cxd*e*1ln(e*xx+d)/(c"2*xd"4+e"4)+1/
2%bxe"2%c/(c72%d"4+e"4)*x(1/c”2) " (1/4)*2~(1/2)*arctan(2”(1/2)/(1/c"2) " (1/4) *
x+1)+1/2xbxe~2xc/ (c™2%d"4+e"4)*x(1/c”2) " (1/4)*2~ (1/2) *arctan(2”(1/2) /(1/c"2)
~(1/4) *x-1)+1/4*xbxe"2xc/ (c"2*%d"4+e"4) *(1/c”2) " (1/4)*2~(1/2)*1n((x~2+(1/c"2)
“(1/4)*xx*x27(1/2)+(1/c”2)~(1/2)) / (x72-(1/c2) ~(1/4) *x*x2~ (1/2)+(1/c~2) = (1/2))
)+b/exc”3/(c™2%d"4+e"4)*d"3/(c”2) ~(1/2)*arctan(x"2*x(c~2) " (1/2))-1/4%b*xc/(c”
2%d"4+e"4)*d"2/(1/c”2)~(1/4) %2~ (1/2) *1In((x"2-(1/c”2) ~(1/4) *x*x2~ (1/2)+(1/c"2
)7(1/2))/ (x72+(1/c™2) " (1/4) *xx27(1/2)+(1/c~2) ~(1/2) ) ) -1/2%b*c/ (c"2*d"4+e~4)
*d72/(1/¢c”2)"(1/4)*2" (1/2)*arctan(2”(1/2) /(1/c”2) " (1/4) *x+1)-1/2%b*c/ (c"2*d
“4+e”4)*d"2/(1/c”2) " (1/4)*2~(1/2) *arctan(27(1/2) /(1/c~2) ~(1/4) *x-1)+1/2*b*c
*dxex1n(c™2%x74+1) /(c"2+%d"4+e"4)

Maxima [A] time = 1.48466, size = 649, normalized size = 1.98

VB2 2P 3]1og[\/_ 2y3()T x+1} «/’(«/’( 2)i 242 NB2 e s]mg[\/‘ 2o\E(2) i
+

1 || 8delog (ex +d) (@)t (@)

4 c2d* + et
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctan(c*x~2))/(exx+d)~2,x, algorithm="maxima"

[Out] -1/4x((8*d*exlog(e*x + d)/(c”2*d"4 + e74) - (sqrt(2)*(sqrt(2)*(c~2)~(1/4)*c
“2%d*e”2 + sqrt(cT2)*cT2xd"2%e + c"2xe”3)*log(sqrt(c”2)*x"2 + sqrt(2)*(c”2)
“(1/4)xx + 1)/((c”2)7(1/4)*c™2) + sqrt(2)*(sqrt(2)*(c™2) 7 (1/4)*c™2*d*e™2 -
sqrt(c™2) *c™2xd"2%e - c"2*e”3)*log(sqrt(c™2)*x~2 - sqrt(2)*(c™2)"(1/4)*x +
1D/(c™2)7(1/4)*c™2) - (2*xc™4*d"3 + sqrt(2)*(c”2)7(3/4)*c~2*d"2*e - sqrt(2)
*x(c72) 7 (1/4)*xc™2*e"3) *1log((2*sqrt (c™2) *x - sqrt(2)*sqrt(-sqrt(c”2)) + sqrt(
2)*%(c”2)7(1/4))/ (2*%sqrt (c”2) *x + sqrt(2)*sqrt(-sqrt(c™2)) + sqrt(2)*(c™2)7(
1/4)))/((c”2)~(1/4)*c™2xsqrt (-sqrt(c”2))) + (2%c™4xd"3 - sqrt(2)*(c~2)~(3/4
)*c72xd"2xe + sqrt(2)*(c”2) 7" (1/4)*c"2*e”3)*xlog((2*sqrt(c™2)*x - sqrt(2)*sqr
t(-sqrt(c”2)) - sqrt(2)*(c2)~(1/4))/(2*sqrt(c”2)*x + sqrt(2)*sqrt(-sqrt(c”
2)) - sqrt(2)x(c”2)7(1/4)))/((c”2)~(1/4)*c~2*sqrt (-sqrt(c”2))))/(c"2*d " 4xe
+ e7B))*c + 4xarctan(c*x”2)/(e"2*x + d*e))*b - a/(e"2xx + dxe)

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctan(c*x~2))/(e*x+d)~2,x, algorithm="fricas")

[Out] Timed out

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*atan(c*xx**2))/(e*x+d)**2,x)

[Out] Timed out
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Giac [A] time = 14.2967, size = 512, normalized size = 1.56

3 1 2
1 [ detog (c2x4 + 1) 4de? log (xe + d]) 2 (\/Eczdg’lcl + 2d2+/|cle - |c|ze3) arctan (E \/E(Zx + %) |c|) . 2 (\/Eczt

2 c2d* + et c2dte + e® V2chde + \2c265

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctan(c*x~2))/(e*xx+d)~2,x, algorithm="giac")

[Out] 1/2*%((d*exlog(c™2*x"4 + 1)/(c™2xd"4 + e74) - 4*xdxe”2*xlog(abs(x*e + d))/(c"2
xd"4*xe + e75) - 2x(sqrt(2)*c”2xd"3*abs(c) + c”2*d"2*sqrt(abs(c))*e - abs(c)
~(3/2)*e”3)*arctan(1/2xsqrt (2)*(2*x + sqrt(2)/sqrt(abs(c)))*sqrt(abs(c)))/(

sqrt (2)xc~4*d"~4*xe + sqrt(2)*c”2%e”5) + 2*(sqrt(2)*c”2+d"3*abs(c) - c~2*d"2x*
sqrt(abs(c))*e + abs(c)~(3/2)*e~3)*arctan(1/2*sqrt(2)*(2xx - sqrt(2)/sqrt(a
bs(c)))*sqrt(abs(c)))/(sqrt(2)*c™4xd"4*xe + sqrt(2)*c™2xe”5) + (c™2*d"2*sqrt
(abs(c)) + abs(c)~(3/2)*e"2)*log(x"2 + sqrt(2)*x/sqrt(abs(c)) + 1/abs(c))/(

sqrt (2)*c~4*d”~4 + sqrt(2)*c”2xe”4) - (c~2xd"2*sqrt(abs(c)) + abs(c)~(3/2)*e
~2)*log(x72 - sqrt(2)*x/sqrt(abs(c)) + 1/abs(c))/(sqrt(2)*c”4xd~4 + sqrt(2)
*xc"2%e”4))*c - 2*arctan(cxx"2)*e”(-1)/(x*e + d))*b - axe”(-1)/(xxe + d)



171

3.25 f (d + ex) (a +btan™ (cxz))2 dx
M. Leaf size=1325

result too large to display

[Out] a”2*d*x - (2x(-1)7(3/4)*a*b*d*xArcTan[(-1)~(3/4)*Sqrt[c]*x])/Sqrt[c] +
~(3/4)*b"2xd*ArcTan[(-1)~(3/4)*Sqrt [c]*x]~2) /Sqrt[c] + ((I/2)*ex(a + b*ArcT
an[c*x"2])72)/c + (exx"2*x(a + b*ArcTan[c*x"2])72)/2 + (2x(-1)"(3/4)*axb*d*A
rcTanh [(-1)7(3/4)*Sqrt [c]*x])/Sqrt[c] - ((-1)~(1/4)*b~2xd*ArcTanh[(-1)~(3/4
)*Sqrt [c]*x]72)/Sqrtc] + (2%(-1)~(1/4)*b~2*d*ArcTan[(-1)~(3/4)*Sqrt [c]*x]*
Log[2/(1 - (-1)~(1/4)*Sqrt[cl*x)])/Sqrtlc] - (2x(-1)~(1/4)*b~2*xd*ArcTan[(-1
)~ (3/4)*%Sqrt [c]*x]*Log[2/(1 + (-1)~(1/4)*Sqrtlcl*x)])/Sqrtlc] + ((-1)~(1/4)
*xb~2xd*ArcTan[(-1)~(3/4) *Sqrt [c] *x] *Log [(Sqrt [2] *((-1)~(1/4) + Sqrtlcl*x))/
(1 + (-1)~(1/4)*Sqrt[cl*x)])/Sqrtlc] + (2%(-1)~(1/4)*b~2xd*ArcTanh[(-1)~(3/
4)*Sqrt [c]*x]*Log[2/(1 - (-1)"(3/4)*Sqrt[cl*x)]1)/Sqrtlc]l - (2%(-1)"(1/4)*b"~
2*d*ArcTanh [(-1) " (3/4)*Sqrt [c]*x]*Log[2/(1 + (-1)~(3/4)*Sqrt[c]*x)])/Sqrtlc
1 + ((-1)"(1/4)*b~2*d*ArcTanh [(-1) ~(3/4) *Sqrt [c] *x] *Log [- ((Sqrt [2] *((-1)~(3
/4) + Sqrtlcl*x))/(1 + (-1)7(8/4)*Sqrtlcl*x))])/Sqrtlc] + ((-1)7(1/4)*b~2*d
xArcTanh [(-1)~(3/4) *Sqrt [c]*x]*Log[((1 + I)*(1 + (-1)~(1/4)*Sqrtlcl*x))/(1
+ (-1)7(3/4)*Sqrt [cI1*x)1)/Sqrt[c] + ((-1)"(1/4)*b~2*d*ArcTan[(-1)"(3/4)*Sqr
tlcl*x]*Log[((1 - I)*(1 + (-1)7(3/4)*Sqrtlcl*x))/(1 + (-1)7(1/4)*Sqrt[c]*x)
1)/Sqrt[c] + Ixaxbxdxx*Logl[l - Ixcxx~2] + ((-1)7(1/4)*b~2+d*ArcTan[(-1)"(3/
4)*Sqrt [c]*x]*Log[1 - I*c*x~2])/Sqrtlc] - ((-1)~(1/4)*b~2*d*ArcTanh[(-1)~(3
/4)*Sqrt [cl*x]*Log[1 - I*xcxx~2])/Sqrtlc] - (b~2*xd*x*Log[l - I*c*x~2]72)/4 +

(bxe*x(a + b*ArcTan[c*x~2])*Log[2/(1 + Ixc*x"2)])/c - I*axbxd*xxLogl[l + Ixc
*x72] - ((-1)7(1/4)*b~2*d*ArcTan[(-1)~(3/4) *Sqrt [c]*x]*Log[1 + I*cxx~2])/Sq
rtlc] + ((-1)7(1/4)*b"2*d*ArcTanh[(-1)~(3/4)*Sqrt [c]*x]*Log[1 + Ixcxx~2])/S
grtlc] + (b72*d*x*xLogl[l - Ixc*x"2]*Logl[l + Ixc*x72])/2 - (b~2*xd*x*Log[l + I
xc*xx72]72)/4 + ((-1)7(3/4)*b~2xd*PolyLog[2, 1 - 2/(1 - (-1)7(1/4)*Sqrt[c]l*x
)1)/Sqrtlc] + ((-1)7(3/4)*b~2xd*PolyLogl[2, 1 - 2/(1 + (-1)7(1/4)*Sqrt[c]*x)
1)/Sqrtlc] - ((-1)7(3/4)*b~2*dxPolyLog[2, 1 - (Sqrt[2]*((-1)"(1/4) + Sqrtlc
1#x)) /(1 + (-1)7(1/4)*Sqrt[c]*x)])/(2+Sqrt [c]) + ((-1)7(1/4)*b~2*d*PolyLogl
2, 1 -2/(1 - (-1)7(3/4)*8qrt [cl*x)])/Sqrt[c] + ((-1)7(1/4)*b"2xd*PolyLog[2
, 1 -2/(1 + (-1)7(8/4)*Sqrt [c]*x)]1)/Sqrt[c] - ((-1)7(1/4)*b~2xd*PolyLogl2,
1 + (Sqrt[2]*((-1)7(3/4) + Sqrtlcl*x))/(1 + (-1)7(3/4)*Sqrtcl*x)])/(2*Sqr
tlc]) - ((-1)"(1/4)*b"2*d*PolyLog[2, 1 - ((1 + I)*(1 + (-1)"(1/4)*Sqrtlc]*x
))/ (1 + (=1)7(3/4)*Sqrt[c]*x)]1)/(2%Sqrt[c]) - ((-1)~(3/4)*b~2xd*PolyLogl2,
1 - (1 -D*x1 + (-1)7(3/4)*Sqrtlcl*x)) /(1 + (-1)7(1/4)*Sqrt [c]*x)])/(2*Sq
rtlc]) + ((I/2)*b~2*exPolyLog[2, 1 - 2/(1 + I*xcxx"2)])/c

Rubi [A] time = 3.09881, antiderivative size = 1554, normalized size of antiderivative =

(-1
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. . ber of rul
1.17, number of steps used = 110, number of rules used = 46, integrand size = 18, oo e
integrand size

= 2.556, Rules used = {6742, 5027, 297, 1162, 617, 204, 1165, 628, 5033, 260, 5029, 2450,
9476, 2448, 321, 203, 2470, 12, 4920, 4854, 2402, 2315, 206, 2556, 205, 4928, 4856, 2447,
9208, 5992, 5920, 5984, 5918, 5035, 2454, 2389, 2296, 2295, 30, 2557, 2475, 43, 2416, 2394,
9393, 2391}

result too large to display

Warning: Unable to verify antiderivative.

[In] Int[(d + exx)*(a + b¥ArcTan[c*x"2])"2,x]

[Out] (a”2x(d + exx)~2)/(2%e) + ((-1)7(3/4)*b~2xd*ArcTan[(-1)~(3/4)*Sqrt[c]*x]~2)
/Sqrtlc] + 2%axbxd*xxArcTan[c*x"2] + a*bxexx~2xArcTan[c*x”2] + (Sqrt[2]*a*b
xd*ArcTan[1 - Sqrt[2]*Sqrtlcl*x])/Sqrtlc] - (Sqrt[2]*a*bxd*ArcTan[1 + Sqrt[
2] *Sqrt [cl*x])/Sqrtlc] - ((-1)~(1/4)*b~2*xd*ArcTanh[(-1)~(3/4)*Sqrt [c]*x]~2)
/Sqrtlc] + (2%(-1)~(1/4)*b~2*xd*ArcTan[(-1)~(3/4)*Sqrt [c]*x]*Log[2/(1 - (-1)
~(1/4)*Sqrt [c]*x)]) /Sqrtlc] - (2x(-1)~(1/4)*b~2*xdxArcTan[(-1)~(3/4)*Sqrt [c]
*x]*Log[2/(1 + (-1)~(1/4)*Sqrtlcl*x)])/Sqrtlc] + ((-1)"(1/4)*b~2*d*ArcTan[(
-1)7(3/4) *Sqrt [c]*x] *Log [(Sqrt [2]*((-1)~(1/4) + Sqrtlcl*x))/(1 + (-1)~(1/4)
xSqrt [c]*x)])/Sqrtlc] + (2x(-1)~(1/4)*b~2*d*ArcTanh[(-1)~(3/4)*Sqrt [c]*x]*L
ogl2/(1 - (-1)7(8/4)*Sqrt[cl*x)]1)/Sqrtlc] - (2%(-1)~(1/4)*b~2*d*ArcTanh[(-1
)~ (3/4)*Sqrt [cl*x]*Log[2/(1 + (-1)7(3/4)*Sqrtlcl*x)])/Sqrtlc] + ((-1)7(1/4)
*xb~2xd*ArcTanh [(-1) ~(3/4) *Sqrt [c]*x]*Log [- ((Sqrt [2] *((-1)~(3/4) + Sqrtlcl*x
))/ (1 + (-1)7(3/4)*Sqrt [c]*x))]1)/Sqrtlc] + ((-1)7(1/4)*b~2*d*ArcTanh[(-1)"(
3/4)*Sqrt [c]*x]*Log[((1 + I)*(1 + (-1)7(1/4)*Sqrt[cl*x))/(1 + (-1)7(3/4)*Sq
rt[c]*x)]1)/Sqrtlc] + ((-1)"(1/4)*b~2*d*ArcTan[(-1)~(3/4)*Sqrt [c]*x]*Log[((1
- D*(1 + (-1)7(3/4)*Sqrt[cl*x)) /(1 + (-1)~(1/4)*Sqrt[cl*x)])/Sqrtlc] + ((
-1)7(1/4)*b~2*d*ArcTan[(-1) ~(3/4) *Sqrt [c]*x] *Log[1 - I*c*x"2])/Sqrtlc] - ((
-1)7(1/4) #*b~2xd*ArcTanh [(-1) " (3/4) *Sqrt [c] *x] *Log[1 - I*c*x~2])/Sqrtlc] - (
b~ 2*d*x*Log[1 - I*xc*x"2]72)/4 - ((I/8)*b~2%ex(1 - Ixc*x"2)*Log[l - I*cxx"2]
~2)/c - ((I/4)*b~2*exLogl[l - Ixc*xx"2]*Logl[(1 + I*c*x~2)/2])/c - ((-1)~(1/4)
*b~2xd*ArcTan[(-1) " (3/4)*Sqrt [c]*x] *Log[1 + Ixcxx~2])/Sqrtlc] + ((-1)~(1/4)
*b~2*d*ArcTanh [(-1) ~(3/4)*Sqrt [c] *x] *Log[1 + Ixc*x~2])/Sqrtlc] + ((I/4)*b~2
xexLog[(1 - Ixc*x72)/2]*Logl[l + Ixc*x72])/c + (b~2*xd*x*Log[l - I*cxx~2]*Log
[1 + I*xc*xx"2])/2 + (b"2%e*xx"2*Log[l - Ixc*x"2]*Logl[l + Ixc*x72])/4 - (b~2%d
xx*xLog[1 + I*xc*xx"2]72)/4 + ((I/8)*b~2*%ex(1 + Ixc*x~2)*Logl[l + I*xcxx"2]72)/c
- (axbxd*Log[1l - Sqrt[2]*Sqrtlcl*x + c*x"2])/(Sqrt[2]*Sqrt[c]) + (axb*d*Lo
gll + Sqrt[2]1*Sqrtlcl*x + c*x72])/(Sqrt[2]*Sqrtlc]) - (axb*exLogl[l + c™2*x”
4]1)/(2%c) - ((I/4)#*b~2xexPolyLogl[2, (1 - Ixc*x~2)/2]1)/c + ((I/4)*b~2*e*Poly
Log[2, (1 + Ixc*x72)/2])/c + ((-1)7(3/4)*b~2+d*PolyLogl2, 1 - 2/(1 - (-1)7(
1/4)*Sqrt [c]*x)]) /Sqrt[c] + ((-1)7(3/4)*b~2*xd*PolyLog[2, 1 - 2/(1 + (-1)~(1
/4)*Sqrt[c]*x)1)/Sqrt[c] - ((-1)7(3/4)*b~2*d*PolyLog[2, 1 - (Sqrt[2]*((-1)~
(1/4) + Sqrtlcl*x))/(1 + (-1)~(1/4)*Sqrtlcl*x)])/(2xSqrtlc]) + ((-1)~(1/4)*
b~2*d*PolyLog[2, 1 - 2/(1 - (-1)7(3/4)*SqrtlcI*x)]1)/Sqrtlc] + ((-1)~(1/4)*b
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~2%d*PolylLog[2, 1 - 2/(1 + (-1)"(3/4)*Sqrt[cl*x)])/Sqrtlc] - ((-1)"(1/4)*b”
2%d*xPolyLog[2, 1 + (Sqrt[2]*((-1)7(3/4) + Sqrtlcl*x))/(1 + (-1)~(3/4)*Sqrt[
c1*x)1)/(2%Sqrt[c]) - ((-1)~(1/4)*b~2%d*PolyLogl[2, 1 - ((1 + I)*(1 + (-1)"(
1/4)*Sqrt[c]*x))/(1 + (_1)A(3/4)*Sqrt[c]*X)])/(Q*Sqrt[c]) - ((-1)"(3/4)*b"2
*d*PolyLogl2, 1 - ((1 - I)*(1 + (-1)"(3/4)*Sqrtlcl*x))/(1 + (-1)~(1/4)*Sqrt
[c*x)1)/(2*Sqrt[c])

Rule 6742

Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]
]

Rule 5027

Int[ArcTan[(c_.)*(x_)"(n_)], x_Symbol] :> Simp[x*ArcTan[c*x"n], x] - Distl[c
xn, Int[x"n/(1 + c™2*xx~(2%n)), x], x] /; FreeQ[{c, n}, x]

Rule 297

Int[(x_)"2/((a_) + (b_.)*(x_)"4), x_Symbol] :> With[{r = Numerator[Rt[a/b,

211, s = Denominator[Rt[a/b, 211}, Dist[1/(2*s), Int[(r + s*x"2)/(a + b*x"4
), x], x] - Dist[1/(2%s), Int[(r - s*x"2)/(a + b*x"4), x], x]] /; FreeQ[{a,
b}, x] && (GtQla/b, 0] || (PosQla/b] && AtomQ[SplitProduct[SumBaseQ, all &
& AtomQ[SplitProduct [SumBaseQ, b]]))

Rule 1162

Int[((d)) + (e_.)*x(x_)"2)/((a_) + (c_.)*(x_)"4), x_Symbol] :> With[{q = Rt[
(2%d) /e, 2]}, Distle/(2*%c), Int[1/Simp[d/e + g*x + x~2, x], x], x] + Dist[e
/(2xc), Int[1/Simp[d/e - gq*x + x72, x], x], x]] /; FreeQ[{a, c, d, e}, x] &
& EqQ[c*d™2 - a*e”2, 0] && PosQ[dx*el

Rule 617

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4x%S
implify[(a*c)/b~2]}, Dist[-2/b, Subst[Int[1/(q - x72), x], x, 1 + (2xc*x)/b
1, x] /; RationalQ[q] && (EqQ[q~2, 1] || !RationalQ[b~2 - 4xaxc])] /; Free
Q[{a, b, c}, x] && NeQ[b~2 - 4x*axc, 0]

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]1/@Rt[-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (LtQ[
a, 0] |l LtQ[b, 01)
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Rule 1165

Int[((d_) + (e_.)*x(x_)"2)/((a_) + (c_.)*x(x_)"4), x_Symbol] :> With[{q = Rt[
(-2xd) /e, 2]}, Distle/(2%cxq), Int[(q - 2*x)/Simp[d/e + g*x - x72, x], x],
x] + Distl[e/(2*c*q), Int[(q + 2*x)/Simpl[d/e - gq*x - x~2, x], x], x1] /; Fre
eQ[{a, ¢, d, e}, x] && EqQ[c*d™2 - a*e”2, 0] && NegQ[dxe]

Rule 628

Int[((d_) + (e_.)*(x))/((a_.) + (b_)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp[(d*Log[RemoveContent [a + b*x + c*x~2, x]]1)/b, x] /; FreeQ[{a, b, c, d,
e}, x] &% EqQ[2*cxd - bxe, 0]

Rule 5033

Int[((a_.) + ArcTan[(c_.)*(x_ )" (n_)]*(b_.))*((d_.)*(x_))"(m_.), x_Symbol] :
> Simp [((d*x)~(m + 1)*(a + b*ArcTan[c*x"n]))/(d*x(m + 1)), x] - Dist[(b*c*n)
/(@@x(m + 1)), Int[(x"(n - 1)*(d*x)"(m + 1))/(1 + c”2*x~(2*n)), x], x] /; Fr
eeQ[{a, b, c, d, m, n}, x] && NeQ[m, -1]

Rule 260

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
tla + bxx"n, x]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 5029

Int[((a_.) + ArcTan[(c_.)*(x_)"(n_.)]1*(b_.))"(p_.), x_Symbol] :> Int[Expand
Integrand[(a + (I*bxLogl[l - Ixc*x"n])/2 - (I*b*xLogl[l + I*c*x"nl])/2)"p, x],
x] /; FreeQ[{a, b, c, n}, x] && IGtQ[p, 0] &% IntegerQ[n]

Rule 2450

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_)"(n_))"(p_.)]*(b_.))"(q_), x_Symbo
1] :> Simp[x*(a + bxLoglc*(d + e*x"n) pl)~q, x] - Dist[bxe*n*p*q, Int[(x"nx*
(a + bxLoglc*(d + exx™n)"pl)~(q - 1))/(d + exx"n), x], x] /; FreeQ[{a, b, c
, d, e, n, p}, x] & IGtQ[lq, O] && (EqQ[g, 1] || IntegerQ[n])

Rule 2476

Int[((a_.) + Logl(c_.)*x((d_) + (e_.)*x(x_ )" (n_ )" (p_)I*(b_.))"(q_)*x_)"(m
_Ox((£) + (g_)*x(x )" (s))"(r_.), x_Symbol] :> Int[ExpandIntegrand[(a + b
*Log[cx(d + e*xx™n)"pl)~q, x"mx(f + g*x"s)°r, x], x] /; FreeQ[{a, b, c, d, e
, f, g, m, n, p, q, r, s}, x] && IGtQ[q, 0] && IntegerQ[m] && IntegerQ[r] &
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& IntegerQ[s]

Rule 2448

Int[Log[(c_.)*x((d_) + (e_)*(x )" (n_))"(p_.)], x_Symbol] :> Simp[x*Loglc*(d
+ exx"n)"pl, x] - Dist[e*n*p, Int[x"n/(d + e*x"n), x], x] /; FreeQ[{c, d,
e, n, pr, x]

Rule 321

Int[((c_)*(x D))" (m )*((a_) + (b_)*x(x_)"(n_)) (p_), x_Symbol] :> Simp[(c~(
n - Dx(cxx)"(m - n + 1)*(a + bxx™n) " (p + 1))/(b*x(m + nxp + 1)), x] - Dist[
(axc™n*x(m - n + 1))/(b*x(m + nxp + 1)), Int[(c*x)"(m - n)*x(a + b*x"n) p, xJ,
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] && NeQ[m + n*p
+ 1, 0] &% IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTan[(Rt[b, 2]*x)/Rt
[a, 2]11)/(Rtla, 2]*Rt[b, 2]1), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 |l GtQ[b, 01)

Rule 2470

Int[((a_.) + Logl(c_.)*((d_) + (e_)*xx_)"(m D))" (p_)1*x(M_.))/((f) + (g_.)
*(x_)72), x_Symbol] :> With[{u = IntHide[1/(f + g*x~2), x]}, Simp[u*x(a + Dbx
Loglcx(d + e*xx™n)"pl), x] - Dist[b*e*n*p, Int[(uxx~(n - 1))/(d + e*x"n), xI
, x]11 /; FreeQ[{a, b, c, d, e, £, g, n, p}, x] && IntegerQ[n]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] &% !'Match
Qlu, (b )*(v_ ) /; FreeQ[b, x]]

Rule 4920

Int[(((a_.) + ArcTan[(c_.)*(x )1*(b_.))"(p_.)*(x_))/((@) + (e_.)*x(x_)"2),
x_Symbol] :> -Simp[(I*(a + bxArcTan[c*x])~(p + 1))/(b*ex(p + 1)), x] - Dist
[1/(c*d), Int[(a + b¥ArcTan[c*x]) p/(I - c*x), x], x] /; FreeQ[{a, b, c, d,
e}, x] & EqQle, c~2xd] && IGtQ[p, 0]

Rule 4854

Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol]
:> -Simp[((a + b*ArcTan[c*x]) “p*Log[2/(1 + (e*xx)/d)])/e, x] + Dist[(b*c*p)
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/e, Int[((a + b*ArcTan[c*x])~(p - 1)*Logl[2/(1 + (e*x)/d)])/(1 + c™2%x72), x
1, x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c™2*d"2 + e~2, 0]

Rule 2402

Int[Logl(c_.)/((d) + (e_.)*(x_))1/((f_) + (g_.)*(x_)"2), x_Symbol] :> -Dis
t[e/g, Subst[Int[Log[2xd*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, gr, x] && EqQlc, 2*d] && EqQ[e~2*f + d~2xg, 0]

Rule 2315

Int[Logl[(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> -Simp[PolyLog[2, 1 -
cx¥x]/e, x] /; FreeQ[{c, d, e}, x] && EqQle + cx*d, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]11)/(Rtla, 21*Rt[-b, 21), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 2556

Int[Logl[v_J]*Loglw_], x_Symbol] :> Simp[x*Logl[v]*Loglw], x] + (-Int[Simplify
Integrand[(x*Log[w]*D[v, x])/v, x], x] - Int[SimplifyIntegrand[(x*Logl[v]*D[
w, x])/w, x], x]) /; InverseFunctionFreeQ[v, x] && InverseFunctionFreeQ[w,
x]

Rule 205

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rule 4928

Int[(((a_.) + ArcTan[(c_.)*(x_)]*(b_.))*(x_)"(m_.))/((d_) + (e_.)*(x_)"2),
x_Symbol] :> Int[ExpandIntegrand[a + b*ArcTan[c*x], x"m/(d + e*x~2), x], x]
/; FreeQ[{a, b, c, d, e}, x] && IntegerQ[m] && !'(EqQ[m, 1] && NeQ[a, 0])

Rule 4856

Int[((a_.) + ArcTan[(c_.)*(x_)]*(b_.))/((d_) + (e_.)*x(x_)), x_Symbol] :> -8
imp[((a + b*ArcTan([c*x])*Log[2/(1 - I*c*x)])/e, x] + (Dist[(b*c)/e, Int[Log
[2/(1 - I*xc*x)]/(1 + c™2%x72), x], x] - Dist[(b*c)/e, Int[Log[(2*c*(d + exx
))/((c*xd + Ixe)*(1 - Ixcxx))]/(1 + c™2%x72), x], x] + Simp[((a + bxArcTan[c
*xx])*Log[(2*%c*(d + e*xx))/((c*xd + Ixe)*(1 - Ixcxx))])/e, x]) /; FreeQ[{a, D,
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c, d, e}, x] && NeQ[c™2xd"2 + 72, 0]

Rule 2447

Int[Loglu_]*(Pq )~ (m_.), x_Symbol] :> With[{C = FullSimplify[(Pq m*(1 - u))
/Dlu, x11}, Simp[C*PolyLogl2, 1 - ul, x] /; FreeQ[C, x]]1 /; IntegerQ[m] &&
PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents [u,
x] [[2]], Expon[Pq, x]]

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/Db]

Rule 5992

Int[(((a_.) + ArcTanh[(c_.)*(x_ )]1*(b_.))*x(x )" (m_.))/((d.) + (e_.)*x(x_)"2),
x_Symbol] :> Int[ExpandIntegrand[a + b*ArcTanh[c*x], x"m/(d + e*x"2), x],
x] /; FreeQ[{a, b, c, d, e}, x] && IntegerQ[m] && !'(EqQ[m, 1] && NeQ[a, O]
)

Rule 5920

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))/((d_) + (e_.)*(x_)), x_Symbol] :> -
Simp[((a + b*ArcTanh[c*x])*Log[2/(1 + c*x)])/e, x] + (Dist[(b*c)/e, Int[Log
[2/(1 + c*x)]/(1 - ¢c™2*%x72), x], x] - Dist[(b*c)/e, Int[Logl[(2%c*x(d + e*x))
/((c*xd + e)*x(1 + c*x))]/(1 - c™2*x"2), x], x] + Simp[((a + b*ArcTanh[c*x])*
Log[(2xcx(d + exx))/((cxd + e)*(1 + c*x))1)/e, x]1) /; FreeQ[{a, b, c, d, e}
, x] && NeQ[c™2xd"2 - e~2, 0]

Rule 5984

Int[(((a_.) + ArcTanh[(c_.)*(x_)]*(b_.)) " (p_.)*(x_))/((d ) + (e_.)*(x_)"2),
x_Symbol] :> Simp[(a + bxArcTanh[c*x])"(p + 1)/(b*ex(p + 1)), x] + Dist[1/
(cxd), Int[(a + b¥ArcTanh[c*x])"p/(1 - c*x), x], x] /; FreeQ[{a, b, ¢, d, e
}, x] && EqQ[c™2*d + e, 0] && IGtQ[p, O]

Rule 5918

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol
] :> -Simp[((a + b*ArcTanh[c*x]) “p*Log[2/(1 + (e*x)/d)])/e, x] + Dist[(b*cx
p)/e, Int[((a + b*ArcTanh[c*x])~(p - 1)*Logl[2/(1 + (exx)/d)]1)/(1 - c~2%x72)
, x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c"2%¥d"2 - €72, 0
]
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Rule 5035

Int[((a_.) + ArcTan[(c_.)*(x_)"(n_.)]*(b_.)) " (p_.)*((d_.)*(x_))"(m_.), x_Sy
mbol] :> Int[ExpandIntegrand[(d+*x) m*(a + (I*b*Log[l - I*c*xx"n])/2 - (Ixb*L
ogll + I*cxx"nl])/2)7p, x], x] /; FreeQ[{a, b, ¢, d, m, n}, x] && IGtQ[p, O]
&& IntegerQ[m] && IntegerQ[n]

Rule 2454

Int[((a_.) + Logl(c_.)*x((d_) + (e_.)*x(x )" (n )" (p_)I*_.))"(q_)*x_)"(m

_.), x_Symbol] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Lo

glex(d + exx)7pl)~q, x], x, x™n], x] /; FreeQ[{a, b, ¢, d, e, m, n, p, q},

x] && IntegerQ[Simplify[(m + 1)/n]] && (GtQ[(m + 1)/n, 0] || IGtQlq, 0]) &&
' (EqQlq, 1] && ILtQ[n, 0] && IGtQ[m, 0])

Rule 2389

Int[((a_.) + Logl(c_.)*((@) + (e_)*x(x_))"(n_.)1*(b_.))"(p_.), x_Symbol] :
> Dist[1/e, Subst[Int[(a + b*Loglc*x~nl)"p, x], x, d + exx], x] /; FreeQ[{a
, b, ¢, d, e, n, p}, x]

Rule 2296

Int[((a_.) + Logl(c_.)*x(x_)"(n_.)]*(b_.))"(p_.), x_Symbol] :> Simp[xx(a + b
xLog[c*x"n]) "p, x] - Dist[b*n*p, Int[(a + b*Loglcxx™n])~(p - 1), x], x] /;
FreeQ[{a, b, c, n}, x] && GtQ[p, 0] && IntegerQ[2*p]

Rule 2295

Int[Logl(c_.)*(x_)"(n_.)], x_Symbol] :> Simpl[x*Loglc*x™n], x] - Simp[n*x, x
1 /; FreeQl{c, n}, x]

Rule 30

Int[(x_)"(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQ[m, -1]

Rule 2557

Int[Logl[v_J]*Loglw_]*(u_), x_Symbol] :> With[{z = IntHide[u, x]}, Dist[Loglv
IxLoglw], z, x] + (-Int[SimplifyIntegrand[(z*Logl[w]l*D[v, x])/v, x], x] - In
t[SimplifyIntegrand[(z*Log[v]*D[w, x])/w, x], x]) /; InverseFunctionFreeQ[z
, x]] /; InverseFunctionFreeQ[v, x] && InverseFunctionFreeQ[w, x]

Rule 2475
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Int[((a_.) + Logl(c_.)*((d_) + (e_.)*x(x_)"(n_)) (p_.)I*(b_.))"(q_.)*(x_)"(m

_Ox((£) + (g_)x(x )" (s ))"(r_.), x_Symbol] :> Dist[1/n, Subst[Int[x~(Sim

plify[(m + 1)/n] - D*(f + gxx~(s/n)) r*(a + b*Loglcx(d + e*x)"pl)~q, x], x

, x’n], x] /; FreeQ[{a, b, ¢, d, e, f, g, m, n, p, q, r, s}, x] & IntegerQ
[r] && IntegerQ[s/n] && IntegerQ[Simplify[(m + 1)/n]] && (GtQ[(m + 1)/n, 0]
Il IGtQlq, 01)

Rule 43

Int[((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, ¢, d, n},
x] && NeQ[b*c - axd, 0] && IGtQ[m, O] && ( !IntegerQ[n] || (EqQlc, 0] && Le
QL7*m + 4*n + 4, 0]) || LtQ[9*m + 5x(n + 1), 0] || GtQ[m + n + 2, 0])

Rule 2416

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_)) " (n_.)]*x(b_.)) " (p_.)*((h_.)*(x_))
“(m_D)*((f) + (g_)*x(x_)"(r_.))"(q_.), x_Symbol] :> Int[ExpandIntegrand[(a
+ bxLoglcx(d + e*x)"n]) p, (h*x) mx(f + g*x"r)~q, x], x] /; FreeQ[{a, b, ¢
, d, e, f, g, h, m, n, p, q, r}, x] & IntegerQ[m] && IntegerQ[q]

Rule 2394

Int[((a_.) + Logl(c_.)*((d_) + (e_)*x(x_)) " (n_.)Ix(b_.))/((f_.) + (g_.)*(x_
)), x_Symbol] :> Simp[(Log[(ex(f + g*x))/(exf - dxg)l*(a + b*Loglcx(d + e*x
)°nl))/g, x] - Dist[(bxe*n)/g, Int[Logl[(ex(f + g*x))/(exf - dxg)]/(d + exx)
, x]1, x] /; FreeQ[{a, b, ¢, d, e, f, g, n}, x] && NeQ[exf - dxg, O]

Rule 2393

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*x(x_))Ix(b_.0)/((f_.) + (g_)*(x_)), x_
Symbol] :> Dist[1/g, Subst[Int[(a + b*Logll + (c*xexx)/gl)/x, x], x, f + g*x
1, x] /; FreeQ[{a, b, c, 4, e, £, g}, x] && NeQ[exf - d*g, 0] && EqQ[g + cx
(exf - dxg), 0]

Rule 2391
Int[Logl(c_.)*x((d_) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2

, —(cxexx"n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQlcx*d, 1]

Rubi steps
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f(d +ex) (a +btan™! (cxz))2 dx = f (az(d +ex) + 2ab(d + ex) tan™! (cxz) + b?(d + ex) tan™! (sz)z) dx

= —az(dz-;ex)z + (2ab) f (d + ex) tan™! (cxz) dx + b? f (d + ex) tan™! (cxz)2 dx
= —az(dz-;ex)z + (2ab) f (d tan™! (cxz) +extan™! (cxz)) dx + b? f (d tan~! (cxz)2 -
= —”z(d;:x)z + (2abd) f tan™! (cx?) dx + (b2d) f tan! (sz)z dx + (2abe) f x ta
= —az(d;:x)z + 2abdx tan™! (cxz) + abex? tan ™! (cxz) + (bzd) f (_411 log? (1 - icxz)
1 2,4
= —az(d;ex)z + 2abdx tan™! (cx?) + abex? tan ™! (cx?) - belos (21C+ ) + (2abd)
= —az(d;eex)z + 2abdx tan™! (cxz) + abex? tan™! (cxz) - }Lbzdx log? (1 - icxz) + %bz
= —az(dz-l—eex)z + 2abdx tan™! (cx?) + abex? tan ™! (cx?) - }Lbzdx log? (1-icx?) + %bz
“1(1 _
= @ + 2abdx tan™ (cxz) + abex® tan™! (cxz) + V2abidtan \/(El \/E\/Ex) '
-1
= —lbzex2 + @ + e + 2abdx tan™! (cxz) + abex? tan™! (cxz) + V2abdtan (l
2 2e e

1 2(d + ex)? V2abd 1
= —4b%dx — EbZexZ + % + 2abdx tan™! (cxz) + abex? tan™! (cxz) +

1 2(d +ex)?  2V-1P2dtan™ ((-1)4ex)  (-1)¥4p2d tan™" ((-1)%*-
= ——b%ex® + - +

2 2e A Ve

2
24 +ex)2  (-1)¥*p2dtan! ((-1)%4+/ex
_a (d + ex) + ( Ve ) + 2abdx tan™! (cxz) + abex? tan™! (C

2e \fc

2
2(d 4 ex)?  (-1)¥*pPdtan ((-1)¥4+/ex
_a (d + ex) + =D (( G ) + 2abdx tan™! (ch) + abex? tan ™! (C

2e e

2+ exp | (CDPRdtan (DY)
+

2e \fc

+ 2abdx tan™ (cxz) + abex? tan™! (c

2(d+exp | ((DPRdtan (DY)
+

2e e

+ 2abdx tan™ (cxz) + abex? tan™ (c



Mathematica [C] time = 32.1986, size = 5593, normalized size = 4.22

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integratel[(d + exx)*(a + bxArcTan[cxx~2])"2,x]

[Out] Result too large to show
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Maple [F] time = 0.277, size = 0, normalized size = 0.

f(ex +d) (a + barctan (sz))z dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((e*x+d)*(a+b*arctan(c*x~2))72,x)

[Out] int((e*x+d)*(atb*arctan(c*x”2))72,x)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)*(atb*arctan(c*x~2))~2,x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [F] time = 0., size = 0, normalized size = 0.

2
integral (azex +a%d + (bzex + bzd) arctan (cxz) + 2 (abex + abd) arctan (cxz) , x)

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((exx+d)*(atb*arctan(c*x”2))~2,x, algorithm="fricas")

[Out] integral(a™2*exx + a”2*xd + (b7™2xe*x + b~2xd)*arctan(c*x72)72 + 2x(axb*exx +

axbxd)*arctan(c*xx~2), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f (a + batan (cxz))2 (d + ex) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)*(a+b*atan(ckx**2))**2 x)

[Out] Integral((a + bxatan(ckxx**2))**2x(d + e*x), Xx)

Giac [F] time = 0., size = 0, normalized size = 0.

f(ex + d)(b arctan (cxz) + a)2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d)*(atb*arctan(c*x”2))”"2,x, algorithm="giac")

[Out] integrate((exx + d)*(b*arctan(c*x~2) + a)~2, x)
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2
a+btan1(cx?
326 | ( ) gy
d+ex
Optimal. Leaf size=22
“1(..2\\?
Unintegrable[(a +htan (cx )) x]
d+ex

[Out] Unintegrable[(a + bxArcTan[c*x72])72/(d + e*x), x]

number of rules

Rubi [A] time = 0.123024, antiderivative size = 0, normalized size of antiderivative = 0.,
number of steps used = 0, number of rules used = 0, integrand size = 0, ———— =
integrand size

*)

Rules used = {}

f (a +btan™! (cxz))2 N

d+ex

Verification is Not applicable to the result.
[In] Int[(a + bxArcTan[c*x"2])"2/(d + e*x),x]

[Out] (a”2xLogld + exx])/e + 2xaxb*Defer[Int] [ArcTan[c*x72]/(d + e*x), x] + b~2xD
efer[Int] [ArcTan[c*x"2]"2/(d + ex*x), x]

Rubi steps

f (a +btan”! (sz))z e f a2 . 2abtan™! (cxz) N b tan~! (cxz)2 N
d+ex d+ex d+ex d+ex

2
2] tan™! (cx? tan™! (cx2
= W_,_(zab)f#dx_,_yf#dx
e d+ex d+ex

Mathematica [A] time = 70.5899, size = 0, normalized size = 0.

dx

f (a +btan™? (cxz))2

d+ex
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Verification is Not applicable to the result.

[In] Integratel[(a + bxArcTan[c*x"2])72/(d + e*x),x]

[Out] Integrate[(a + b*ArcTan[c*x72])72/(d + ex*x), x]

Maple [A] time = 0.543, size = 0, normalized size = 0.

dx

f (a + barctan (cxz))z

ex +d
Verification of antiderivative is not currently implemented for this CAS.

[In] int((atb*arctan(c*x~2)) 2/ (e*x+d) ,x)

[Out] int((atb*arctan(c*x~2))~2/(e*xx+d) ,x)

Maxima [A] time = 0., size = 0, normalized size = 0.

dx

2
a?log (ex + d) f b? arctan (cxz) + 2 abarctan (cxz)
+

e ex+d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctan(c*x~2)) 2/ (e*x+d),x, algorithm="maxima")

[Out] a"2*log(exx + d)/e + integrate((b~2*arctan(c*x~2)72 + 2*a*bkxarctan(cxx~2))/

(exx + d), x)

Fricas [A] time = 0., size = 0, normalized size = 0.

b? arctan (cx2)2 + 2abarctan (cxz) +a?

X
ex +d !

integral

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((atb*arctan(c*x~2))72/(e*x+d),x, algorithm="fricas")

[Out] integral((b~2*arctan(c*x~2)72 + 2%axbxarctan(c*x”2) + a~2)/(exx + d), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*atan(c*x**2))**2/(e*x+d) ,x)

[Out] Timed out

Giac [A] time = 0., size = 0, normalized size = 0.
2

dx

f (b arctan (cxz) + a)

ex +d
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctan(c*x~2))72/(e*x+d),x, algorithm="giac")

[Out] integrate((b*arctan(c*x~2) + a)~2/(exx + d), x)
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(a+b tan~! (cxz))2

(d+ex)?

dx

327

Optimal. Leaf size=22

o+ bran W,XJ

Unintegrable [ @+ o)

[Out] Unintegrable[(a + b*ArcTan[c*x~2])72/(d + e*x)"2, x]

Rubi [A] time = 0.65645, antiderivative size = 0, normalized size of antiderivative = 0.,
number of rules

number of steps used = 0, number of rules used = 0, integrand size = 0, ————— =0,
integrand size

Rules used = {}

dx

f (a +btan™ (cxz))2

(d + ex)?

Verification is Not applicable to the result.
[In] Int[(a + b*ArcTan[c*x"2])"2/(d + e*x)~2,x]

[Out] -(a"2/(ex(d + exx))) + (2*xaxb*c”2*d"3xArcTan[c*x72])/(e*x(c™2xd"4 + e74)) -
(2xaxb*ArcTan[c*x~2])/(ex(d + exx)) + (Sqrt[2]*axb*Sqrtlc]*(cxd”2 - e~2)*Ar
cTan[1 - Sqrt[2]1*Sqrtlcl*x])/(c™2*d"4 + e~4) - (Sqrt[2]*axb*Sqrt[c]*(c*d~2

- e72)*ArcTan[1 + Sqrt[2]*Sqrtlcl*x])/(c™2%d"4 + e74) - (4*axbxc*d*xexLogld

+ exx])/(c”2*d"4 + e~4) - (axbxSqrtlcl*(cxd”2 + e~2)*Log[l - Sqrt[2]*Sqrtlc

Ixx + cxx72])/(Sqrt[2]*(c™2xd"4 + e74)) + (axbxSqrtlcl*(cxd”2 + e~2)*Logl[1

+ Sqrt[2]1*Sqrt [cl*x + c*x72])/(Sqrt[2]*(c"2xd"4 + e~4)) + (axb*cxdxexLogl[1

+ c™2%x74])/(c”2%d"4 + e”4) + b~ 2*Defer[Int] [ArcTan[c*x~2]"2/(d + e*x)~2, x

]

Rubi steps



2
dx—f 4

2

2abtan™! (cxz) b2 tan~! (cxz)2
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(d + ex)? (d + ex)? (d + ex)?
2 z) o [ (cx?)”
e(d + ex) + (2ab) f *F (d + ex)?
-1 (2 1 (y2) (2ab) f 2cx
a? 2abtan (cx ) ) tan (cx ) (d+ex)( 1+c2x4
ed+ex)  e(d+ex) (d + ex)? e
~1(..2 -1 (2)? (4abc) f _
a? 2abtan (cx ) ) tan (cx ) (d+ex) 1+sz4)
ed+ex)  e(d+ex) (d + ex)? e
de? +c2d
a? 2abtan! (sz) 5 tan~! (cxz)2 (4abe) f ( c2d4+e4)(d+ex) " (2
Ce(d+ex)  e(d+ex) (d + ex)? e
3
a2 2abtan™! (sz) 4abcdelog(d + ex) tan™! (sz)z p (4abc) f =
“e(d+ex)  e(d+ex) c2d* + e (d + ex)? *F ¢
6"
a2 2ab tan_l (sz) Aabcde log(d + ex) tan_l (Cx2)2 (4abc) f (_
“e(d+ex)  e(d+ex) c2d* + e (d + ex)?
2 3
a2 2abtan”! (cxz) 4abede log(d + ex) tan™! (cxz) (4abc) f e—]
e(d + ex) e(d + ex) c2d* + et (d + ex)? e (c2d4
a2 2abtan”! (cxz) 4abede log(d + ex) tan™! (CXZ)Z ] (2abc) Sub
Ced+ex)  edtex) c2d4 + ¢4 (d + ex)? e
a? 2abtan (sz) 4abcde log(d + ex) tan™! (cx2)2 p (2abc3d3) E
“e(d+ex)  e(d+ex) c2d* + e (d + ex)? *F
2 2abc2d3 tan™! (cxz) 2abtan™ (cxz) dabedelog(d + ex)  abyc (cd2 +
e(d + ex) (c2d4 + e4) e(d + ex) c2d4 + 4
pr 2abc?d® tan™! (cxz) 2abtan™ (cxz) V2ab+Je (cd2 —e )tan (1 —\2
Ce(d + ex) - e (c2d4 + e4) - e(d + ex) c2d4 + ¢4
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Mathematica [A] time = 63.7161, size = 0, normalized size = 0.

dx

f (a +btan™! (cxz))2

(d + ex)?

Verification is Not applicable to the result.

[In] Integratel[(a + bxArcTan[c*x72])72/(d + e*x)~2,x]

[Out] Integrate[(a + b*ArcTan[c*x~2])72/(d + e*x)~2, x]

Maple [A] time = 0.49, size = 0, normalized size = 0.
2

dx

f (a + barctan (cxz))

(ex + d)?
Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctan(c*x~2)) 2/ (e*xx+d)"2,x)

[Out] int((a+b*arctan(c*xx"2)) 2/ (exx+d)"2,x)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctan(c*x~2))72/(e*x+d)”2,x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [A] time = 0., size = 0, normalized size = 0.

b? arctan (cx2)2 + 2abarctan (cxz) + a2

integral X
& e2x2 + 2dex + d?
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Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((atb*arctan(c*x~2))72/(e*x+d)”2,x, algorithm="fricas")

[Out] integral((b~2*arctan(c*x~2)72 + 2*a*bk*arctan(cxx~2) + a~2)/(e”2%x"2 + 2xdxe

*x + d72), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*atan(c*x**2))**2/(e*x+d)**2,x)

[Out] Timed out

Giac [A] time = 0., size = 0, normalized size = 0.

2
f (b arctan (szz) + a) N
(ex +d)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctan(c*x~2))72/(e*x+d)”2,x, algorithm="giac")

[Out] integrate((b*arctan(cxx~2) + a)~2/(e*x + d)~2, x)
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328  [(d+ex)*(a+btan™ (cx®)) dx

Optimal. Leaf size=315

_1 [ 1-2c%3x2
(d + ex)? (u +btan™ (cx3)) bd? log (02/3x2 + 1) bd? log (04/3x4 —2Bx? 4 1) V3bd? tan™" (%) V3bdelo
+ - + -
3e 2{/c 44/c 24/c

[Out] -((b*d*exArcTan[c~(1/3)*x])/c~(2/3)) - (b*d~3*ArcTan[c*x~3])/(3*xe) + ((d +
exx) "3*(a + bxArcTan[c*x~3]))/(3*e) + (b*d*exArcTan[Sqrt[3] - 2xc~(1/3)*x])
/(2xc™(2/3)) - (b*d*exArcTan[Sqrt[3] + 2*xc~(1/3)*x])/(2%c~(2/3)) + (Sqrt[3]
*xb*d"2%ArcTan[(1 - 2%xc™(2/3)*x72)/Sqrt[3]1])/(2%xc~(1/3)) + (b*d~2*Log[l + c~
(2/3)*x72])/(2%c™(1/3)) - (Sqrt[3]*bxd*exLogl[l - Sqrt[3]*c~(1/3)*x + c~(2/3
)*x72])/(4%xc~(2/3)) + (Sqrt[3]*bxd*exLogl[l + Sqrt[3]*c~(1/3)*x + c~(2/3)*x"
2]1)/(4xc™(2/3)) - (bxd™2*xLogl[l - c~(2/3)*x"2 + c~(4/3)*x74])/(4xc~(1/3)) -
(b*xe~2xLog[1 + c™2*x76])/(6*c)

Rubi [A] time = 0.709488, antiderivative size = 331, normalized size of antiderivative =

. . ber of rul
1.05, number of steps used = 25, number of rules used = 14, integrand size = 18, e o e
integrand size

= (.778, Rules used = {6742, 5027, 275, 292, 31, 634, 617, 204, 628, 5033, 295, 618, 203, 260}

_ 1-2 2/3.,2
a(d +ex)®  bd*log (cz/?’x2 + 1) bd? log (04/3x4 — By + 1) V3bd? tan™! (%) V3bde log (cz/3x2 —\31/cx
+ - + -

3e 2+/c 4+ 2 423

Antiderivative was successfully verified.

[In] Int[(d + exx)~2%(a + bxArcTan[c*x~3]),x]

[Out] (ax(d + exx)~3)/(3*e) - (b*d*ex*ArcTan[c~(1/3)*x])/c~(2/3) + bxd~2*x*ArcTan[
c*x73] + bxd*exx"2*%ArcTan[cxx"3] + (b*e 2*x"3*ArcTan[c*x73])/3 + (b*d*e*xArc
Tan[Sqrt[3] - 2xc~(1/3)*x])/(2%c™(2/3)) - (b*d*exArcTan[Sqrt[3] + 2*c~(1/3)
*x])/(2xc~(2/3)) + (Sqrt[3]*bxd~2*ArcTan[(1 - 2*c~(2/3)*x72)/Sqrt[3]])/(2xc
~(1/3)) + (b*d~2xLogl[l + c~(2/3)*x72])/(2*%c~(1/3)) - (Sqrt[3]*b*xd*e*xLog[l -
Sqrt[3]1*c~(1/3)*x + ¢~ (2/3)*x72])/(4%xc~(2/3)) + (Sqrt[3]*b*d*exLog[l + Sqr
t[31*c™(1/3)*x + c~(2/3)*x72]1)/(4xc~(2/3)) - (b*d~2*Logl[l - c~(2/3)*x72 + ¢
~(4/3)*x74])/ (4xc™(1/3)) - (bxe"2xLogl[l + c~2*x"6])/(6%c)

Rule 6742

Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]
]
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Rule 5027

Int[ArcTan[(c_.)*(x_)"(n_)], x_Symbol] :> Simp[x*ArcTan[c*x"n], x] - Dist[c
*n, Int[x"n/(1 + c™2*xx~(2*n)), x], x] /; FreeQ[{c, n}, xl]

Rule 275

Int[(x_)"(m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> With[{k = GCD[m
+ 1, nl}, Dist[1/k, Subst[Int[x"((m + 1)/k - 1)*(a + b*x"(n/k))p, x], X, X
“k], x] /; k '= 1] /; FreeQ[{a, b, p}, x] && IGtQ[n, 0] && IntegerQ[m]

Rule 292

Int[(x_)/((a_) + (b_.)*(x_)"3), x_Symbol] :> -Dist[(3*Rt[a, 3]*Rt[b, 3])~(-
1), Int[1/(Rtla, 3] + Rt[b, 31*x), x], x] + Dist[1/(3*Rt[a, 3]*Rt[b, 3]), I
nt[(Rt[a, 3] + Rt[b, 3]*x)/(Rt[a, 3172 - Rt[a, 3]*Rt[b, 3]*x + Rt[b, 3] 2%x
~2), x1, x]1 /; FreeQ[{a, b}, x]

Rule 31

Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + bxx,
x]1/b, x]1 /; FreeQ[{a, b}, x]

Rule 634

Int[((d_.) + (e_)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2%xc*xd - bxe)/(2xc), Int[1/(a + b*x + c*xx~2), x], x] + Dist[e/(2%c), In
t[(b + 2*c*x)/(a + b*x + c*x72), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2%cxd - bxe, 0] && NeQ[b~2 - 4*axc, 0] && !'NiceSqrtQ[b~2 - 4xax*c]

Rule 617

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4%*S
implify[(a*c)/b~2]}, Dist[-2/b, Subst[Int[1/(q - x72), x], x, 1 + (2%c*x)/b
1, x] /; RationalQ[q] && (EqQ[q~2, 1] || !RationalQ[b~2 - 4xaxc])] /; Free
Ql{a, b, c}, x] & NeQ[b~2 - 4x*axc, 0]

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]11/(Rt[-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (LtQ[
a, 0] || LtQ[b, 01)

Rule 628
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Int[((d_) + (e_.)*x(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp[(d*Log[RemoveContent [a + b*x + c*x~2, x]]1)/b, x] /; FreeQ[{a, b, c, d,
er, x] && EqQ[2*c*d - bxe, 0]

Rule 5033

Int[((a_.) + ArcTan[(c_.)*(x_)"(n_)I*(b_.))*((d_.)*(x_))"(m_.), x_Symbol] :
> Simp[((d*x)~(m + 1)*(a + b*ArcTan[c*x"n]))/(d*(m + 1)), x] - Dist[(b*c*n)
/(dx(m + 1)), Int[(x"(n - D)*(d*x)"(m + 1))/(1 + c™2*xx~(2*n)), x], x] /; Fr
eeQ[{a, b, ¢, d, m, n}, x] && NeQ[m, -1]

Rule 295

Int[(x_ )" (m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Module[{r = Numerator
[Rt[a/b, nl]], s = Denominator[Rt[a/b, nl], k, u}, Simp[u = Int[(r*Cos[((2xk
- 1)*m*Pi)/n] - s*Cos[((2%¥k - 1)*(m + 1)*Pi)/nl*x)/(r"2 - 2*r*s*Cos[((2*k

- 1)*%Pi)/nl*x + s72*x72), x] + Int[(r*Cos[((2%¥k - 1)*m*Pi)/n] + s*Cos[((2xk
- D*x(m + 1)*Pi)/nl*x)/(r"2 + 2xr*s*xCos[((2%k - 1)*Pi)/nl*x + s72%x72), x]
;o (2%(-1)"(m/2)*r"(m + 2)*Int[1/(r"2 + s72%x72), x])/(a*n*s"m) + Dist[(2*r~
(m + 1))/(a*n*s"m), Sum[u, {k, 1, (n - 2)/4}], x], x]1] /; FreeQ[{a, b}, x]
&& IGtQ[(n - 2)/4, 0] && IGtQ[m, O] && LtQ[m, n - 1] && PosQ[a/b]

Rule 618

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/8imp[b~2 - 4xaxc - x°2, x], x], x, b + 2%c*x], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4x*xaxc, 0]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
[a, 2]11)/(Rtl[a, 2]*Rt[b, 21), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 Il GtQ[b, 01)

Rule 260
Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten

t[a + b*x"n, x]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rubi steps
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f(d + ex)? (a +btan™ (cx3)) dx = f(a(d +ex)? + b(d + ex)? tan™! (cx3)) dx

a(d + ex)® 1
==+ bf(d + ex)? tan (cx3) dx

= @ +b f (@ tan™" (cx®) + 2dex tan™" (cx®) + e tan ™" (cx®)) dx

_ ‘1(‘1;—:’()3 + (b2 f tan™! (cx) dx + (2bde) f xtan” () dx + (bez)f e

_ ad+en) ;ex)3 + bd?x tan™! (cx3) + bdex? tan™! (cx3) + %bezxg’ tan ™! (cx3) - (3bcd2:

d + ex)? 1 be? lo
= ad + ex)” + bd2x tan™! (cxa) + bdex? tan™ (cx3) + =be2x3 tan™ (cx3) - :
3e 3

a(d +ex)® bdetan™ (\%x) ° (. 3 2 1(3), L1 03
= % - R + bd“x tan (cx ) + bdex* tan (cx )+ gbe x° té

d 3 bdetan™! (3fcx 1
_adrenT (\/— ) + bd%x tan™ (cx3) + bdex? tan™! (cx3) + =be®x> t:
3e c23 3

a(d + ex)’ bde tan”! (‘S/Ex) 2 “1(..3 2 (3) L Ly 03
= ” - I + bd“x tan (cx ) + bdex* tan (cx )+ gbe x° t

d 3 bdetan™! (3/cx 1
_adrenT (\/_ ) + bd?x tan™! (cx3) + bdex? tan™! (cx3) + =be®x> t
3e c%3 3

Mathematica [A] time = 143.84, size = 297, normalized size = 0.94

12acd?x +12acdex? + 4ace®x® + 6bc?*d? log (c2/3x2 + 1) — 3bcd (\S/Ed + \/ge) log (cz/?’x2 — \3ex + 1) — 3b~cd (\S/E

Antiderivative was successfully verified.

[In] Integrate[(d + e*x)~2%(a + bxArcTan[c*x73]),x]

[Out] (12%axc*d™2xx + 12*%a*xckd*e*x™2 + 4xakxcxe”2*%x~3 - 12xbxc”(1/3)*d*exArcTan[c”
(1/3)*x] + 4xbkckx*(3%d"2 + 3*d*exx + e 2xx"2)*ArcTan[c*x"3] + 6%b*xc™(1/3)*
d*x(Sqrt[3]*c~(1/3)*d + e)*ArcTan[Sqrt[3] - 2xc~(1/3)*x] + 6xb*xc~(1/3)*d*(Sq
rt[3]*c”(1/3)*d - e)*ArcTan([Sqrt[3] + 2%c~(1/3)*x] + 6xb*xc~(2/3)*d"2*Log[1
+ ¢7(2/3)*x72] - 3*%bxc~(1/3)*d*(c~(1/3)*d + Sqrt[3]*e)*Logl[l - Sqrt[3]*c~(1
/3)*x + c(2/3)*x72] - 3%bxc”(1/3)*d*x(c~(1/3)*d - Sqrt[3]*e)*Log[l + Sqrt[3
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1xc™(1/3)*x + ¢ (2/3)*x72] - 2xbxe”2xLog[l + c™2*x76])/(12%c)

Maple [B] time = 0.095, size = 536, normalized size = 1.7

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx+d) 2*x(atb*arctan(c*x~3)),x)

[Out] 1/3*axe”2*x~3+axexx”2*d+axx*d”~2+1/3*a/e*xd”3+1/3*b*e"2*xarctan(c*x”3) *x~3+b*e
*arctan(c*x”3) *x”~2*xd+b*arctan (c*x~3) *x*d~2+1/3*b*d~3*arctan (c*x~3) /e+1/4*b*
excxIn(x"2+37(1/2)*(1/c™2)~(1/6)*x+(1/c~2) " (1/3))*37(1/2)*(1/c~2)~(5/6) *d-1
/4¥b*xcxIn(x"2+37(1/2)*(1/c”2)~(1/6) *x+(1/c”2) " (1/3))*(1/c~2)~(2/3)*d"2-1/6%
b*e”2/cx1n(x"2+37(1/2)*(1/c~2)~(1/6) *x+(1/c~2) " (1/3))-1/2*xb*xe/c/(1/c"2) " (1/
6)*xarctan(2*x/(1/c”2)~(1/6)+37(1/2) ) *d+1/2*xb*xcx(1/c~2) "~ (2/3) *arctan(2*x/(1/
c”2)7(1/6)+37(1/2))*37(1/2)*d"2-1/3*b/exc*(1/c~2) ~(1/2) *arctan(2*x/(1/c"2)~
(1/6)+37(1/2))*d"3-1/4*xbxexcx1n(x"2-37(1/2)*(1/c”2) " (1/6) *x+(1/c~2)~(1/3) ) *
37(1/2)*(1/¢c”2) " (5/6)*d-1/4*b*c*x1n(x"2-3"(1/2)*(1/c"2) " (1/6) *x+(1/c”2)~(1/3
))*x(1/c72)7(2/3)*%d"2-1/6*xb*e”2/c*x1n(x"2-3"(1/2)*(1/c"2) " (1/6)*x+(1/c"2)~(1/
3))-1/2*bxe/c/(1/c"2) " (1/6)*arctan(2*xx/(1/c~2)~(1/6)-3"(1/2) ) *d-1/2*xbxc*(1/
c"2)"(2/3)*arctan(2*x/(1/c~2)~(1/6)-3"(1/2))*37(1/2)*d"2-1/3*b/exc*x(1/c"2)~
(1/2)*arctan(2*x/(1/c”2)~(1/6)-3"(1/2) ) *d"3+1/2*b*c*xIn(x"2+(1/c~2) " (1/3) ) *(
1/¢72)7(2/3)*d"2-1/6%b*e”2/cx1n(x"2+(1/c"2)~(1/3))+1/3*b/excx(1/c"2) ~(1/2) *
arctan(x/(1/c~2)~(1/6))*d"3-bxe/c/(1/c"2) " (1/6) *arctan(x/(1/c”2)~(1/6))*d

Maxima [A] time = 1.45915, size = 448, normalized size = 1.42

1 1 2
2 \/g(cz)% arctan(% \/§(c2)§(2 x% — Clzg]) (cz)% log [x4 -~ Clzgx2 + 123) 2 (cz)é log (xz + ;1
2 + 2 B 2

1 1
— ae?x3 + adex? — 1le

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d) 2*(atb*arctan(c*x~3)),x, algorithm="maxima")
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[Out] 1/3*axe”2%x73 + axd*exx™2 - 1/4x(c*(2xsqrt(3)*(c™2)~(1/3)*arctan(1/3*sqrt(3
)*¥(c72)7(1/3)*(2%x72 - (c7(-2))7(1/3)))/c™2 + (c72)7(1/3)*log(x"4 - (c~(-2)
)T(1/3)*x72 + (c7(-2))7(2/3))/c™2 - 2x(c”2)7(1/3)*Llog(x"2 + (c~(-2))~(1/3))

/c”2) - 4xx*xarctan(c*x~3))*b*d"2 + 1/4*(4*x"2*arctan(c*x~3) + c*x(sqrt(3)*lo
g((c™2)7(1/3)*x72 + sqrt(3)*(c”2)"(1/6)*x + 1)/(c”2)"(5/6) - sqrt(3)*log((c
"2)7(1/3)*x72 - sqrt(3)*(c”2)"(1/6)*x + 1)/(c"2)"(5/6) - 4*arctan((c™2)~(1/
6)*x)/(c”2)"(5/6) - 2%(c”2)"(1/6)*arctan((2*(c”2)~(1/3)*x + sqrt(3)*(c”2)(
1/6))/(c”2)7(1/6))/c”2 - 2*x(c"2)"(1/6)*arctan((2x(c"2)~(1/3)*x - sqrt(3)*(c
"2)7(1/6))/(c”2)"(1/6))/c”2) ) *b*d*e + axd”"2*x + 1/6%(2*cxx"3*arctan(cxx~3)

- log(c™2%x76 + 1))*b*xe”2/c

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d) ~2*(atb*arctan(c*x~3)),x, algorithm="fricas")

[Out] Timed out

Sympy [A] time = 113.241, size = 151, normalized size = 0.48

2.3

ad?x + adex® + 2 _ 3bed?® RootSum (216t3c4 +1, (t — tlog (361&202 + xz))) — 3bcde RootSum (466561,‘6c10 +1, (t

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)**2*(atb*atan(c*x**3)) ,x)

[Out] axd**2*x + akxd*e*xx**2 + akxe*x*x2*x**3/3 - 3xb*xckd**2+xRootSum(216% t**3kc*x*4 +
1, Lambda(_t, _t*log(36*_t**2kc**2 + x**2))) - 3*bxckxd*e*RootSum(46656* t*
x6xcx*10 + 1, Lambda(_t, _txlog(7776%_t*xb5*xc**8 + x))) + b*dx*2xx*atan(c*xx*

*x3) + bxdxexxx*2xatan(cxx**3) + bxexx2*Piecewise((0, Eq(c, 0)), (x**3*atan(
c*x**3) /3 - log(cx*2xx*x*6 + 1)/(6%c), True))
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Giac [A] time = 4.89821, size = 436, normalized size = 1.38

1 1 1 1 1
V3lcl3 log [xz + ‘/_—313( + iz] V3lcl3 log (xz - \/_—31" + LZJ 2 c|3 arctan [(Zx + i?)lcﬁ) 2c|? arctan ((Zx
154 o3 13) _ HENNE 3 _

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d) 2% (atb*arctan(c*x~3)),x, algorithm="giac")

[Out] 1/4%bxc”5*xd*(sqrt(3)*abs(c)~(1/3)*log(x"2 + sqrt(3)*x/abs(c)~(1/3) + 1/abs(
c)”(2/3))/c”6 - sqrt(3)*abs(c)~(1/3)*log(x"2 - sqrt(3)*x/abs(c)”~(1/3) + 1/a
bs(c)~(2/3))/c”6 - 2*abs(c)~(1/3)*arctan((2*x + sqrt(3)/abs(c)~(1/3))*abs(c
)~(1/3))/c™6 - 2*xabs(c)”(1/3)*arctan((2*x - sqrt(3)/abs(c)~(1/3))*abs(c)” (1
/3))/c”6 - 4*abs(c)”(1/3)*arctan(x*abs(c)~(1/3))/c"6)*e - 1/4xbxc”3%d~2* (2%

sqrt (3)*abs(c)~(2/3)*arctan(1/3*sqrt (3)*(2%x"2 - 1/abs(c)~(2/3))*abs(c)~(2/
3))/c”4 + abs(c)~(2/3)*log(x"4 - x"2/abs(c)~(2/3) + 1/abs(c)”(4/3))/c”4 - 2
xlog(x~2 + 1/abs(c)~(2/3))/(c”2*abs(c)~(4/3))) + 1/6%(2%b*xc*x~3*arctan(c*x”
3)*e”2 + 6xbkxcxd*x”"2*arctan(c*x"3)*e + Bxb*ckd”2*x*arctan(c*x”3) + 2*akxckx”
3%e”2 + B*akckdxx"2%e + 6xaxc*d"2*%x - bxe”2*log(cT2*x"6 + 1))/c
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3.29 f (d + ex) (a +btan™ (cx3)) dx

Optimal. Leaf size=285

_1 [1-2c%32
(d + ex)? (u +btan”! (cx3)) . bdlog (c2/3x2 + 1) bdlog (c4/3x4 — B2 + 1) . V3bd tan™" ( ::/5 - ) \3belog (|
2e 24c 4+Jc 2c

[Out] -(b*exArcTan[c~(1/3)*x])/(2%c~(2/3)) - (b*d"2*ArcTan[c*x~3])/(2%xe) + ((d +
exx) "2x(a + bxArcTan[c*x"3]))/(2*e) + (b*exArcTan[Sqrt[3] - 2xc~(1/3)*x])/(
4xc~(2/3)) - (bxexArcTan[Sqrt[3] + 2*c~(1/3)*x])/(4xc~(2/3)) + (Sqrt[3]*bxd
xArcTan[(1 - 2%c™(2/3)*x72)/Sqrt[3]1])/(2*c~(1/3)) + (bxdxLogl[l + c~(2/3)*x"
2])/(2%c~(1/3)) - (Sqrt[3]x*b*exLogl[l - Sqrt[3]*c~(1/3)*x + c~(2/3)*x~2])/(8
xc~(2/3)) + (Sqrt[3]*bxexLogl[l + Sqrt[3]*c~(1/3)*x + c~(2/3)*x~2])/(8*c~(2/

3)) - (b*dxLog[l - c~(2/3)*x”2 + c~(4/3)*x74])/(4xc~(1/3))

Rubi [A] time = 0.60264, antiderivative size = 285, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 23, number of rules used = 13, integrand size = 16, o o T
integrand size

= 0.812, Rules used = {56205, 12, 1831, 275, 203, 292, 31, 634, 617, 204, 628, 295, 618}

(d + ex)? (a +btan™ (cx3)) bd log (C2/3X2 + 1) bd log (c4/3x4 —2Bx? + 1) V3bd tan™ (1—2\(;/2;33(2) \3belog (l
+ — + -

2e 24c 44Jc 24c

Antiderivative was successfully verified.

[In] Int[(d + exx)*(a + b*ArcTan[c*x~3]),x]

[Out] -(b*exArcTan[c~(1/3)*x])/(2%c~(2/3)) - (bxd"2*ArcTan[c*xx~3])/(2%xe) + ((d +
exx) "2x(a + bxArcTan[c*x"3]))/(2*e) + (b*exArcTan[Sqrt[3] - 2xc~(1/3)*x])/(
4xc~(2/3)) - (bxexArcTan[Sqrt[3] + 2*c~(1/3)*x])/(4xc~(2/3)) + (Sqrt[3]*bxd
xArcTan[(1 - 2%c™(2/3)*x72)/Sqrt[3]1])/(2*c~(1/3)) + (b*dxLogl[l + c~(2/3)*x"
2])/(2%c~(1/3)) - (Sqrt[3]*b*exLogl[l - Sqrt[3]*c~(1/3)*x + c~(2/3)*x~2])/(8
xc~(2/3)) + (Sqrt[3]*b*xexLogl[l + Sqrt[3]*c~(1/3)*x + c~(2/3)*x~2])/(8*c~(2/

3)) - (b*dxLog[1l - c~(2/3)*x™2 + c~(4/3)*x74])/(4xc~(1/3))

Rule 5205

Int[((a_.) + ArcTan[u_]*(b_.))*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Sim
pl((c + d*x)"(m + 1)*(a + b*ArcTan([u]))/(d*(m + 1)), x] - Dist[b/(d*(m + 1)
), Int[SimplifyIntegrand[((c + d*x)"(m + 1)*D[u, x])/(1 + u™2), x], x], x]

/; FreeQ[{a, b, c, d, m}, x] && NeQ[m, -1] && InverseFunctionFreeQ[u, x] &&
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'Function0fQ[(c + d*x)~(m + 1), u, x] && FalseQ[PowerVariableExpn[u, m +
1, x]1]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] && !Match
Qlu, (b )*(v_) /; FreeQ[b, x]]

Rule 1831

Int [((Pq_)*((c_.)*x(x_))"(m_.))/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[
{v = Sum[((c*x)"(m + ii)*(Coeff[Pq, x, ii] + Coeff[Pq, x, n/2 + iil*x"(n/2)
))/(c”ii*x(a + b*x"n)), {ii, 0, n/2 - 131}, Intlv, x] /; SumQ[v]] /; FreeQ[{
a, b, c, m}, x] & PolyQ[Pq, x] && IGtQ[n/2, 0] && Expon[Pq, x] < n

Rule 275

Int[(x_)"(m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> With[{k = GCD[m
+ 1, nl}, Dist[1/k, Subst[Int[x"((m + 1)/k - 1)*(a + b*x"(n/k))7p, x], X, X
“k], x] /; k '= 1] /; FreeQ[{a, b, p}, x] && IGtQ[n, 0] && IntegerQ[m]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
[a, 2]11)/(Rtla, 2]*Rt[b, 2]1), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 Il GtQlb, 01)

Rule 292

Int[(x_)/((a_) + (b_.)*(x_)"3), x_Symbol] :> -Dist[(3*Rt[a, 3]*Rt[b, 3])~(-
1), Int[1/(Rt[a, 3] + Rt[b, 31*x), x], x] + Dist[1/(3*Rt[a, 3]*Rt[b, 3]), I
nt[(Rt[a, 3] + Rt[b, 31*x)/(Rt[a, 3172 - Rtla, 3]*Rt[b, 31*x + Rt[b, 3] 2%x
~2), x1], x] /; FreeQ[{a, b}, x]

Rule 31

Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x] /; FreeQl{a, b}, xl]

Rule 634

Int[((d_.) + (e_)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2%c*d - bxe)/(2%c), Int[1/(a + b*x + c*x~2), x], x] + Distl[e/(2%c), In
t[(b + 2%xc*x)/(a + bxx + c*xx~2), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
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[2xc*d - bxe, 0] && NeQ[b~2 - 4xaxc, 0] && !'NiceSqrtQ[b~2 - 4xaxc]

Rule 617

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4x%S
implify[(a*c)/b~2]}, Dist[-2/b, Subst[Int[1/(q - x72), x], x, 1 + (2%c*x)/b
1, x] /; RationalQlq]l && (EqQ[q~2, 1] || !'RationalQ[b~2 - 4*a*c])] /; Free
Q[{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]11/Rt[-a, 2]1*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b]l && (LtQ[
a, 0] || LtQ[b, 0])

Rule 628

Int[((d_) + (e_.)*x(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp[(d*Log[RemoveContent [a + b*x + c*x~2, x]]1)/b, x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - bxe, 0]

Rule 295

Int[(x_ )" (m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Module[{r = Numerator
[Rt[a/b, nl]], s = Denominator[Rt[a/b, nl], k, u}, Simp[u = Int[(r*Cos[((2xk
- 1)*m*Pi)/n] - s*Cos[((2%¥k - 1)*(m + 1)*Pi)/nl*x)/(r"2 - 2*r*s*Cos[((2*k

- D*Pi)/nl*x + s72%x72), x] + Int[(r*Cos[((2x¥k - 1)*m*Pi)/n] + s*Cos[((2x*k
- D)*(m + 1)*Pi)/nl*x)/(r~2 + 2*r*s*Cos[((2xk - 1)*Pi)/nl*x + s72*x72), x]
;o (2%(-1)"(m/2)*r"(m + 2)*Int[1/(r"2 + s72%x"2), x])/(a*n*s"m) + Dist[(2*r~
(m + 1))/(a*n*s"m), Sum[u, {k, 1, (n - 2)/4}], x], x]1] /; FreeQ[{a, b}, x]

& IGtQ[(n - 2)/4, 0] && IGtQ[m, O] && LtQ[m, n - 1] && PosQ[a/b]

Rule 618

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/8imp[b~2 - 4xa*c - x°2, x], x], x, b + 2%cxx], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rubi steps
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2 -1 3 b Ssz(d+ex)2
f(d +ex) (a +btan™ (cx3)) dx = (@+en) (a +ZIZ tan (cx )) / 1522"6
@+ ex)? (a +btan™! (cx3)) (3bc) f z 1(:1+2e;2 dx
B 2e - 2e
3 2.4
_d+ ex)? (a +btan™ (cx3)) (3bo) [ (1+czx6 12:15;;6 + 1i;x6)
B 2e 2e
2
_ (d + ex)? (a +btan™ (cx3)) ~ (Sbcd)f X3 e 3bcd )fm dx ~ 1(3bce
2e 1 2e 2
2 1 (o3 bed?) Subs
_@+en) (a+btan™ (e®)) 1 ~ _(%Cd) Subet (f v xz) &
2e 1+
be tan™ (\%x) bd? tan™! (cx3) (d + ex)? (a +btan™ (cx3)) 1
- 2¢2/3 - 2e - 2¢ "2 (b\/_d) Sub

be tan™ (\%x) bd? tan™! (cx3) (d + ex)? (a +btan™ (cx3)) bd log (1 +c%
= - -~ + +
2¢2/3 2e 2¢ 2+/c

betan™ (%x) bd? tan™! (cx3) (d + ex)? (a +btan™! (cx3)) be tan™! (\/5 :
2¢23 2¢ 2% 4025

betan™t (\3/Ex) bd? tan™! (cx3) (d + ex)? (a +btan™ (cx3)) betan™! (\/§ :
- - + +
2¢23 2e 2¢ 4025

Mathematica [A] time = 0.0893988, size = 310, normalized size = 1.09

bd(—2log(2/3 2+1)+10g(2/3 2 \/_\/_x+1)+log(2/3 2+\/—\/_x+1) 2\/§tan_1(\/§—2\3/zx)
4

1

adx + Eaexz -

Antiderivative was successfully verified.

[In] Integratel[(d + e*x)*(a + b*ArcTan[c*x~3]),x]

[Out] axd*x + (axe*xx~2)/2 - (bxexArcTan[c”(1/3)*x])/(2xc~(2/3)) + bxd*x*ArcTan[c*
x73] + (b*xexx"2xArcTan[c*x73])/2 + (b*exArcTan[Sqrt[3] - 2xc~(1/3)*x])/(4*c
~(2/3)) - (bxexArcTan[Sqrt[3] + 2*c~(1/3)*x])/(4*c”(2/3)) - (Sqrt[3]*b*e*Lo
gll - Sqrt[3]*c™(1/3)*x + ¢~ (2/3)*x72])/(8%c™(2/3)) + (Sqrt[3]*bxexLogl[l +
Sqrt[3]*c™(1/3)*x + ¢~ (2/3)*x72])/(8%c™(2/3)) - (b*d*(-2+Sqrt[3]*ArcTan[Sqr
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t[3] - 2xc”(1/3)*x] - 2*Sqrt[3]*ArcTan[Sqrt[3] + 2*c~(1/3)*x] - 2*Logl[l + ¢
~(2/3)*x72] + Logll - Sqrt[3]*c~(1/3)*x + ¢~ (2/3)*x72] + Logl[l + Sqrt[3]*c”
(1/3)*x + c~(2/3)*x72]))/(4*c™(1/3))

Maple [A] time = 0.069, size = 314, normalized size = 1.1

2

axe barctan (cx3) x%e

— +adx +
2

5
+ barctan (cx3) dx + bc;/ge In (x2 + V3V 2y + v C_z) (c‘Z) 6 _ % In (x2 +\3Ve

Verification of antiderivative is not currently implemented for this CAS.

[In] int((e*x+d)x*(a+b*arctan(c*xx~3)),x)

[Out] 1/2*a*xx”2*e+axd*x+1/2*b*arctan(c*x”3)*x"2*e+b*arctan(c*x~3) *d*x+1/8*b*c*x1n(
x"2+37(1/2)*(1/c”2) " (1/6) *x+(1/c”2) " (1/3))*3~(1/2)*(1/c"2) " (5/6) xe—1/4xbxc*
In(x"2+37(1/2)*(1/c”2) " (1/6) *x+(1/c”2)~(1/3))*(1/c~2)~(2/3)*d-1/4*b/c/(1/c”
2)~(1/6)*arctan(2*x/(1/c~2)~(1/6)+37(1/2) ) *e+1/2*xbxcx(1/c~2) " (2/3) *arctan(2
*x/(1/¢72)"(1/6)+37(1/2) )*37(1/2) *d-1/4*b*c™3*1n(x"2-3"(1/2)*(1/c"2)~(1/6) *
x+(1/c72)"(1/3))*(1/c"2) " (5/3) *d-1/8*b*c*x1n(x"2-3"(1/2)*(1/c"2) ~(1/6) *x+(1/
c”2)"(1/3))*37(1/2)*(1/c~2)~(5/6) *e-1/2*b*xc”3*(1/c~2) "~ (5/3)*arctan(2*x/(1/c
~2)7(1/6)-37(1/2))*37(1/2)*d-1/4*b/c/(1/c"2) " (1/6)*arctan(2*x/(1/c~2)~(1/6)
-37(1/2)) *e+1/2*xbxcx(1/c~2) " (2/3) *d*1In(x"2+(1/c~2)~(1/3))-1/2%b/c*xe/(1/c"2)
~(1/6)*arctan(x/(1/c"2)~(1/6))

Maxima [A] time = 1.47298, size = 383, normalized size = 1.34

1 1 1 1 1 2 1 1

2 \/5(02)3 arctan(% \/5(02)3(2 x% - 0123]) (02)3 log [x4 -~ Clzsx2 + Clz?’] 2 (c2)3 log (xz + %23)

—aex’ — ~|c + - iy
C2 C2 C2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)*(at+b*arctan(c*x~3)),x, algorithm="maxima"

[Out] 1/2*axe*xx”2 - 1/4%(c*(2*sqrt(3)*(c”2)~(1/3)*arctan(1/3*sqrt(3)*(c™2)~(1/3)*
(2*x72 - (c7(-2))7(1/3)))/c™2 + (c72)7(1/3)*log(x74 - (c7(-2))~(1/3)*x72 +
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(c™(=2))7(2/3))/c”2 = 2x(c”2)"(1/3)*log(x"2 + (c~(-2))"(1/3))/c”2) - 4*x*ar
ctan(c*xx™3) ) *b*xd + 1/8x(4*x"2*arctan(c*x”3) + c*(sqrt(3)*log((c™2)~(1/3)*x"
2 + sqrt(3)*(c”2)7(1/6)*x + 1)/(c”2)7(5/6) - sqrt(3)*log((c™2)7(1/3)*x"2 -

sqrt(3)*(c™2)~(1/6)*x + 1)/(c”2)"(5/6) - 4*arctan((c™2)"(1/6)*x)/(c~2)~(5/6
) = 2x(c”2)"(1/6)*arctan((2*(c™2)~(1/3)*x + sqrt(3)*(c"2)"(1/6))/(c"2)~(1/6
))/c”2 = 2x(c”2) " (1/6)*arctan((2*(c™2) " (1/3)*x - sqrt(3)*(c”2)"(1/6))/(c"2)
“(1/6))/c”2))*bxe + axd*x

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)*(at+b*arctan(c*x~3)),x, algorithm="fricas")

[Out] Timed out

Sympy [A] time = 61.3176, size = 104, normalized size = 0.36

6,10
adx + aez_xz — 3bcd RootSum (2161,‘3c4 +1, (t — tlog (361f2c2 + xz))) | bee RootSum (46656t ‘ +21' (t = tog (777

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)*(a+b*atan(ckx**3)),x)

[Out] axd*x + akxexx**x2/2 - 3*xbxc*d*RootSum(216%*_t**3*c**4 + 1, Lambda(_t, _txlog(
36% _tk*k2kck*2 + xx*2))) - 3xb*xckexRootSum(46656% tx*6xc*x10 + 1, Lambda(_t,
_t*log(7776%_tx*bxc*x8 + x)))/2 + bkd*x*atan(c*x*+*3) + bxexxk*k2xatan(ckx**

3)/2

Giac [A] time = 2.48028, size = 355, normalized size = 1.25

1 1 1

1 1
V3lcl? log (xZ + —31x + Lz] V3lcl3 log (xz - \/——313( + Lz] 2c|3 arctan ([Zx + £?]IclE] 2 c|3 arctan [(Zx :
L5 3 el3) 3 3] 13

8 fod cé c® o
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)*(at+b*arctan(c*x~3)),x, algorithm="giac")

[Out] 1/8*b*c~5x(sqrt(3)*abs(c)”(1/3)*log(x~2 + sqrt(3)*x/abs(c)~(1/3) + 1/abs(c)
~(2/3))/c”6 - sqrt(3)*abs(c)”(1/3)*log(x"2 - sqrt(3)*x/abs(c)~(1/3) + 1/abs
(c)™(2/3))/c”6 - 2*abs(c)~(1/3)*arctan((2*x + sqrt(3)/abs(c)~(1/3))*abs(c)”
(1/3))/c”6 - 2*abs(c)~(1/3)*arctan((2*x - sqrt(3)/abs(c)~(1/3))*abs(c)~(1/3
))/c”6 - 4*xabs(c)”(1/3)*arctan(x*abs(c)~(1/3))/c”6)*e - 1/4xbxc”3xd*(2*sqrt
(3)*abs(c)~(2/3)*arctan(1/3*sqrt (3) *(2*%x~2 - 1/abs(c)~(2/3))*abs(c)~(2/3))/

c™4 + abs(c)”(2/3)*log(x~4 - x"2/abs(c)~(2/3) + 1/abs(c)”(4/3))/c”4 - 2*log

(x72 + 1/abs(c)”(2/3))/(c™2*abs(c) "(4/3))) + 1/2xb*x"2%arctan(ckx”3)*e + bx
dxx*arctan(c*x~3) + 1/2%a*x"2%e + a*xd*x
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a anH(cx3
330  [Ureld)

d+ex
Optimal. Leaf size=739

\/_ (d+ex) \/_ (d+ex) Q/: (d+cx) \6/—_cz(d+ex)
_bcPolyLog( T ) ) bcPolyLog( T ) bcPolyLog (2, T bcPolyLog 2, Ton _
2V—c2e 2V—c2e 2V—c2e 2V—c%e

[Out] ((a + b*ArcTan[c*x~3])*Logld + ex*x])/e + (b*c*Logl[(ex(1 - (-c~2)"(1/6)*x))/
((-c™2)"(1/6)*d + e)]*Logld + exx])/(2%Sqrt[-c 2]*e) - (bxcxLog[-((e*x(1 + (
-c"2)7(1/6)*x))/((-c™2)~(1/6)*d - e))]*Logld + exx])/(2*Sqrt[-c™2]*e) + (b*
cxLog[-((ex((-1)7(1/3) + (-c72)7(1/6)*x))/((-c~2)~(1/6)*d - (-1)~(1/3)*e))]
*xLog[d + exx])/(2*Sqrt[-c"2]*e) - (bxcxLogl[-((ex((-1)7(2/3) + (-c72)7(1/6)*
x))/((-c"2)"(1/6)*d - (-1)"(2/3)*e))I*xLogld + exx])/(2*Sqrt[-c~2]*e) + (bxc
*Log[((-1)7(2/3)*ex(1 + (-1)"(1/3)*(-c"2)"(1/6)*x))/((-c~2)"(1/6)*d + (-1)~
(2/3)*e)]1*Logld + exx])/(2%Sqrt[-c~2]*e) - (b*c*xLog[((-1)"(1/3)*ex(1 + (-1)
~(2/3)%(-c72)7(1/6)*x)) / ((-c72) ~(1/6)*d + (-1)~(1/3)*e)]*Logld + exx])/(2%S
qrt[-c2]*e) - (b*c*PolyLogl[2, ((-c™2)7(1/6)*(d + e*x))/((-c"2)"(1/6)*d - e
)1)/(2xSqrt[-c"2]*e) + (bxc*PolyLogl[2, ((-c™2)~(1/6)*(d + e*x))/((-c~2)~(1/
6)*d + e)])/(2*Sqrt[-c"2]1*e) + (bxc*PolyLogl[2, ((-c~2)"(1/6)*(d + e*x))/((-
c"2)7(1/6)*d - (-1)7(1/3)*e)])/(2+Sqrt[-c~2]*e) - (b*c*PolyLogl[2, ((-c~2)7(
1/6)*(d + exx))/((-c”2)7(1/6)*d + (-1)7(1/3)*e)])/(2xSqrt[-c™2]*e) - (b*c*P
olyLogl[2, ((-c™2)7(1/6)*(d + e*xx))/((-c”2)7(1/6)*d - (-1)7(2/3)*e)])/(2%Sqr
t[-c"2]*e) + (bxc*PolyLogl[2, ((-c”2)~(1/6)*(d + e*x))/((-c"2)7(1/6)*d + (-1
)~ (2/3)*e)])/(2xSqrt [-c~2] xe)

Rubi [F] time = 0.0625405, antiderivative size = 0, normalized size of antiderivative = 0.,

. . ber of rul
number of steps used = 0, number of rules used = 0, integrand size = 0, e )

Rules used = {}

integrand size

dx

f a+btan! (cx3)

d+ex

Verification is Not applicable to the result.

[In] Int[(a + b¥ArcTan[c*x~3])/(d + exx),x]
[Out] (axLogld + e*x])/e + b*Defer[Int] [ArcTan[c*x~3]/(d + exx), x]

Rubi steps
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a+btan™ (cx3) a btan™! (cx3)
f dx = f + dx
d+ex d+ex d+ex

alog(d + ex) tan ™" (CXB)
= +b
e d+ex

dx

Mathematica [F] time = 180.003, size = 0, normalized size = 0.

$Aborted

Verification is Not applicable to the result.

[In] Integratel[(a + b*ArcTan[c*x~3])/(d + e*x),x]

[Out] $Aborted

Maple [C] time = 0.128, size = 172, normalized size = 0.2

aln(ex +d) bln(ex +d)arctan (cx3) be?
+ -5

e e C
_Rl=R00tOf(_Z6cz—6 2d_7°+15c2d2_7*20c2d3_73+15c2d4 7% 6 C2d5_Z+C2d6+66) -

Verification of antiderivative is not currently implemented for this CAS.
[In] int((at+b*arctan(c*x"3))/(exx+d),x)

[Out] ax1ln(e*x+d)/e+b*1ln(e*x+d)/e*xarctan(c*x~3)-1/2*bxe”2/c*sum(1/(_R173-3*% R172x%
d+3*_R1*d"2-d"3) * (ln(exx+d) *1n((-e*x+ R1-d)/_R1)+dilog((-e*x+ R1-d)/_R1)),_
R1=Root0f (_Z~6*c™2-6% Z ~5*c 2xd+15% Z~4*c~2xd"2-20% Z~3*c”~2*d"3+15% Z~2*c~2

*d~4-6% Z*c"2xd"5+c”2*d"6+e”6))

Maxima [F] time = 0., size = 0, normalized size = 0.

arctan (cx3) alog (ex + d)
2(ex +d) e

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((a+b*arctan(c*x~3))/(e*x+d),x, algorithm="maxima")

[Out] 2xb*integrate(l/2*arctan(c*x~3)/(exx + d), x) + a*xlog(exx + d)/e

Fricas [F] time = 0., size = 0, normalized size = 0.

barctan (cx3) +a
ex +d ’ x)

integral (

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctan(c*x~3))/(exx+d),x, algorithm="fricas")

[Out] integral((b*arctan(c*x~3) + a)/(e*xx + d), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*atan(c*x**3))/(e*xx+d),x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

dx

barctan (cx3) +a
f ex +d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctan(c*x~3))/(exx+d),x, algorithm="giac")

[Out] integrate((b*arctan(c*x~3) + a)/(exx + d), x)
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a an"H(cx3
331 [Urerld)

(d+ex)?

Optimal. Leaf size=906

be? tan™! (cx3) d° bR log (cz/3x2 + 1) d*  3bee? log(d + ex)d?  bee? log (czx6 + 1) d?  bcBed tan™ (\3/Ex) d
+ —_ —

e (c2d6 + ¢f) T (c2d6 + e) c2d6 + o 2 (20 + ) 206 1 6 +

[Out] -((b*xc™(2/3)*d*e”3xArcTan[c”(1/3)*x])/(c”"2*d"6 + e76)) + (b*c™2*d"5*ArcTanl[
c*x73])/(ex(c”2%d"6 + e76)) - (a + b*ArcTan[c*x"3])/(ex(d + e*x)) + (b*c™(2
/3)*d* (Sqrt [3]*c*d~3 + e~3)*ArcTan[Sqrt[3] - 2xc”(1/3)*x])/(2*(c™2xd"6 + e~
6)) + (b*c™(2/3)*d*(Sqrt[3]*c*d~3 - e~3)*ArcTan[Sqrt[3] + 2xc~(1/3)*x])/ (2%
(c™2%d™6 + e76)) + (Sqrt[3]*bxc~(5/3)*ex(Sqrt[-c"2]*d"3 + e~3)*ArcTan[(1 +
(2%c™(2/3)*x) /(-c™2)~(1/6)) /Sqrt [3]11) /(2% (-c~2) " (2/3) *(c™2%d"6 + e76)) - (S
qrt [3]*b*xc™(5/3) *ex(Sqrt[-c~2]*d"3 - e73)*ArcTan[(c~(4/3) + 2%(-c2)"(5/6)*
x)/(Sqrt[3]*c~(4/3))1)/(2x(-c"2)"(2/3)*(c"2%d"6 + e76)) + (b*xc~(5/3)*ex(Sqr
t[-c"2]1*d"3 + e73)*Logl[(-c~2)7(1/6) - c~(2/3)*x])/(2x(-c~2)~(2/3)*(c"2*d"6
+ e76)) - (b*xc™(5/3)*e*x(Sqrt[-c"2]*d"3 - e~ 3)*Log[(-c"2)"(1/6) + c~(2/3)*x]
)/ (2% (-c72)7(2/3)*(c™2*%d"6 + e76)) + (3*bxcxd"2xe"2*xLogl[d + e*xx])/(c™2xd"6
+ e76) + (b*c™(5/3)*d"4xLogl[l + c~(2/3)*x72])/(2%(c™2%d"6 + e76)) - (b*c™(2
/3)*d*(c*d~3 - Sqrt[3]*e~3)*Logl[l - Sqrt[3]*c~(1/3)*x + c~(2/3)*x~2])/(4*(c
~2%d"6 + e76)) - (b*xc”(2/3)*d*(c*d~3 + Sqrt[3]*e~3)*Log[l + Sqrt[3]*c~(1/3)
xx + ¢c7(2/3)*x72])/(4*%(c"2%xd"6 + e76)) + (bxc~(5/3)*ex(Sqrt[-c~2]*d"3 - €73
)xLog[(-c™2)7(1/3) - ¢~ (2/3)*%(-c"2)"(1/6)*x + c~(4/3)*x72]) /(4% (-c~2)~(2/3)
*x(c72xd"6 + e76)) - (bxc~(5/3)*ex(Sqrt[-c2]*d"3 + e~3)*Log[(-c~2)~(1/3) +
c™(2/3)*(-c72)"(1/6)*x + c~(4/3)*x72]) /(4% (-c"2)7(2/3)*(c™2%d"6 + e76)) - (
bxc*d"2%e"2xLog[1 + c72*x76])/(2*(c"2%d"6 + e76))

Rubi [A] time = 1.4838, antiderivative size = 906, normalized size of antiderivative = 1.,

. . number of rules
number of steps used = 35, number of rules used = 16, integrand size = 18, ———— =
integrand size

0.889, Rules used = {5205, 12, 6725, 1876, 1416, 635, 203, 260, 634, 617, 204, 628, 1511, 292,
31, 1469}

+ -

bc? tan™! (cx3) & bR log (62/3x2 + 1) d*  3bce?log(d + ex)d?  bee? log (czx6 + 1) d?  bcHBed tan™ (\3/Ex) d
+ —

B (C2d6 N 36) * > (C2d6 N e6) c2d6 + b > (CZd6 + 36) - c2d® + b

Antiderivative was successfully verified.
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[In] Int[(a + bxArcTan[c*x~3])/(d + e*xx)~2,x]

[Out] -((b*xc™(2/3)*d*e”3xArcTan[c~(1/3)*x])/(c”2*d"6 + e76)) + (b*c~2*d"5*ArcTan[
c*x73])/(ex(c™2+%d™6 + e€76)) - (a + bxArcTan[c*x"3])/(e*x(d + e*x)) + (b*c™(2
/3)*d*(Sqrt [3]*c*d~3 + e~ 3)*ArcTan[Sqrt[3] - 2xc~(1/3)*x])/(2x(c"2*xd"6 + e~
6)) + (b*xc™(2/3)*d*(Sqrt[3]*cxd~3 - e~3)*ArcTan[Sqrt[3] + 2xc~(1/3)*x])/ (2%
(c™2*%d"6 + e76)) + (Sqrt[3]*bxc~(5/3)*ex(Sqrt[-c~2]*d~3 + e"3)*ArcTan[(1 +
(2%c™(2/3)*x) /(-c72)7(1/6)) /8qrt [3]1]1) /(2% (-c72) " (2/3)*(c™2*d"6 + e76)) - (S
qrt [3] *b*xc~(5/3) *e*x(Sqrt [-c~2]*d"3 - e~3)*ArcTan[(c~(4/3) + 2*x(-c~2)~(5/6)*
x)/(8qrt[3]*c™(4/3))1)/(2%(-c72)7(2/3)*(c™2%d"6 + e76)) + (b*xc™(5/3)*ex(Sqr
t[-c72]*d"3 + e73)*Logl[(-c™2)7(1/6) - c~(2/3)*x])/(2x(-c72)"(2/3)*(c™2*d"6
+ e76)) - (bxc™(5/3)*ex(Sqrt[-c~2]*d"3 - e73)*Logl[(-c~2)"(1/6) + c~(2/3)*x]
)/ (2% (-c”2)"(2/3)*(c™2%xd"6 + e76)) + (3*xbxckxd"2*e”2xLogl[d + exx])/(c"2*d”6
+ e76) + (bxc~(5/3)*d"4xLog[1l + c~(2/3)*x72])/(2%(c™2%xd"6 + e76)) - (bxc™(2
/3)*d*(c*xd"3 - Sqrt[3]*e~3)*Logl[l - Sqrt[3]*c~(1/3)*x + c~(2/3)*x72])/(4*(c
“2%xd76 + e76)) - (b*xc~(2/3)*d*(c*d”3 + Sqrt[3]*e”~3)*Log[l + Sqrt[3]*c~(1/3)
xx + ¢~ (2/3)*%x72])/(4x(c™2xd"6 + e76)) + (b*c~(5/3)*ex(Sqrt[-c~2]*d"3 - e73
)*¥Log[(-c72)7(1/3) - c7(2/3)*(-c"2)"(1/6)*x + c~(4/3)*x72])/ (4% (-c~2)"(2/3)
*x(c72*%d"6 + e76)) - (b*xc™(5/3)*ex(Sqrt[-c"2]*d"3 + e~ 3)*Log[(-c~2)~(1/3) +
c™(2/3)*(-c72)"(1/6)*x + c~(4/3)*x72]) /(4% (-c"2)7(2/3)*(c™2%d"6 + e76)) - (
bkckd"2xe"2*xLog[1l + c™2%x76])/(2x(c"2*xd"6 + e76))

Rule 5205

Int[((a_.) + ArcTan[u_J]*(b_.))*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Sim
pl((c + d*x)"(m + 1)*(a + b*ArcTan([u]))/(d*(m + 1)), x] - Dist[b/(d*(m + 1)
), Int[SimplifyIntegrand[((c + d*x)~(m + 1)*D[u, x]1)/(1 + u™2), x], x], x]
/; FreeQ[{a, b, c, d, m}, x] && NeQ[m, -1] && InverseFunctionFreeQ[u, x] &&

'Function0fQ[(c + d*x)~(m + 1), u, x] && FalseQ[PowerVariableExpn[u, m +
1, x]]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] && !Match
Qlu, (b_)*(v_) /; FreeQ[b, x]]

Rule 6725

Int[(u_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x™n), x]}, Intlv, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

Rule 1876
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Int[(Pq_)/((a_) + (b_)*(x_)"(n_)), x_Symbol] :> With[{v = Sum[(x"ii*(Coeff
[Pq, x, ii] + Coeff[Pq, x, n/2 + ii]*x"(n/2)))/(a + b*x"n), {ii, 0, n/2 - 1
}13}, Intlv, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && PolyQ[Pq, x] && IGtQ[n/2,
0] && Expon[Pq, x] < n

Rule 1416

Int[((d_) + (e_.)*x(x_)"3)/((a_) + (c_.)*x(x_)"6), x_Symbol] :> With[{q = Rt[
c/a, 6]}, Dist[1/(3*a*q~2), Int[(q~2*d - exx)/(1 + q72%x"2), x], x] + (Dist
[1/(6*%axq~2), Int[(2xq~2*d - (Sqrt[3]1*q~3*d - e)*x)/(1 - Sqrt[3]*qg*x + q 2%
x72), x], x] + Dist[1/(6*%a*q~2), Int[(2*%q~2*d + (Sqrt[3]*q~3*d + e)*x)/(1 +
Sqrt[3]*qg*x + q~2*x72), x], x1)] /; FreeQ[{a, c, d, e}, x] && NeQ[cxd~2 +
axe”2, 0] && PosQ[c/al

Rule 635

Int[((d) + (e_.)*(x_))/((a_) + (c_.)*(x_)"2), x_Symbol] :> Dist[d, Int[1/(
a + cxx~2), x], x] + Dist[e, Int[x/(a + c*x~2), x], x] /; FreeQ[{a, c, d, e
}, x] && !'NiceSqrtQ[-(axc)]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
[a, 2]1]1)/(Rt[a, 2]*Rt[b, 2]1), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 Il GtQ[b, 01)

Rule 260

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
tla + bxx"n, x]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 634

Int[((d_.) + (e_)*(x_))/((a_) + (b_)*(x_) + (c_.)*x(x_)"2), x_Symbol] :> D
ist[(2*xc*xd - bxe)/(2%c), Int[1/(a + b*x + c*x"2), x], x] + Distl[e/(2%c), In
t[(b + 2%c*x)/(a + b*¥x + c*x72), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2%cxd - bxe, 0] && NeQ[b~2 - 4*axc, 0] && !'NiceSqrtQ[b~2 - 4xax*c]

Rule 617

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4x%S
implify[(a*c)/b~2]}, Dist[-2/b, Subst[Int[1/(q - x72), x], x, 1 + (2xc*x)/b
1, x] /; RationalQ[q] && (EqQ[q~2, 1] || !'RationalQ[b~2 - 4x*axc])] /; Free
Q[{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0]
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Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]11/(Rt[-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (LtQ[
a, 0] || LtQ[b, 01)

Rule 628

Int[((d_) + (e_.)*x(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp[(d*Log[RemoveContent [a + b*x + c*x~2, x]]1)/b, x] /; FreeQl[{a, b, c, d,
e}, x] &% EqQ[2*cxd - bxe, 0]

Rule 1511

Int[(CCE_D*(x_)) " (m_.)*((d_) + (e_.)*(x_)"(n_)))/((a_) + (c_.)*x(x_)"(n2_))
, x_Symbol] :> With[{q = Rt[-(axc), 2]}, -Distl[e/2 + (c*d)/(2xq), Int[(f*x)
“m/(q - c*x"n), x], x] + Dist[e/2 - (c*d)/(2*q), Int[(f*x)"m/(q + c*x"n), x
1, x1] /; FreeQl[{a, c, d, e, f, m}, x] && EqQ[n2, 2*n] && IGtQ[n, 0]

Rule 292

Int[(x_ )/((a_) + (b_.)*(x_)"3), x_Symbol] :> -Dist[(3*Rt[a, 3]*Rt[b, 3])"(-
1), Int[1/(Rt[a, 3] + Rt[b, 3]*x), x], x] + Dist[1/(3*Rt[a, 3]*Rt[b, 3]), I
nt[(Rt[a, 3] + Rt[b, 3]1*x)/(Rt[a, 3]1°2 - Rt[a, 3]*Rt[b, 3]*x + Rt[b, 3] 2x*x
~2), x1, x] /; FreeQ[{a, b}, xI]

Rule 31

Int[((a_) + (b_.)*(x_))"(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x]1 /; FreeQ[{a, b}, x]

Rule 1469

Int[(x )" (m_.)*((a_) + (c_.)*x_)"(@m2_.))"(p_)*((d) + (e_)*x(x_)"(m))"(q
_.), x_Symbol] :> Dist[1/n, Subst[Int[(d + e*x)"g*(a + c*x"2)7p, x], x, x"n
1, x] /; FreeQl{a, c, d, e, m, n, p, q}, x] && EqQ[n2, 2#n] && EqQ[Simplify
[m-n+ 1], 0]

Rubi steps
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Mathematica [A] time = 14.4625, size = 536, normalized size = 0.59

—4ac (czd6 + 66) — 2bc*Bd?e® log (c2x6 + 1) (d + ex) + 2be (c2d4 + c2/3e4) log (c2/3x2 + 1) (d + ex) — bc?Pe (c4/3d4 — V3

Antiderivative was successfully verified.

[In] Integrate[(a + b*ArcTan[c*x~3])/(d + exx)~2,x]

[Out] (-4*a*xc™(1/3)*(c™2*d"6 + e76) - 4*bxcxdx(c~(4/3)*d"4 - c~(2/3)*d"2*%e™2 + e~
4)*(d + exx)*ArcTan[c™(1/3)*x] - 4xb*c~(1/3)*(c”2*xd"6 + e~ 6)*ArcTan[c*xx"3]
- 2xb*c”(2/3)*x(2%c”(5/3)*d"5 - Sqrt[3]*c~(4/3)*d"4*e + cxd"3*e”2 - c~(1/3)*
dxe”4 + Sqrt[3]*e~5)*(d + exx)*ArcTan[Sqrt[3] - 2xc~(1/3)*x] + 2%bxc~(2/3)*
(2%c™(5/3)*d"5 + Sqrt[3]*c~(4/3)*d"4*e + cxd"3*e”2 - c~(1/3)*dxe”4 - Sqrt[3
1xe75)*x(d + exx)*ArcTan[Sqrt[3] + 2*c~(1/3)*x] + 12%b*xc~(4/3)*d"2*e"3*(d +
exx)*Logl[d + exx] + 2%bxex(c™2xd"4 + c~(2/3)*e"4)*(d + exx)*Logl[l + c~(2/3)
*x"2] - b*c”7(2/3)*ex(c”(4/3)*d"4 - Sqrt[3]*c*xd~3*e - Sqrt[3]*c~(1/3)*d*e~3
+ e”4)*(d + exx)*Log[l - Sqrt[3]*c™(1/3)*x + c~(2/3)*x72] - b*c~(2/3)*ex*x(c”
(4/3)*d"4 + Sqrt[3]*c*d~3*%e + Sqrt[3]*c~(1/3)*d*e”3 + e~4)*(d + exx)*Logl[1l
+ Sqrt [3]*c™(1/3)*x + ¢~ (2/3)*x72] - 2%b*c™(4/3)*d"2*e"3*(d + e*x)*Logl[l +
c™2%x76])/(4*c” (1/3) *e*x(c™2xd"6 + e76)*(d + e*x))

Maple [A] time = 0.139, size = 1220, normalized size = 1.4

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctan(c*x~3))/(exx+d) "2,x)

[Out] 3*b*c*d~2xe”2*x1n(e*x+d)/(c”2*d"6+e”6)-1/4*bxe”3*c"3/(c"2*xd"6+e”6) *1n(x"2+3"
(1/2)*%(1/c”2)"(1/6) *x+(1/c”2)~(1/3))*37(1/2)*(1/c~2) ~(7/6) *d-1/4*b*exc~3/ (c
~2xd"6+e76) *1n(x"2+37 (1/2)*x(1/c”2)~(1/6) *x+(1/c~2) " (1/3))*3~(1/2)*(1/c~2) ~(
5/6)*d~3+1/4xb*xe”3%c"3/(c"2*%d"6+e"6) *1n(x"2-3"(1/2)*(1/c"2) " (1/6)*x+(1/c"2)
~(1/3))*37(1/2)*(1/c~2)~(7/6) *d+1/4xbxexc”3/ (c"2*xd"6+e”6) *1n(x"2-3"(1/2)* (1
/c”2)"(1/6)*x+(1/c”2) " (1/3))*37(1/2)*(1/c"2) " (5/6)*d"3-1/4%bxc"3/(c"2*d"6+e
“6)*1n(x"2+37(1/2)*(1/c72) " (1/6) *x+(1/c”2) " (1/3))*(1/c”2) ~(2/3) *d"4-1/4*xb*c
~3/(c”2*d"6+e"6) *1n(x"2-37(1/2)*(1/c"2)~(1/6) *x+(1/c~2) " (1/3))*(1/c~2)~(2/3
)*d"4+1/2%bxc”3/(c"2x%d"6+e”6) *1n(x"2+(1/c"2) " (1/3))*(1/c”2)~(2/3)*d"4-1/2%b
*e"2%c/(c™2*d"6+e”6) *1n(x"2+(1/c"2) " (1/3)) *d"2-1/4*b*e”4*xc/ (c"2*d"6+e"6) *1n
(x72+37(1/2)*(1/c”2)~(1/6) *x+(1/c~2)~(1/3))*(1/c~2) " (1/3) -1/2*xb*e~2*c/ (c™2%
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d"6+e”6)*1n(x"2+37(1/2)*(1/c"2) " (1/6) *x+(1/c~2)~(1/3) ) *d"2-1/4*b*e"4x*xc/(c"2
*d"6+e”6) *1n(x"2-3"(1/2)*(1/c™2) " (1/6) *x+(1/c~2)~(1/3))*(1/c~2)~(1/3)-1/2*b
xe"2xc/(c72%d"6+e”6) *1In(x"2-37(1/2)*(1/c”2) " (1/6)*x+(1/c~2)~(1/3) ) *d"2+1/2x%
bxe~4d*xc/(c"2*xd"6+e"6) *1In(x"2+(1/c”2)~(1/3))*(1/c"2)~(1/3) -a/(e*xx+d) /e-1/2%Db
*c"3/(c™2%d"6+e”6)*(1/c"2) " (2/3) *arctan(2*x/(1/c”2)~(1/6)-3"(1/2))*3~(1/2) *
d"4+1/2*xb*xc~3/(c"2*xd"6+e"6)*(1/c”2) " (2/3) *xarctan(2*x/(1/c~2)~(1/6)+3"(1/2))
*37(1/2)*d"4-1/2*b*e”3*c~3/(c™2*d"6+e"6)*(1/c~2) ~(7/6) *arctan(2*x/(1/c~2) ~(
1/6)+37(1/2))*d-1/2%b*e”3*c”3/(c"2*xd"6+e”6)*x(1/c~2) " (7/6) *arctan(2*xx/(1/c"2
)" (1/6)-37(1/2)) *d+b*e"4*xc~3/(c"2*xd"6+e"6) *(1/c”2) " (4/3) *arctan(2*xx/(1/c"2)
~(1/6)-37(1/2))*37(1/2)-b*e~3%c~3/(c"2*d"6+e"6)*(1/c"2) ~(7/6)*arctan(x/(1/c
~2)7(1/6))*d+1/2*xb*xe*xc/(c~2*xd"6+e"6) /(1/c"2) " (1/6)*arctan(2*x/(1/c~2)~(1/6)
-37(1/2))*d"3-b/ (e*xx+d) /exarctan(cxx~3) +1/2*b*xexc/(c"2xd"6+e"6) /(1/c”2) " (1/
6)*arctan(2*x/(1/c”2)~(1/6)+37(1/2))*d"3-1/2*b*e"4d*xc/(c"2*xd"6+e"6)*(1/c"2) "
(1/3)*arctan(2*x/(1/c”2)~(1/6)+37(1/2))*3"(1/2)+b/e*xc”~3/(c"2*xd"6+e"6) *(1/c”
2)"(1/2)*arctan(2*x/(1/c~2) " (1/6)+3"(1/2))*d~5-1/2*xb*xe"4d*xc/(c"2*xd"6+e”6) * (1
/c”2)"(1/3)*arctan(2*x/(1/c"2)~(1/6)-3"(1/2))*3"(1/2)+b/exc”3/(c"2*d"6+e”~6)
*x(1/c”2)"(1/2)*arctan(2*x/(1/c~2)~(1/6)-37(1/2) ) *d"5-b/exc~3/(c~2*d~6+e”6) *
(1/c”2)~(1/2)*arctan(x/(1/c”2) " (1/6) ) *d"5+b*xexc/(c"2*d"6+e”~6)/(1/c~2)~(1/6)
*arctan(x/(1/c”2)"(1/6))*d"3

Maxima [A] time = 1.56955, size = 1018, normalized size = 1.12

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctan(c*x~3))/(exx+d)~2,x, algorithm="maxima"

[Out] 1/4%((12*%d"2*e"2xlog(e*xx + d)/(c™2xd"6 + e76) - (2%((c72)7(1/3)*c™2*d”5 - c
“2%d73%e”2 + (c72)7(2/3)*d*xe”4)*1Log(((c™2)~(1/3)*x - sqrt(-(c”2)~(1/3)))/((
c™2)7(1/3)*x + sqrt(-(c™2)7(1/3))))/((c72)7(2/3) *sqrt (-(c72)7(1/3))) - 2*((
c"2)7(1/3)*c™2*d"4*e - c"2xd"2*e"3 + (c72)7(2/3)*e”5)*1log((c™2)~(1/3)*x"2 +
1)/c”2 + (sqrt(3)*sqrt(c™2)*c™2xd"3*%e"2 + (c72)7(2/3)*c™2%d"4*e + sqrt(3)*
(c™2)7(1/6)*c™2%d*e”4 + 2x(c”2)7(1/3)*c™2xd"2xe”3 + c™2*e”5)*log((c™2)~(1/3
)*¥x72 + sqrt(3)*(c”2)7(1/6)*x + 1)/((c”2)7(1/3)*c”2) - (sqrt(3)*sqrt(c”2)*c
~2%d73%e”2 - (c72)7(2/3)*c"2*xd"4*e + sqrt(3)*(c72)7(1/6)*c”2xd*xe”4 - 2% (c”2
)~ (1/3)*c™2*%d"2%e”3 - c"2xe”5)*1log((c”2)7(1/3)*x"2 - sqrt(3)*(c™2)7(1/6)*x
+ 1)/((c”2)7(1/3)*c™2) - (2%c™4*d"5 + sqrt(3)*(c”2)"(5/6)*c~2*xd " 4*e + (c~2)
~(2/3)*c”2xd"3%e”2 - sqrt(3)*(c”2)"(1/6)*c"2%e”5 - (3*(c72)"(1/3)*c™2 - 2x%(
c”2)7(4/3))*d*e”4) *1og((2*(c™2)~(1/3)*x + sqrt(3)*(c”2)~(1/6) - sqrt(-(c~2)
“(1/3)))/(2%(c72) " (1/3)*#x + sqrt(3)*(c™2)7(1/6) + sqrt(-(c"2)7(1/3))))/((c”
2)7(1/3)*c™2xsqrt (-(c”2)"(1/3))) - (2xc™4*d”5 - sqrt(3)*(c”2)~(5/6)*c~2xd~4
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xe + (c72)7(2/3)*c™2xd"3%e”2 + sqrt(3)*(c”2)"(1/6)*c™2*%e”5 - (3%(c72)7(1/3)
xc"2 - 2%(c72)7(4/3))*d*xe"4) *1log((2%(c2) " (1/3)*x - sqrt(3)*(c”2)"(1/6) - s
qrt(-(c™2)7(1/3)))/(2x(c"2)~(1/3)*x - sqrt(3)*(c™2)7(1/6) + sqrt(-(c"2)~(1/
3))))/((c”2)"(1/3)*c™2*sqrt (-(c"2)7(1/3))))/(c”2*d"6*e + e77))*c - 4*arctan
(cxx”3)/(e”2xx + d*e))*b - a/(e”2%x + dxe)

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctan(c*x~3))/(exx+d)~2,x, algorithm="fricas")

[Out] Timed out

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*atan(c*x**3))/(e*xx+d)**2,x)

[Out] Timed out

Giac [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctan(c*x~3))/(exx+d)~2,x, algorithm="giac")

[Out] Timed out
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Chapter 4

Listing of Grading functions

The following are the current version of the grading functions used for grading the quality
of the antiderivative with reference to the optimal antiderivative included in the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

4.0.1 Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* ::Subsection:: *)
(*GradeAntiderivative [result,optimal]*)

(x ::Text:: *)

(*If result and optimal are mathematical expressions, *)

(* GradeAntiderivative[result,optimal] returns*)

(x "F" if the result fails to integrate an expression thatx)

(* is integrablex)

(* "C" if result involves higher level functions than necessary*)
(x "B" if result is more than twice the size of the optimalx*)

(* antiderivativex)

(x "A" if result can be considered optimalx)

GradeAntiderivative[result_,optimal_] :=
If [ExpnType [result] <=ExpnType [optimall,
If [FreeQ[result,Complex] || Not[FreeQ[optimal,Complex]],
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23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68

If [LeafCount [result]<=2*LeafCount [optimal],
IIA" s
uBn] s
||Cl|:| s
If [FreeQ[result,Integrate] && FreeQ[result,Int],
IICII s
"F"]]

(x ::Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involvesx)
(¥1 = rational functionx)

(¥2 = algebraic functionx)

(¥3 = elementary functionx)

(¥4 = special functionx)

(x5 = hyperpergeometric function*)

(*6 = appell functionx)

(¥7 = rootsum functionx)

(¥8 = integrate functionx*)

(*9 = unknown functionx)

ExpnType[expn_] :=
If [AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType, expnl ],
If [Head [expn]===Power,
If [IntegerQlexpn[[2]1]1],
ExpnType [expn[[1]]],
If [Head[expn[[2]]]===Rational,
If [IntegerQ[expn[[1]]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]1],2]],
Max [ExpnType [expn[[1]]] ,ExpnType[expn[[2]1]1],3]11],
If [Head [expn]===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
I1f [ElementaryFunctionQ[Head [expn]],
Max [3,ExpnType [expn[[1]1]1]],
If [SpecialFunctionQ[Head [expn]],
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],4]],
If [HypergeometricFunctionQ[Head [expn]],
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],5]],
If [AppellFunctionQ[Head[expn]],
Apply [Max,Append [Map [ExpnType, Apply[List,expnl],6]],
If [Head [expn]===RootSum,
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69
70
71
72
73
74
75
76
77
78
79
80
81
82
83
84
85
86
87
88
89
90
91
92

94
95
96
97
98
99
100
101
102
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Apply[Max, Append [Map [ExpnType,Apply[List,expnl],7]1],
If [Head [expn]l===Integrate || Head[expn]===Int,

Apply [Max, Append [Map [ExpnType, Apply[List,expn]],8]],
91111111111

ElementaryFunctionQ[func_] :=
MemberQ [{

Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch

}, funcl

SpecialFunctionQ[func_] :=
MemberQ [{

Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshlIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, Productlog,
EllipticF, EllipticE, EllipticPi

}, func]

HypergeometricFunctionQ[func_] :=
MemberQ [{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ [{AppellF1},func]
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4.0.2 Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin

#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added

#Nasser 03/24/2017 corrected the check for complex result

#Nasser 10/27/2017 check for leafsize and do not call ExpnType()

# if leaf size is "too large". Set at 500,000

#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions
# see problem 156, file Apostol_Problems
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30
31
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34
35
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37
38
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42
43
44
45
46
47
48
49
50
51
52
53
54
55
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GradeAntiderivative := proc(result,optimal)
local leaf_count_result, leaf_count_optimal,ExpnType_result,ExpnType_optimal,
debug:=false;

leaf count_result:=leafcount(result);
#do NOT call ExpnType() if leaf size is too large. Recursion problem
if leaf_count_result > 500000 then
return "B";
fi;

leaf_count_optimal:=leafcount (optimal);

ExpnType_result:=ExpnType(result) ;
ExpnType_optimal:=ExpnType (optimal) ;

if debug then
print ("ExpnType_result",ExpnType_result," ExpnType_optimal=",
ExpnType_optimal) ;
fi;

# If result and optimal are mathematical expressions,

# GradeAntiderivative[result,optimal] returns

# "F" if the result fails to integrate an expression that

# is integrable

# "C" if result involves higher level functions than necessary
# "B" if result is more than twice the size of the optimal

# antiderivative

# "A" if result can be considered optimal

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check
#for "F" before calling this. But no harm of keeping it here.
#just in case.

if not type(result,freeof('int')) then
return "F";
end if;

if ExpnType_result<=ExpnType_optimal then
if debug then
print ("ExpnType_result<=ExpnType_optimal");
fi;
if is_contains_complex(result) then
if is_contains_complex(optimal) then
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57
58
59
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67
68
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70
71
72
73
74

75
76
77
78
79
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89
90
91
92
93
94
95
96
97
98
99
100
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if debug then
print("both result and optimal complex");
fi;
#both result and optimal complex
if leaf_ count_result<=2*leaf_count_optimal then
return "A";
else
return "B";
end if
else #result contains complex but optimal is not
if debug then
print ("result contains complex but optimal is not");
fi;
return "C";
end if
else # result do not contain complex
# this assumes optimal do not as well
if debug then
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print("result do not contain complex, this assumes optimal do not

as well");
fi;
if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B";
end if
end if
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;
return "C";
end if

end proc:

#

# is_contains_complex(result)

# takes expressions and returns true if it contains "I" else false
#

#Nasser 032417
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is_contains_complex:= proc(expression)
return (has(expression,I));
end proc:

The following summarizes the type number assigned an expression
based on the functions it involves

rational function

= algebraic function

= elementary function

= special function

hyperpergeometric function
= appell function

= rootsum function

= integrate function

= unknown function

H OHF H OH HF OH OH H H H H
© 00 N O O WN -
I

ExpnType := proc(expn)
if type(expn, 'atomic') then
1
elif type(expn,'list') then
apply (max,map (ExpnType,expn))
elif type(expn, 'sqrt') then
if type(op(l,expn),'rational') then

1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' ""') then

if type(op(2,expn), 'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn), 'rational') then
if type(op(l,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
else
max (3,ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
end if
elif type(expn,' ™+ ') or type(expn,' * ') then
max (ExpnType (op(1,expn)) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply (max,map (ExpnType, [op(expn)])))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5, apply (max,map (ExpnType, [op(expn)]1)))
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elif AppellFunctionQ(op(0,expn)) then
max (6,apply (max,map (ExpnType, [op(expn)]1)))
elif op(0,expn)='int' then
max (8,apply (max ,map (ExpnType, [op(expn)]))) else
9
end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [

exp,log,1ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh, cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunctionQ := proc(func)
member (func, [

erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA, 1nGAMMA ,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,EllipticE,EllipticPi])

end proc:

HypergeometricFunctionQ := proc(func)
member (func, [HypergeometriclF1,hypergeom,HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount (u) returns the number of nodes in u.

#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple

221




196
197
198

el e N D =2 %2 T N CUR ol

A B 0 0 0 W W W W W W W NN N DN DN DN DN DN DN DN e e e e e
H O © N D ke W NN H O O 0NN kR W HO O 0NN e w NN RO

leafcount := proc(u)
MmaTranslator [Mma] [LeafCount] (u) ;
end proc:
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4.0.3 Sympy grading function

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added “RootSum™. See problem 177, Timofeev file
# added 'exp_polar'

from sympy import *

def leaf_count(expr):
#sympy do not have leaf count function. This is approximation
return round(1l.7*count_ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is_elementary_function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

def is_special_function(func):
return func in [ erf,erfc,erfi,
fresnels,fresnelc,Ei,Ei,Li,Si,Ci,Shi,Chi,
gamma ,loggamma,digamma,zeta,polylog,LambertW,
elliptic_f,elliptic_e,elliptic_pi,exp_polar

def is_hypergeometric_function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfl]

def is_atom(expn):
try:
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if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True

else:
return False

except AttributeError as error:
return False

def expnType(expn) :
debug=False
if debug:
print ("expn=",expn, "type(expn)=",type(expn))

if is_atom(expn):
return 1
elif isinstance(expn,list):
return max(map(expnType, expn))  #apply(max,map(ExpnType,expn))
elif is_sqrt(expn):
if isinstance(expn.args[0],Rational): #type(op(l,expn),'rational')

return 1
else:
return max(2,expnType(expn.args[0])) #max(2,ExpnType(op(1,expn)))
elif isinstance(expn,Pow): #type (expn, ' " ")

if isinstance(expn.args[1],Integer): #type(op(2,expn), 'integer')
return expnType(expn.args[0])  #ExpnType(op(1l,expn))
elif isinstance(expn.args[1],Rational): #type(op(2,expn), 'rational')
if isinstance(expn.args[0],Rational): #type(op(l,expn),'rational')
return 1
else:
return max(2,expnType(expn.args[0])) #max(2,ExpnType(op(1l,expn)
)
else:
return max(3,expnType(expn.args[0]),expnType(expn.args[1])) #max(3,
ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,' + ') or type
(expn, '**~ ")
ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[1:]1))
return max(ml,m2) #max(ExpnType(op(1l,expn)) ,max(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #ElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #max(3,ExpnType(op(l,expn)))
elif is_special_function(expn.func): #SpecialFunctionQ(op(0,expn))
ml = max(map(expnType, list(expn.args)))
return max(4,ml1)  #max(4,apply(max,map(ExpnType, [op(expn)])))
elif is_hypergeometric_function(expn.func): #HypergeometricFunctionQ(op(0,
expn))
ml = max(map(expnType, list(expn.args)))
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return max(5,m1)  #max(5,apply(max,map(ExpnType, [op(expn)]1)))
elif is_appell_function(expn.func):

ml = max(map(expnType, list(expn.args)))

return max(6,m1)  #max(5,apply(max,map(ExpnType, [op(expn)])))
elif isinstance(expn,RootSum):

ml = max(map(expnType, list(expn.args))) #Apply[Max,Append[Map[ExpnType,
Apply[List,expn]],711,

return max(7,ml)
elif str(expn).find("Integral") != -1:

ml = max(map(expnType, list(expn.args)))

return max(8,m1)  #max(5,apply (max,map(ExpnType, [op(expn)])))
else:

return 9

#main function
def grade_antiderivative(result,optimal):

leaf _count(result)
leaf_count (optimal)

leaf _count_result
leaf_count_optimal

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)
if str(result).find("Integral") != -1:

return "F"

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf_count_result <= 2xleaf_count_optimal:
return "A"
else:
return "B"
else: #result contains complex but optimal is not
return "C"
else: # result do not contain complex, this assumes optimal do not as

well
if leaf_count_result <= 2xleaf_count_optimal:
return "A"
else:
return "B"
else:

return "C"

4.0.4 SageMath grading function

(#Dec 24, 2019. Nasser: Ported original Maple grading function by
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# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Maxima results.

#Dec 24, 2019. Nasser: Added 'exp_integral_e' and 'sng', 'sin_integral'
# 'arctan2','floor', 'abs', 'log_integral'

from sage.all import *
from sage.symbolic.operators import add_vararg, mul_vararg

def tree(expr):
debug=False;
if debug:
print ("Enter tree(expr), expr=",expr)
print ("expr.operator()=",expr.operator())
print ("expr.operands()=",expr.operands())
print ("map(tree, expr.operands()=",map(tree, expr.operands()))

if expr.operator() is None:
return expr
else:
return [expr.operator()]+list(map(tree, expr.operands()))

def leaf count(anti):
debug=False;

if debug: print ("Enter leaf_count, anti=", anti, " len(anti)=", len(anti))
if len(anti) == 0: #special check for optimal being O for some test cases.
if debug: print ("len(anti) == 0")
return 1
else:

if debug: print ("round(l.35xlen(flatten(tree(anti))))=",round(1.35*len(
flatten(tree(anti)))))
return round(1l.35*len(flatten(tree(anti)))) #fudge factor
#since this estimate of leaf count is bit lower than
#what it should be compared to Mathematica's

def is_sqrt(expr):
debug=False;
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands() [1]==1/2: #expr.args[1] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
return False
else:
return False
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def is_elementary_function(func):
debug = False

m = func.name() in ['exp','log','ln',
'sin','cos','tan','cot', 'sec','csc’,
'arcsin', 'arccos', 'arctan', 'arccot', 'arcsec', 'arccsc',
'sinh', 'cosh', 'tanh', 'coth', 'sech','csch',
'arcsinh', 'arccosh', 'arctanh', 'arccoth', 'arcsech', 'arccsch', 'sgn',
'arctan2', 'floor', 'abs'

]
if debug:
if m:
print ("func ", func , " is elementary_function")
else:
print ("func ", func , " is NOT elementary_function")
return m

def is_special_function(func):
debug = False

if debug: print ("type(func)=", type(func))

m= func.name() in ['erf', 'erfc','erfi', 'fresnel _sin','fresnel_cos',6'Ei',
'Ei','Li','Si','sin_integral','Ci', 'cos_integral','Shi','
sinh_integral'
'Chi', 'cosh_integral', 'gamma', 'log_gamma', 'psi,zeta’,
'polylog', 'lambert_w','elliptic_f','elliptic_e',
'elliptic_pi', 'exp_integral_e','log_integral']

if debug:
print ("m=",m)
if m:
print ("func ", func ," is special_function")
else:
print ("func ", func ," is NOT special_function")
return m

def is_hypergeometric_function(func):
return func.name() in ['hypergeometric', 'hypergeometric_M', 'hypergeometric_U

']

def is_appell_function(func):
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return func.name() in ['hypergeometric'] #[appellfl] can't find this in
sagemath

def is_atom(expn):

#thanks to answer at https://ask.sagemath.org/question/49179/what-is-
sagemath-equivalent-to-atomic-type-in-maple/
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().
gens ()
return False

except AttributeError as error:
return False

def expnType (expn) :
debug=False

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is_atom(expn)=", is_atom(expn))

if is_atom(expn):
return 1
elif type(expn)==list: #isinstance(expn,list):
return max(map(expnType, expn))  #apply(max,map(ExpnType,expn))
elif is_sqrt(expn):
if type(expn.operands() [0])==Rational: #type(isinstance(expn.args[0],

Rational):
return 1
else:
return max(2,expnType (expn.operands() [0])) #max(2,expnType(expn.
args[0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands() [1])==Integer: #isinstance(expn.args[1],Integer)
return expnType(expn.operands() [0])  #expnType(expn.args[0])
elif type(expn.operands() [1])==Rational: #isinstance(expn.args[1],
Rational)
if type(expn.operands() [0])==Rational: #isinstance(expn.args[0],
Rational)
return 1
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else:
return max(2,expnType(expn.operands() [0])) #max(2,expnType (expn.
args[0]))
else:
return max(3,expnType (expn.operands() [0]),expnType (expn.operands()
[1])) #max(3,expnType (expn.operands() [0]),expnType(expn.operands () [1]))
elif expn.operator() == add_vararg or expn.operator() == mul_vararg: #
isinstance(expn,Add) or isinstance(expn,Mul)
ml = expnType(expn.operands() [0]) #expnType(expn.args[0])
m2 = expnType(expn.operands() [1:]) #expnType(list(expn.args[1:]1))
return max(mi,m2) #max(ExpnType(op(1,expn)) ,max(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.
func)
return max(3,expnType (expn.operands() [0]))
elif is_special_function(expn.operator()): #is_special_function(expn.func)
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(4,ml) #max (4,m1)
elif is_hypergeometric_function(expn.operator()): #
is_hypergeometric_function(expn.func)
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(5,m1) #max (5,m1)
elif is_appell_function(expn.operator()):
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(6,ml) #max (6,m1)
elif str(expn).find("Integral") != -1: #this will never happen, since it
#is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(8,m1)  #max(5,apply (max,map(ExpnType, [op(expn)])))
else:
return 9

#main function
def grade_antiderivative(result,optimal):

debug = False;

if debug: print ("Enter grade_antiderivative for sagemath")

leaf_count_result
leaf_count_optimal

leaf count(result)
leaf_count (optimal)

if debug: print ("leaf_count_result=", leaf_count_result, "
leaf_count_optimal=",leaf_count_optimal)
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expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",
expnType_optimal)

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf_ count_result <= 2xleaf_count_optimal:
return "A"
else:
return "B"
else: #result contains complex but optimal is not
return "C"
else: # result do not contain complex, this assumes optimal do not as

well
if leaf_count_result <= 2*leaf_count_optimal:
return "A"
else:
return "B"
else:

return "C"
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